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Introduction

This course is an introduction to the path integral formalism of Quantum Mechanics.
Familiarity with the standard formulation of Quantum Mechanics is assumed. The course
requires some mathematical background. In appendix A, we summarize some of the
relevant concepts.

These notes are heavily based on similar lecture notes by Riccardo Rattazzi from
2011. The following books are useful complementary reading for this course:

e “Quantum Mechanics and Path Integrals” , R.P. Feynman and A.R. Hibbs, McGraw-
Hill, 1965.

e “Techniques and applications of Path Integration”, L..S. Schulman, John Wiley &
Sons Inc., 1981.

o “Path Integral Methods and Applications”, R. MacKenzie, arXiv:quant-ph/0004090.

o “Modern Quantum Mechanics”, J.J. Sakurai, The Benjamin/Cummings Publishing
Company, 1985.

e “Aspects of Symmetry”, S. Coleman, Cambridge University Press, 1985.

o “Path Integrals in Quantum Mechanics, Statistics and Polymer Physics”, Hagen
Kleinert, World Scientific, 1995.


https://arxiv.org/abs/quant-ph/0004090




Chapter 1

The path integral formalism

Lecture 1 - From the double slit experiment to path integrals

Axioms of (practical) Quantum Mechanics

1. The state of an isolated system is a vector |¢)) in a Hilbert space H. State vectors
are normalized: (Y[y) = 1.

2. The state evolves in time according to the Schrédinger equation
0 N
ih— =H
i o) = H 1)

where H is a hermitian operator called the Hamiltonian.

3. An observable O is associated to a hermitian operator O. The expectation value
of O on the state |¢) is given by (1| O [¢)). This can be used to determine the
probability of obtaining a specific value. Writing 0= o )\PA, where Py is the
projector onto the subspace of H associated to the eigenvalue A\ of O, we conclude
that the probability of measuring O = X is (1| Py [¢) (Born rule).

4. After the measurement of an observable O, the state |1)) collapses into the state

Py 1) /o) (1] Py |4, where  is the value obtained in the measurement.

This is the usual formulation of quantum mechanics often called the Copenhagen
interpretation. Clearly, there is tension between axioms 2 and 4 because they give two
different rules for time evolution. In addition, one may ask what is a measurement?
We shall see that axiom 4 is not necessary once we include the “measurement” in the
Hamiltonian of the full system. Nevertheless, the debate continues between different
interpretations of Quantum Mechanics.

Path integral formulation

The path integral formulation of quantum mechanics is equivalent to the usual one
described above. Schematically, it states that the probability that a particle travels from
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x; at time t; to xy at time ¢ is given by

2
Probability(z;,t; = xf,tf) =

> e (fstatt)
paths z(t)
:c(ti):xi
(E(tf)zxf

9

where S[z(t)] is the classical action of the path z(t). The path integral formulation has
several advantages:

The classical limit is straightforward.

There is a clear interpretation of interference (double-slit experiment).
The path integral in quantum field theory is manifestly Lorentz invariant.
Non-perturbative phenomena such as instantons are described more easily.

There is a clear connection with statistical mechanics and the related numerical
methods (e.g. Path Integral Monte Carlo).

The double-slit experiment

Before deriving a rigorous formula for the path integral from the Schrédinger picture,
we motivate it by considering the double slit experiment. The setup is the following: a
screen measures the flux of electrons coming from the source. These electrons are blocked
by a wall with two slits, denoted 1 and 2 in figure (1.1). The two slits can be opened or
closed.

Tx

source screen

Figure 1.1: The double slit experiment: an electron source and a screen are separated
by a wall with two slits, so that the electrons have to pass through slit 1 or slit 2. We
measure the electron flux on the screen.
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When slit 1 is open and slit 2 is closed, we measure a flux Py on the screen (fig 1.2a).

Similarly, when slit 2 is open and slit 1 is closed, we measure a flux P, on the screen (fig
1.2b)

Tx Tx

source screen source screen

T,

(a) Slit 1 is open, slit 2 is closed. P is the (b) Slit 2 is open, slit 1 is closed. P, is the
distribution of electrons on the screen distribution of electrons on the screen

Figure 1.2: The double slit experiment in the configurations where one slit is closed and
the other is open.

However, if both slits are open, the electron distribution on the screen, P, is not
equal to the sum P; + P, (fig 1.3)!. There is an interference pattern, as if the electrons
behaved like waves.

T

source screen

Figure 1.3: The double slit experiment when both slits are open. P # Py 4+ P; is the
electron distribution on the screen, exhibiting a clear interference pattern.

IThis figure is not meant to depict the precise interference pattern. A real paper describing the
experiment can be found in [1]. The interference pattern itself can be found at https://commons.
wikimedia.org/wiki/File:Single_slit_and_double_slit2. jpg.


https://commons.wikimedia.org/wiki/File:Single_slit_and_double_slit2.jpg
https://commons.wikimedia.org/wiki/File:Single_slit_and_double_slit2.jpg
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According to the Copenhagen interpretation, P should be interpreted as a probability
density. In practice, this means: compute the amplitude ¢ as if dealing with waves, and
interpret the intensity |p|? as a probability density for a point-like particle position.

The reason for the interference is then straightforward: the distributions P; and P»
are the modulus squared of amplitudes ¢ and y. P is then obtained by summing the
amplitudes, and then computing the modulus squared:

P = |g1]?
1= |ep1] } . P:’<P1+<P2

2
1
= (P + P2+ Puy)
Py = |ps]? V2 2 "

“In quantum mechanics, you sum amplitudes, not probabilities.”

We can complicate the setup further by placing two detectors around each slit. The
detectors flash when an electron passes through the corresponding slit (1.4). However,
the detectors are not 100% accurate: sometimes the electron arrives at the screen without
any detector flashing.

Tx

source screen

Figure 1.4: The double slit experiment with detectors on each slit. The light bulb
flashes when an electron goes through the corresponding slit, but it is not 100% accurate:
sometimes there is no flash.

Then, the position on the screen of each individual electron is recorded and labelled
T1,T9,.... Furthermore, we add a superscript that denotes whether the slit 1 flashed
(M), the slit 2 flashed (2(?), or if there was no flash ((?)). After sending a large
number of electrons, we organize the data as in (table 1.1).
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Slit 1 | Slit 2 | No flash

l’gl) xg2) ZEELO)
Coordinates on screen azél) $§2) $§)O)
Electron distribution P Py P

Table 1.1: Example of a possible set of measurements in the double slit experiment with
detectors.

The distributions for the data points in each column correspond to P;, P» and P
respectively. If we detect an electron in one slit, it is the same as if we block the other
slit.

According to the Copenhagen interpretation, the detectors influence the be-
havior of the electrons: their state collapses after being measured in either slit 1 or 2,
therefore destroying the interference pattern. If the detectors miss an electron, as is the
case when there is no flash, then the state does not collapse and interference happens.

This is a good opportunity to explain why the collapse of the wave-function is not
necessary. In the double-slit experiment without detectors, the time evolution of the
particle’s wave function is as follows

£ =0) > ;5 (Zup) + o)) — / dxé (o1(2) [2) + ga@) [2)) (L1

where the intermediate step corresponds to passing through the (up and down) slits.
Therefore, the probability of finding the particle at position x € [a, b] is given by

b
1
(V1B 10) = [ dazlina) + pa(o)P (1.2
Let us now model each detector by a qubit that takes value 0 if no electron was detected

and 1 otherwise. For simplicity, let us assume that the detectors are infallible. Then the
time evolution of the state of the system is given by:

1
|$ =0,¢1 =0,q2 = 0> (‘xupa(h =1l,q2= 0> + ’:L'downvch =0,q2 = 1)) (1'3)
/dw 21 =142 = 0) + ea(a) s = 0,0 = 1)

where we denoted the detector qubits by ¢; and ¢s. In this case, the probability of finding
the particle at position = € [a, b] is given by

_ 1 2 >
(V] Plag) 1) dl‘Z (le1(@)[* + lea(z)[?) (1.4)

because of the orthogonality (z,q1 = 1,2 = 0|2/, q1 = 0,¢2 = 1) = 0. Therefore, if there
is any degree of freedom that changes its state depending on which slit the electron
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passes then the interference pattern will be lost. This is the reason why it is so difficult
to perform double slit experiments with larger objects [2]. This is also the reason why
quantum communication can be very safe.

Now in order to motivate the path integral formulation, imagine a N-slit experiment
with M walls (figure 1.5)

A }Dz } _DH M
1 1
2 2
3 3
source : .- screen
N-1 | N=|
N l,\/

Figure 1.5: N-slit experiment with M walls.

Now the probability distribution on the screen will be given, as before, by some
amplitude squared |p|2. There are now several different amplitudes associated to the
different paths that the electron might take to go through the slits. For example,
©(Zp, 1,TDy.2,TDg 15 - - -) s the amplitude for a trajectory passing through slit 1 in the
first wall, slit 2 in the second wall, and slit 1 in the third wall.

By superposition, the amplitude on the final screen is given by summing the amplitudes
corresponding to the different paths:

N N N
¥ = E E E SD(CUDllexDz,jzv"‘737DM»]'M)'

Jj1=1j2=1 Jm=1

As we consider more and more slits in each wall, we approach the situation where there

is no wall at all. Mathematically, this corresponds to taking the limit N — oo, and the
sums become integrals:

90:/dxl...dngo(xl,...,xM). (1.5)

Intuitively, we have an amplitude for each possible trajectory of the electron, and we
then integrate over all possible trajectories.



Chapter 1 The path integral formalism 7

From the Schrodinger approach to the path integral
We begin by defining the propagator

. . A2
K(aptrimts) = (o e H100 oy = 2 v(a), (L6)

We then divide the time interval into N steps of size e:
t=tf—t;=Ne, 0<e< 1.

We will then take the limit NV — oo (or € — 0) at the end of the computation. Using
this, we can write - o
K(zptpmity) = (xple #He e wtle |q;) (1.7)

N times

Now between each exponential we insert a completeness relation (1 = [dz|z) (z).
Overall, N — 1 completeness relations are inserted, and there are therefore N — 1
integration variables x1,x9,...xy_1. For ease of notation, we set xy = zy and x¢ = ;.

K(ptsants) = (on] e—éﬂf/de_l 1) (2nl .. ./dacl 1) (e | e 7€ L)
N . A
= /dmN_l .oodxy H (x| e n € |zp_y) (1.8)
k=1

Consider then?

i f 1 i i f
(/| et fe) = [ ap et (e o). (19)
The Zassenhaus formula (A.3) allows to compute the matrix element (p| e He |z) in the
limit € — O:
N . 2
(ple i1 |z) = €7 i VD pla) 4+ O(e2). (1.10)

We assume now that in the limit € — 0, the higher order terms O(€?) can be neglected®.
Then,

i 7 1 i ’ ie [ p°
('] e e |z) /dp 27Theﬁp(“ e~ (2 tV (@), (1.11)

Now the integral is Gaussian and can be done:

('] et ) & Tliie_%v(z) /dp erp(@' =)= 55 p? (1.12)
™

_ m %e %m(ﬂ%z)Q—V(a:)
= \/55-¢ { } (1.13)

*We use the conventions: (z|z’) = d(xz — '), (p|p’) = 6(p — p’) and (z|p) = me%pz.
3see exercise 4 for more a detailed explanation




8 Chapter 1 The path integral formalism

Now in the limit € — 0,

— e [;m (“”” ”)2 V(@)

€

~el(x, &)~ / dt L(z,2) = S(2', z)
0

Defining /5% = %, we get

i ) 1
<x" e ntle |z) ~ Zeﬁs(“”l’”).

Using this result, we can go back to the propagator (eq 1.8):

N
1 & X SEkzr-1)
K@f’tf;xi’ti):/de—L..dxl LR & kyThk—1

At this point the limit € — 0 can be taken:

. N
. 1 5 X SErze—1)
K(zys,ty;xi,t;) :lg%/dlUN—l---dxl AN e k=1

R P
— Tim — S5 3 S[a()]
_lféA/Hl a <
]:

= #S[z(t)]
= [y, Dla(t)] 50,

z(tf):a:f

where the action S[x(t)] is

Sl (t)] = /t_f dt £(x, )

(1.14)

(1.15)

(1.16)

(1.17)

(1.18)

(1.19)

(1.20)

(1.21)

and the “path integral measure” D[x(t)] is defined as the limit € — 0 of the product of
integrals over the x;’s above. To summarize, we have an expression for the propagator in

terms of a path integral:

K(xg,tp;wt;) = Dlz(t)] erSk®)]

m(ti)zxi
a(ty)=wy

(1.22)

This formula is the rigorous version of the formula (1.5) derived at the beginning when

considering the double-slit experiment.

Example: Free Particle — As a first example, consider the case of a free particle,

where

(1.23)
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Then
N— do
K(zy,t,2;,0) —ll_Jr}%A/U Teﬁ , (1.24)
where
N 1 T x 2 1 m
k— Lk-1
€ o =i, Iy =T S 6;2771( € ) A 2mihe

In order to do the integrals over the zj’s, we begin by doing the integral over x1, then
over xo, and we will then see a pattern which will allow us to do all of them easily.

Each integration variables appears in two consecutive terms in the expression of S.
For z1, we have an integral of the following form:

/OO dzy e%((mfxo)%r(xzfm)z) Aeérge (z2 2@!?0)2 (1'25)
_eo V2

This term now enters the computation of the xo integral:

00 : (zo— I0) 2 wa—wn)2
/ iy BZQhS( +(zz—x2) ) _ \/eri;nﬁe( 3= 0) (1.26)

o

At this point we can see the pattern: the k-th integral will be

dzy e = Ae She  RTT (1.27)

fo%s) - m (:ckfa;o)Q o 2 m (@ T )
/ "2he 7t (@rr1—zg) k k4+1—%0
. Frl

Therefore the propagator can be written

L 12 N—1 . exoe?
K(xys,t,2;,0) = lgr(l)z 33N e ¥ (1.28)

Taking the limit is trivial now as Ne = t. In fact, in this simple example there is no need
to take the limit. The correct answer is obtained for any finite N. We have obtained an
explicit expression for the free propagator:

ree m N m
K )(xf,t,xi,O) =4/ 5t &P (z%(m‘f — xz)Q) . (1.29)

Exercise 1.1 (The free propagator made easy).
Compute the free propagator starting from

9
K(f’"ee)(:z:f,t,a?i,O) (xsle At EDE H= p—, (1.30)

2m

and inserting the resolution of the identity in momentum eigenstates. Verify that your
result matches the one obtained using the path integral formalism (equation 1.29).
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Wavepacket evolution — The propagator can be used for computing the time evolution
of wavepackets. Indeed,

Yl t) = (2p(t)) = (] e 7T |3p(0)) = / dy (ae 71 |y) (ylp(0)) . (1.31)

We recognize here the definition of the propagator, which leads to the useful formula

Y(xy,t) = /dxi K(xg,t;24,0)0(x;,0) | (1.32)

Exercise 1.2 (Gaussian wavepacket evolution).

1. Consider the following Gaussian wavefunction defined at t = 0:
2

1 TR Tl
0= (27ra2)1/4ehpy6 i (1.33)

Using formulas (1.32) and (1.29), verify that the wavefunction at time t is given by

2

_ ip“t
€ 2mh i D 4)\2 2
Y(z,t) = enPTe (@) AoV (1.34)
(2mo(t)t/o2)M/*
where
o(t)? = o + 12% (1.35)

2. Compute |¢(z,t)|* and read off the average position (x) and the width {(z — (x))?)
of the particle as a function of time. Comment on your results.
Hint: the standard form of a Gaussian distribution is

f(z) = Nt 5 (%) (1.36)

where 1 is the mean and o2 is the standard deviation.

3. Rederive the previous results in momentum space:

(o, 1) = / dk (] e HI ) (k[ (0)) (1.37)
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The phase space path integral

The phase space path integral is what we obtain if we do not perform the gaussian
integral in p during the derivation of the path integral formulation. Explicitly, we use
equations (1.8) and (1.11) to get

N e |, Th=Tk—1 _, p? Viz
K(ffaT;SUi,O):/de1...d$1H</§§26ﬁ {p P (Gt ()):|>’ (T:Ne)
k=1
N-—1
:/d]mv /dx’fdm o J dt[pi—H (p,2)]
27h 27h
k=1
= [/, DIOIDIp(0]H SO (1.38)

z(T)=xy

It may help to draw the real space trajectory and the momentum space trajectory in the
same picture (1.6). There is a momentum integral for each time step, which is why they
are represented in between each position integral.

d’f\ ,\?
4 ‘\ \ / \
. L% %
p 2
]
TN
T N -
?\ ?‘, P\/ ﬂJ
-\
0 e 2 T 7 time
Figure 1.6

Some properties of the propagator

Note first that
K(xp tyiai,ts) = (gl e wH (L=t |3))
— [ o Gagle 00 L) (|00 |2

= /da:m K(xp,tp; xm, tn) K(Tm, tm; 4, ;). (1.39)
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This composition property follows directly from the path integral representation:

Kaptpiaist) = [, DlolerSe) (1.40)
x(t;)*x’}
= [ @ [ e, PO [, -, Plaa]ehlon 000
Z(tm ) =Tm x(ty)=xy
(1.41)
:/dajm K(zf,te; Tm, tm) K(Tm, tm; 4, i), (1.42)

This result can be understood easily by drawing the trajectory as in figure (1.7)

€ te

Figure 1.7: Illustration of the composition property of the path integral

One can also derive a differential equation for the propagator. Let

(t)) = e 71 ) .
Then,

K (z,t;10,0) = (z[y (1)) = ¥ (x, 1)

= K(z,t;x0,0) solves the Schrodinger equation for the variables x,¢
Furthermore, the propagator verifies a boundary condition in time:

lim K (z,t; 29,0) = (x|xg) = 0(x — x0). (1.43)

t—0

These two properties fix the propagator uniquely.
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Summary of Lecture 1

o Path integral representation of the propagator:

K(xg,t;24,0) = (2] e‘%Ht |lz;) = Dlz(t)] e xSle(®)]

x(ti):xi
x(ty)=xy

o Free particle propagator:

ree m - m
K )(ij,t,$i,0) =4/ 517 P (zﬁ(xf — 5[}1)2)

13



14 Chapter 1 The path integral formalism

Lecture 2 - Gaussian path integrals

“The career of a young theoretical physicist consists of treating the harmonic oscillator in
ever-increasing levels of abstraction” - Sydney Coleman

Now that we have defined the path integral for a general action, our first goal is to
compute it for the harmonic oscillator. The action of the harmonic oscillator is quadratic
in x, which is why we first study generic Gaussian integrals, and then move on to the
full path integral of the HO.

Gaussian integrals

The goal is to eventually be able to compute the propagator of the harmonic oscillator.
To do so, we first review regular gaussian integrals. It is well known that in 1 dimension,

/ dze ™ = \/?7 A>0 (1.44)

Consider now the generalization to the n-dimensional Gaussian integral:

I, = /d”xe_XTAX, A€ Myyn, AT=A (1.45)

Exercise 1.3.
Argue why we do not need to consider the more general case where AT # A. Hint: any
matriz M can be decomposed into its symmetric and antisymmetric parts as

1 1
M= §(M+MT)+§(M—MT)

Since A is symmetric, it can be diagonalized using an orthogonal matrix O (this is
the spectral theorem):

OTAO = diag(\y,..., \n), OTO =1, det(O)==+1 (1.46)

In order to evaluate I,,, we perform a change of variable using this orthogonal matrix:
x = Qy. Then

. / dy [ det(0)]e-¥"OTA0Y _ / ay e~ St Z ] \/7 (1.47)
—— i1 Ai

Therefore,

n/2
/d”x e hx - T | (1.48)

\/det(A)
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One might wonder what happens if det(A) < 0. This is not real cause for concern as
it would mean that at least one of the \; is less than or equal to 0, and therefore the
integral I,, would diverge.

After considering n-dimensional real gaussian integrals, we look at compler gaussian
integrals. Consider
o
/ dz e AeR (1.49)
—00
A possible way to compute this integral is to analytically continue the real result (1.44).
To do so, we start with a real number o > 0 and rotate it in the complex plane (see
figure 1.8) so that it lands at *ia.

[ : ‘—>\
2% delo, 4]
x>0
6 »
<e 95[_0/'/31
VK

Figure 1.8: Rotations by +7/2 in the complex plane

Using this operation, we can get the complex integral from the real one. Consider
the transformation a — —ia:
o0 2 o0 ; 2
/ dze —>/ dze ™, a>0 (1.50)
—0oQ —00

Now we have to analytically continue the right-hand side:

\f / _ L ”/4\[ (1.51)

We therefore have our result (check the case o — i for the other sign possibility):

/oo dz ei)\xQ _ eisgn()\)ﬂ'/4 ,|7T7| (152)
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This result can also be obtained by methods of complex analysis involving contour
integrals (see exercise 1 in the appendix).

Using the same reasoning as for the n-dimensional real Gaussian integral, we find the
n-dimensional complex Gaussian integral:

2
[t - gitnymis T | (153)
| det(A)|
where ny is the number of positive (negative) eigenvalues of A.
The harmonic oscillator path integral
Consider now the harmonic oscillator propagator:
Koptpmit) = [, Pa@ler™ ), (1.54)
xz(ty)=xy
b L oo 1 5,
where S[z(t)] :/ dt <2md3 — MW ) . (1.55)
t;
We can find the classical trajectory z.(t) easily:
Fe(t) + Wiz (t) =0, xc(t;) =y, ze(ty) =xp.

Consider now the change of variables z(t) = z.(t) + y(¢). The boundary conditions of
the path integral now change to y(t;) = y(ty) = 0, but the measure does not since the
change of variables is linear: D[z (t)] = D[y(t)]. We get

c 1) — #Slwe(t)+y ()]
Klaptpont) = [, Dly@)]erse=0ro) (1.56)
y(ty)=0
Let us now see what happens with the action.
ool 2 Lo 2
Slxc(t) +y(t)] = dt §m(xc +9)° — 5w (xc+v) (1.57)
t;
ty
= Slzc(t)] + Sly(t)] + m/ dt &y — w’zey (1.58)
t;
e+ SO) - m [ @tttz (159)
= c + - ct+ c .
x Yy m : y(t) (%, + wx

=0 (E.O.M.)
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This is not a coincidence! Indeed,

Slze +y] = S[z] /d

=0 (EOM)
y(t1)y(te)

529
//dt1dt2 (6 5:U(t2) -

/// dhrdzdls 5:,;@1)52(2)595(753) x:

=0 (quadratic action)

y(t)y(t2)y(ts) + ...

c

With this result in hand, we can see that the propagator can be written as

K (g, ty; i, 1) = e SToelt) /yui)o Dly(t)]ei o) (1.60)
(ty)=0

= el WK (0,150, 15) (1.61)

= enSle®l j(t; —t,;), (1.62)

where we can write K(0,¢;;0,t¢) = J(ty — ;) thanks to time translation symmetry.

Exercise 1.4 (Classical action of the Harmonic Oscillator).
Show that

(mf + x; ) cos(wT') — 2x;x ¢
sin(wT') ’

Slxe] =

mT T=t;—1t. (1.63)

What is left to compute is the function J(T'). The first step is to rewrite the integrand
in a form comparable to a Gaussian integral (similar to 1.48):

T T 2
1 5 1 459 m/ d 9
= — —_ = = — _— = 1' 4
Sly] /0 dt <2my 5wy > > /) dty @Y )Y (1.64)
—_——

=0

— J(T) _A(ti):o Dly(#)]er s Jo dtvOy (1.65)
y(ty)=0

By analogy with the n-dimensional Gaussian integral, we expect J(T') o | det O|_1/2.
More explicitly, we can expand the integration variable y(¢) in a complete basis of or-
thonormal eigenfunctions of the operator O. This is the equivalent of diagonalizing the
matrix A in the n-dimensional case.
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Define the eigenfunctions y,(t) as

Oyn(t) = My (t),  yn(0) = yn(T) =0
— yu(t) = \/zsin<n;t>, A, = (%)2 _ 2

Here, we chose to normalize the eigenfunctions by fOT dt(yn(t))? = 1 Note that the sign
of A, depends on how big n is. For small n, A\, <0, but for n > %=, \,, > 0. Therefore,
the number of negative eigenvalues of O is n_ = int ( — ).4

We can now expand y(t) in the complete basis given by the y,,(¢):

=3 aumn(t) (1.66)
n=1

Since the yy,,(t) are fixed now, it makes sense that we have to integrate over the coefficients
an. Since we are changing variables, we need to keep track of the jacobian, which we
denote N. Tt is important to notice that since the eigenfunctions yn(t) do not depend on
w, neither does the jacobian N. Furthermore, for reasons that will become clear soon, it
is convenient to pull out a factor ﬁ from the jacobian for each a,, such that the path
integral measure becomes

da, =~
%/H\/ﬁ (1.67)

In terms of the new variables a,,, we have

T T
/ dtyOy = / At >~ anmyn (t)Oym(t) (1.68)
0 n,m

0

T
=D tnmAn /O dt yn (£)ym (t) (1.69)

én,m

=> aihn. (1.70)
n
The path integral therefore becomes a product of gaussian integrals that we can evaluate:

dap, \ o im 2y N A 2mh
en2 2t — N 1.71
/ (H V2mi ) (2mi)2 3 (ntn_) H m|An| ( )

T(ng—n-)

'L (ny+n_— )H m|)\
%,_/

_ye (1.72)

s
7,2’ﬂ_

=e

4The function int(z) gives the largest integer smaller or equal than x.
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Now you might be worried that the product [], is identically 0, since we

vl
have an infinite product of smaller and smaller numbers (the \, grow as n?). However,
the product of the N with ], m|>\ |
a ratio of two functions J(T') with different values of w. This is useful because, as we

mentioned before, the jacobian N does not depend on w and cancels out when we take
the ratio. We therefore compute:

T ,—iEn_(w) h
J(r) N2 e L7

is finite and well defined. ® Indeed, we can take

Jo(T)  pNe—iZn-(0) 11, h

m[An(0)]
A |-1/2
— emiE - @)-n-() |det Ou (1.75)
det 00
Since n_(0) = 0, we write n_ = n_(w). Furthermore, the ratio of determinants can be
computed as
A 0 (nm)2 2 0 2
det Oy, o) — T
e :HL) — =11 1—(”) (1.76)
det Og 1 (%) 1 nm

This expression has zeros at w1 = n, just like a sine function. However, as w1 — 0, the
ratio of determinants tends to 1. Moreover, it does not have any poles. We can therefore
guess that

det O sin(wT

== (wT) (1.77)

det Og wT
This qualitative reasoning can be made rigorous by using the Weierstrass factorization
theorem®. All the pieces needed to conclude the derivation are present: we have

o wT m
W(T) = 7137~ N : 1.
TolT) =" T\ aminT (1.78)

where we used the expression for the free propagator found in lecture 1 (equation 1.29),
since Jo(T') = K®e) (0, T';0,0). Having found .J,(T'), we finally put everything together
to obtain the harmonic oscillator propagator:

2 2
E int(ﬂ W jmw (zf+zl> cos(wT)72zizf
I

¢ (HO) Tog:0) = e '2 e N T sin(wT) . 1.79
(zp,T52:,0) =e thysin(wT)!e (1.79)

5A more careful approach to this problem would be to go back to the definition of the path integral
with discretized time, and take the limit € — 0 at the end of the computation. If

AO) , Dly(t)] — hm—/ H ;. (1.73)

y(T)=0

then the operator O becomes a finite matrix. We will take this approach in the next lecture.
Shttps://en.wikipedia.org/wiki/Weierstrass_factorization_theorem


https://en.wikipedia.org/wiki/Weierstrass_factorization_theorem
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Summary of Lecture 2

e Gaussian integrals

_igime(e) [ mw e (z?«+z?)5ic§(sgg>fzzizf
2mih| sin(wT)|
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Lecture 3 - Gelfand-Yaglom formula and time-ordered products

Time-dependent harmonic oscillator

Consider the time dependent harmonic oscillator:
L= -mi? - —mw?(t)z? (1.80)

Following the same method as for the time-independent harmonic oscillator, we can write
the propagator as

i

K(zgp,tp; a0, t) = en K (0,140, 8), (1.81)
where z.(t) is the classical solution (we used the change of variables z(t) = z.(t) + y(t)).

In order to make progress, we use the definition of the path integral as a limit N — oo
of the system with discretized time. Let

tr—t;
t; = to, thtN-i-h 6:N+1’

wj; = w(t]‘) (182)

We use this convention so that there are N 41 time steps and N integrals (over y1,...,yn):

K00t — i [ drn d SRR (G
M s = J=
Out06) = Jim [y odyy (575 7 e (1.8
At this point it is convenient to define:
Y1
Y2 m
= = —§ 1.84
Y S T (1.84)
Yn
2 -1 0 0 w? 0
-1 2 -1 w3
_ 2
s=|0 1 2 — ¢ w3 (1.85)
2 -1 wi
0 -1 2 0 wi;

With these definitions in hand, we can write the propagator as

N+1

K(0,t7;0,t;) = lim ( m ) 2

N—oo \2mihe

/ dNye "oy (1.86)
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Now the integral can be computed using equation (1.53) to get

Nt1 N/2

04 = i M\ i n)E T
K(©,:0.%) ]\}gnoo<2ﬂ'ih€> ¢ ) [det(o)] (1.87)
' i N1 7_(_N 1/2
— Jim )i (D 1.88
Nooo © 4[(2m'he> |det(a)d (1.88)
1/2
m Y1
= lim i) | (2) 1.89
N\ 2min© 4[<z> e|det(&)\] (1.89)
m - T ]_ 1/2
— 1 —ign— | - 1.9
N\ 2min [e[det(&)|] (1.90)

where we used det(o) = (%)N det(5) and i~1/2 = ¢7%%. Note that the result depends
on n_, the number of negative eigenvalues of o. In the continuum limit, the size of o is

sent to infinity, and we can interpret n_ in a different way. To do so, recall that originally
we had

1

i ot .
K(0,t7;0,t;) = / Dly(t))et Jl 3 =3me? @ (1.91)
im (M (4%
— /'D[y(t)]ezh fti y( a2 Q(t)>y (1.92)

where we integrated by parts and used y(t;) = y(ty) = 0. In the above, one can identify

—g—; — w?(t) as the N — oo analog of & by comparison with (1.86) 7. We can therefore

interpret n_ as the number of negative eigenvalues of the operator —% —wi(t).

Now that we understand n_ in the N — oo limit, our task is to compute det(5).
To do so, we compute the determinant by the Laplace method (also known as cofactor
method). Define p; as the determinant of the top left j x j block of &:

pj = det[5];; (1.93)
Then,
pL=2— €w? (1.94)
P2 = (2 — W) (2 — i) — 1 (1.95)
0
5-. .
pjs1 = det 7 B (1.96)
2.2
0 - —1|2-€w,

"Since we only care about the number of negative eigenvalues n_, the overall factors of m or h are
irrelevant - there is therefore no difference between n_ for o or for 7.
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We can now write pj;1 as a function of p; using the method of cofactors. We develop
the determinant along the last column to get:

0 0
Oj—1xj-1 : :
Dj+1 = det —1 0 (1.97)
0 ... -1 2-é%u7 -1
0 .. 0 -1 2— eszQ-H
0
= (2- 2 )p; — (~1) -det | I 51 (1.98)
0 -ovre-. 0 =1
= (2— €wl ) — Pi—1, (1.99)

where in the last line we developed the determinant along the last row. This procedure
gives us a recurrence equation on the p;’s:

Pj+1 — 2p; + pj-1
P = (1.100)

As € — 0, this becomes a differential equation! Indeed, define
epj =¢(ti+e-j), j=1,...,N. (1.101)
Then, equation (1.100) implies
tite(G+1) =20t +e-5) + ot +e(j — 1 .
— 3(t) = —w(t)p(t). (1.103)

The initial conditions are given by

o(t)) = lim ep1 = 0 (1.104)
ot;) = lim L2—PL (1.105)
e—0 €

Therefore, given the time-dependent frequency w(t), one can solve for ¢(t). What is
relevant to us is to compute

lim edet(d) = A}gnoo epn = @(ty) (1.106)

N—oo

This gives us an expression for the time-dependent harmonic oscillator propagator:

i m

K(xg tp g, ty) = endeemizn- | 1.107
R Tl {07
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where ¢(t) is the solution to the following ODE:

@(ti) =0
o(ti) =1

Equation (1.107) is known as the Gelfand-Yaglom formula. At first it is surprising
to realize that we have found an analytic expression for the propagator of the time-
dependent harmonic oscillator. However, path integrals with quadratic actions are in
a sense a generalization of Gaussian integrals, so we expect to be able to solve them exactly.

P(t) = —w(t)p(t), { (1.108)

Exercise 1.5.
Use the Gelfand-Yaglom formula to re-derive the propagators for the free particle (w =0)
and the harmonic oscillator (w = const).

Operator matrix elements

Recall that in the Schrodinger picture, the states |1(t)) evolve in time while the operators
O are fixed. In the Heisenberg picture, the states |i) are fixed and the operators O(t)
evolve. To go from one picture to another, we use the formula

On(t) = enfltOge#Ht, (1.109)

Define now the state |x,t) as an eigenstate of the (Heisenberg picture) position operator
Z(t). We can write this state in terms of the |z), the eigenstate of the (Schrédinger
picture) operator Z as follows:

x) (this is not time evolution!)
— (b |z,t) = (e%mﬁ;e*%m) ettt |2y = o |2, 1)
Then, we can write the propagator in terms of the |z,t):
(wp i ti) = (@l e T |23) = K (g by, ts) = / Dle]ei 5

You may have noticed that the path integral representation of the propagator is similar
to the kind of expressions one gets in statistical mechanics:

Z = Z e PH

config

)= 3 0,

config

if we identify —8H with %S This leads us to wonder about the possible physical
significance of an expression such as:

/D[x] A(z(t)erSEL 4 <ty <ty (1.110)
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where A = A(x) is some function of z. It seems intuitive to use the composition property
(1.39) to break up the path integral into two regions: the first region where the particle
evolves from ¢; to ¢1 (labelled by a), and the second where it evolves from t; to ¢; (labelled
by b). We can then write

/ Dla] e 1 A(a(t)) = / dzy /:cam)xi Dlea) Aul):m Dlay] 5+ A(@1)
xa(tl):xl

wy(tf)=ay
= (ol e H10) [[do ) Afar) (] HIO0 2
=A(#)
= (ugl em# At i 0 Ag)e i cHA |7
=A(&(t1))
= {wp.t| A1) i, 1)

Therefore we see that we have

(@p.tyloist) = [ Dlalehst

(.t Ala(ta) o) = [ Dlalet S Aa(t)

We can also wonder what happens if we plug in two functions in the path integral. Let
ty >ty > t1 > t;, and consider two functions Op(x) and Oz(z). Then,

/DM&“Wh@m»@mvm
_ / dayday / Dlra]Dlzy] Dlire] €t S+ 0, (2(t1)) O 2 (12)

= /dxldxz (xp,tr|wo, ta) Oa(x(t2)) (w2, ta|x1, t1) Or(x(t1)) (1, t1|2i, ti)
= (zf,tf| O2(Z(t2))O1(2(t1)) |23, ti) - (1.111)

Notice that on the path integral side (on the left), the functions O; and Oy commute,
since they are just numbers. However, on the right side, they do not commute any-
more since they contain the Heisenberg-picture operators Z(t1) and Z(t2). In the
Schréodinger picture, & obviously commutes with itself, but in the Heisenberg picture,
#(t) involves the hamiltonian and therefore [Z(t1),Z(t2)] # 0 in general. In fact, the
non-commutativity of the O’s on the right side comes from the assumption that 5 > ¢;.
If we had assumed ¢; > t2, the order of the O’s would be reversed (see the exercise below).

Exercise 1.6 (Introduction to time-ordering).
In equation (1.111), it was assumed that t; < to. Verify that in the other case, t; > ta,

one has

/D[x]e'és[x](’)l(x(tl))(%(ﬂ?(h)) = (xf, ty[ O1(&(t1))O2(2(t2)) i, ts) - (1.112)
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Define the time-ordered product of two operators as
T[O1(t1)Oa(t2)] = Oa(t2)O1(t1)0(ta — t1) + O1(t1)Oa(t2)0(ts — t2), (1.113)

where we write O(t) = O(&(t)) as a shorthand. The generalization to an arbitrary
number of O’s is obvious:

/D[x]e;bs[x](’)l(x(tl))...(’)n(x(tn)) = (g, tf|T [@1@1)...@”@”) |z, t:) | (1.114)

Question: how could we compute out of time-order correlators with path integrals?
This will be discussed in lecture 5.
Introduction to the classical limit and useful properties of S

Consider the propagator
K(xg,tpmit;) :/D[x]eés[ﬂ. (1.115)

The classical limit is the limit where 7 — 0. 8 In this case, we can do a saddle point
approximation (see exercise 10 for more details) and write

K(xg tyxit) = /D[:U]eés[x] = e%S[ICI]F(xf,tf;xi,ti), (1.116)
where F' is some function depending on the boundary conditions. Then, we have

—ihd,, K = [0,,SaK + O(h)] K = [p;il + (’)(h)] K (1.117)
ihdy, K = [~0),SaK + O(h)] K = [Eq + O(h)] K. (1.118)

Here we used the fact that F' does not depend exponentially on A when A — 0. The
equalities between derivatives of S and the classical momentum and energy are exact
relations coming from classical mechanics, and are justified below. It is interesting to see
that the quantum version of the final momenta and the energy acting on the propagator
(the left-hand side) are equal to the classical version, plus some correction of order h
(the right-hand side).

In order to prove the equalities 0, P Sel = p? and O ; S = —FEq, consider the following
definitions:

ty i) = x;
S = / dt Llze, i, with [da? _ aﬁ] —0, and 4T =T )
4 dt i Ox|,_,. ze(ty) = xy

8Note that it would be more precise to say that the action is much bigger than /4, since it does not
make sense to send a dimensionful quantity to 0.
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Define now the function f as

In a way, we are saying that the classical solution obviously depends on which boundary
conditions we choose, and the function f reflects this choice explicitly, rather than just
writing x.(t) where the boundary conditions are implicit. We therefore have

f(l’f,tf,l'i,ti,t:ti):l’i, f(xf,tf,l‘i,ti,t:tf):l'f (1.121)

Now we can differentiate either of the expressions in (1.121) with respect to any variable.
For example, differentiating the first expression with respect to t;, we get

0
— X Ce = 1.122
[mix +z ]tti 0 ( )

If we differentiate with respect to ¢y or x;, we simply get

]
—Z, =0 (1.123)
{atf t=t;
0
c =1 1.124
|:8xe :|t=ti ( )

The same ideas can be applied to the other expression in equation (1.121):

[axc =0 (1.125)
ot; | 1=t
0 .
— T+ T =0 (1.126)
Oty dt=ty
[axc =1 (1.127)
T t=t;

These identities are useful because they allow us to compute derivatives of the classical
action. Indeed,

Ly
8thC1 = 8tf / dt¢ E[xc,:kc] (1128)
t;
, ty oL oL )
= E[xca xc]t:tf + /t; dt % y 8tf$0 + % . atfxc (1129)
— Llae i, + | 2E| 0 tf—/tfdt 4oL _0L) e (1.130)
— Ley Te t=ty i . tfxc . " dt O o . tfxw .

=0 (E.O.M.)
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where in the last line we integrated by parts. Using equations (1.123) and (1.126), we

find
oL . .
8thcl = [E[mc,xc] oF »’Uc] = — [peite ['[fval’cut:t
z t=ts
= H’t_tf _ECI

Similarly, we have

tr oL oL )
Oz, Sel = /tz dit ax’% Oz, Tc + 95 . Oz, Tc
oc Yoo Tec| a o
= | 5. ax c dt | — — 37 a- az c
oi |, | +/ti [ax L dt 9i x] £
=7,
where in the last line we used (1.127).
Summary of Lecture 3
o Gelfand-Yaglom formula:
a6 735, Gg)l = enSleel | ™ Ghere @(t) = —w?(t)p(t)
) ) ) 27Tih(p(tf)7 ) .

e Operator matrix elements:

(1.131)

(1.132)

(1.133)

(1.134)

(1.135)

/D[x]eés[wlol(x(tl)) . On((tn)) = (2, T [@1(751) . @n(tn)} |z, £:)

o Properties of the classical action:

8xf Scl = p(]:}’ 8tf Scl = *Ecl

Lecture 4 - Quantum Mechanics in Your Face.

In this special lecture we discuss a famous lecture by Sidney Coleman:
https://arxiv.org/abs/2011.12671
https://www.youtube.com/watch?v=EtyNM1XN-sw


https://arxiv.org/abs/2011.12671
https://www.youtube.com/watch?v=EtyNMlXN-sw

Chapter 2

Functional and Euclidean methods

Lecture 5 - Euclidean path integral

Euclidean path integrals are the most useful in practice because of their convergence
properties. They are very common in Quantum Field Theory (QFT) and Statistical
Mechanics, and are used to perform perturbation theory through the use of Feynman
diagrams. They will also be useful to compute out of time-order correlators, which we
mentioned in Lecture 3.

Define the Euclidean propagator Kg as
K L B) = (ayle 7 |z >0 2.2
plag, e B) = (g e i 2, B> (22)
Note that it is possible to go from the usual propagator K (z¢,T,x;,0) to the Euclidean
propagator by analytic continuation, through the replacement T' — —i3. For this
reason, this is sometimes called “evolution in imaginary time”. This replacement is where
the name Euclidean comes from. Indeed, the metric of Minkowski spacetime is
ds?; = —dt? + dx?
Now if we set t — —iT, we get the Euclidean metric:
dsy = dr”° 4 dx?,
which is just Cartesian space with one extra coordinate. Notice that Lorentz transforma-

tions, which leave Minkowski spacetime invariant, become simply 4D rotations, which
leave Euclidean space invariant.

More generally Re() > 0. The reason for this is that H is not bounded from above. More explicitly,

(@rle " o) = 3 (s B) (Elai) e 7, (2.2)

which diverges when Re(8) < 0 since there is an infinite number of states with increasing energy.

29
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Path integral representation of Kg

We go through the same steps we did to build the path integral representation of the
Minkowski propagator. Let xg = z;, xny = z¢, and 8 = Ne. Then,

Kp(zs,xi,8) = <xN|e—§H/de_1|xN_1> (J:N_1|.../d:1:1 21) (x| e 7 |zo)  (2.3)

N
:/da:Nl...dazl [ @ile " |zi) . (2.4)
i=1
Consider now

@l tia) = [ ap (@]p) ) () (25)

:/201751 e%p<xux)e‘%<%+v(z)), (2.6)
Now after doing the Gaussian integral, we find
SN2
et = e (e o) 2
and therefore
K LT e e Gmaive)e (L m

Taking the limit € — 0, we find

Bar (Llm(de ’ T
Kg(ryp,z;, ) = lim — / H dxk “ndod (é (§T> Ve )) (2.9)

e—0 AE

_ / Dyle] =52 where Sglz] = /O dr [1 (jf)2+V(m)

Notice the two main differences compared to the Minkowski path integral: there is no 4
in the exponent, and the action now has a +V(x) instead of a —V'(z).

Notice that this result could have also been attained through analytic continuation.
Indeed, we have
t— —i dz\ 2 dz\ 2
U o —idr, (& (&), (2.10)
T — —if dt dr
and therefore

iS[z] = i/OT dt [;m (‘E)Q V()
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The path integral measures of the Minkowski P.I. and the Euclidean P.I. are also related
through analytic continuation.

The Euclidean path integral

/DE[x]eésE

is dominated by paths with minimal Sg. The other paths are exponentially suppressed.
Notice that if V(x) is bounded from below (which is usually the case), then so is Sg[x].
This is why the Euclidean path integral has better convergence properties than the
Minkowski version, where each path is weighted with a pure phase e*/".

Remark:
A link between the Euclidean path integral and statistical mechanics can be drawn by
interpreting the exponential in the path integral as a Boltzmann weight:

E

#SE ¢ FBT (2.11)

e h
One can then perform numerical Monte-Carlo simulations, where we sum over random
paths with probability distribution given by e 52/, Even if the Minkowski path integral
for a system cannot be computed exactly, one can use numerical methods to solve the
Euclidean path integral?®.

Connection with statistical mechanics

Let |n) be the energy eigenstates. Then,

Kp(xp,xi,B) = (xf|e” w (Zm n|> |x;) (2.12)

= > )i (w1 (2.13)
= /deE(:v,x,ﬁ) = Z/dx\wn(x)\e_gE". (2.14)
o N———
=1

The right-hand side of the last line is exactly the thermal partition function Z from
statistical mechanics, evaluated at temperature T' = & (here by T" we denote the
temperature, not the period):

/d:rKE x,x, () = Ze #Bn = 7 <T_kZB> (2.15)

2An example where this is used is non-abelian gauge theories, which model the strong nuclear
interaction. Many observables cannot be computed in the Minkowski path integral, but can be solved
numerically by going to the Euclidean regime and discretizing spacetime (Lattice Gauge Theory).
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For clarity, we will denote Z(T = &) =Z(p).

Our formalism allows us to have a path integral representation of the partition
function:

_Sgl=] _ Sgl=]

Z(B) :/dy/;c(o)zZDE[x]e R E/x(o)zx(ﬁ) Dgplzxle” " h (2.16)

The sum is over periodic paths, with period § in imaginary time.

Note that we can also write the partition function as a trace, since

28 = /deE(x’x’ﬁ) = /dx (z]e 8 |z) = Tr(e‘%ﬁ)

Example: Harmonic Oscillator
In this example we derive the Euclidean propagator for the HO by analytic continuation
of the Minkowski propagator. Recall that

2, 2
i T m e (If+17,) Cos(wT)72zizf
§¢ (HO) T:-2..0)=e '2 mt( P ) T e Sin(@T)
(g, T3 2:,0) = e 2mih| sin(wT)]e

In this example we assume that T is small enough that we can neglect the phase term,
and write sin(wT") > 0. In that case,

mw mw (l?+x$) cos(wT)72acich

761 2h sin(wT)
2mihsin(wT)

K(HO)(xf,T; x;,0) =

To get the Euclidean propagator, let 7" — —¢3. Then,

e (ac?c-kx%) cosh(w,B)—Qacia:f
K(HO) . — L ~2n sinh(wf) 217
g (%5 0) 27rhsinh(wﬁ)e (2.17)

It is also possible to derive this result directly from the path integral representation of Kg.

Exercise 2.1 (HO energy levels from the Euclidean propagator).

Using the explicit form for the Euclidean propagator of the harmonic oscillator (eq. 2.17)
and its relation to the partition function (eq. 2.15), compute the energy levels of the
harmonic oscillator.

From the exercise above, one can see that the Euclidean propagator can be used to
derive the energy spectrum. In fact, the propagator also “knows” the eigenfunctions of
the system - see equation (2.13).
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Euclidean n-point correlators

Consider now a Euclidean time interval [—3/2, 3/2], with 8 > 0, and let 7; € [—3/2, 8/2],
1 =1,...,n. Consider then the following path integral:

x(5/2)—1’f Spla]
/ Dlalw e~ 5 a(m) .. a(m). (2.18)

By analogy with the Minkowski case that we computed in lecture 3, we find that this
path integral is equal to the time-ordered correlator

_sa N _Ba
(mple” 2 T[ep(m) ... 2p(m)]e 2 |z;), (2.19)
where R )
ip(r) =eiflige 7 = #(—ir). (2.20)

Zp(7) is the analytic continuation of the Heisenberg picture position operator.

We now attempt to find an expression in terms of path integral of another object:
the vacuum expectation value of the time-ordered product

O] T[ZE(m) ... Zp(m)][0), (2.21)

where |0) is the vacuum (the ground state of the system). To do so, we could look at the
limit 8 — oo, since it corresponds to the temperature going to 0. At zero temperature,
we only get the contribution from the ground state, and we therefore hope to find the
expression above. Indeed, we have

lim (z;]e” 2 Tlip(r)...ap(m) e )
B—00

=3 lim e 25 (24ln) (n] T[Ep(r) ... 35(m)] m) (mlz:).

Now, assuming that the energy levels are positive, we see that every term is exponentially
suppressed. The leading order term among all these is the one with the smallest energy,
i.e. the one with n = m = 0. We therefore find

lim (z7]e” 3 Tlip(r)...ap(m) e )
B—00

= e o) (@) (0| Tlas(n) - au(m)]0) (140 (5 ))

We can see the vacuum expectation value we were looking for. However, there are
extra factors in front which we want to get rid of. Note that

Blgr;o (] el |z;) = ;BILIEO e_ngn(xfWZ(%‘z‘)

= ez (140 (7)),
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which cancels exactly the pieces we did not want! We can therefore write

BH __ . . _BH
(zple” 2 T[Zp(m).. xE(ﬂJ]e 2h |x)

O Tep(n). . 2£(m)]0) = lim T (2.22)
xrple” i T
o Dl a(n) () 0.23)
B—00 _ Sgla] ’ :
[ Dlalze

where the path integrals’ boundary conditions are z(—3/2) = z;, (8/2) = z¢. 3

Remark:

Note that on the left-hand side, there is no dependency on x; or x ¢, which tells us that
the boundary conditions do not matter in the limit 3 — oo. In other words, if we choose
x(—p/2) = z; and x(8/2) = 2/, and compute the path integrals with these boundary
conditions, the resulting vacuum expectation value on the left will not be changed.

It is convenient to define the Dirichlet n-point function Gp as

8 s 8
w2G Tlyeoo Tn) = <l‘f:0’e_2h Tzg(m)...2g(m)] e 2 |x; =0) '
p(m1 ) 7 = Ol hH o= 0) (2.24)
_Sglz]
_ fD[x]Ee ox(r) ... x(Th) 2.35)

SEM ’

[ Dlz

where the factor 1"/2 is for later convenience. Note that we removed the limits 3 — oo, and
that we set the boundary conditions to be Dirichlet B.C.: z; = 2y = 0. Furthermore,
do not confuse the position eigenstate |x = 0) and the ground state |0). We find back
the vacuum expectation value by taking the limit 8 — oo, since the boundary conditions
do not matter in that limit.

0| T[2e(r1) ... 25(m)]0) = Jim, R2Gp(11,. .. ™) (2.26)

Thermal n-point functions

Recall that
Sz 7
Z(B) :/ Dplale 5" :T&«(e—%H) (2.27)
(0)==(B)

We can now compute the thermal average of the time-ordered products of Zg(7):

(TEp(n).. 25(m)) = Z(lﬁ)Tr (e_gﬁT[:ﬁE(ﬁ) . .‘:;;E(Tn)]) (2.28)

3Here we assumed that to(z)eg(x:) # 0.
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This again has a path integral representation, where now we have periodic boundary
conditions:

_Sgld
(Tlap(n). . d(m)), = Jetcpprmatpn Plilee m(%w(%) (2.29)

Ja=p/2)=a(8/2 Plalpe™H

As before, we define the Periodic n-point function Gp as

W2Gp(r,... ) = (Tlap(n) ... d5(1)]) s (2.30)
_ Jecp/p=aiap Plrlme” Ta(n). o) (231)
: Ju(/2)=e(y2y Pl 5" | |
Exercise 2.2 (Ground state projector). Show that
L 21 _ 0y ) (2.32)

P Z(B)

Hint: compute matriz elements of the operators above in the energy basis.

Now as before, we would like to take the limit 5 — oco. Using equation 2.32, we find

Jim (Tlap(n)..2p(r)])s = Jim ngr (e *Tlen(n) .. #n(m)])  (233)

= (0]T[zE(m) ... 2p(m)][0) , (2.34)

and therefore

0| T[Eg(m) ... 25(m)]|0) = lim AY2Gp(r,...,7) = lim B2Gp(r,...,7)

B—00 B—o0

(2.35)
This explicitly shows that, in the 8 — oo limit, the boundary conditions with which
we compute the n-point functions does not matter; they both give the VEV of the
time-ordered product of Zg’s. In the next lecture, we will develop tools to compute the
functions Gp and Gp perturbatively.

From Euclidean to real time

For ease of notation, we now give a name to the vacuum expectation value of the
time-ordered product:

Gr(r,...,78) = (0| T[aE(n) . .. 25(rx)] |0) (2.36)

How to obtain a correlation function in real (Lorentzian) time starting from this Euclidean
correlation function? One way is to consider the substitution 7 — it, or more precisely

the Wick rotation '
bt 0elo,7/2], (2.37)

T=e€
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where 6 = 0 corresponds to Euclidean time and 6 = 7/2 corresponds to real time. Doing
this transformation preserves the time-ordering, since if ;| > |7;|, then ¢; > ¢;. The
time-ordered VEV in real time is therefore

(0‘ T[.’i‘(tl) e @(t]v)] |0> = GE(itl, ey itN). (238)

The careful reader may wonder if such analytic continuation of Gg is legal. Indeed, it is
important to ask what is the domain of analyticity of the Euclidean correlator. Consider
ordered 7;’s, such that 7y > ... > 7n.Then

Gg(m,...,7v) = (0| Zg(m) ... Ze(TN) |0) (2.39)
= enBom=n) (0| gpe 1 HM =g p  Gpe nHON-1=TN) 50 10)  (2.40)
_ B%Eo(n*ﬂv) Z e*%bﬁ(ﬁ*‘rz) o 6*%EN71(TN71*TN)
mi,...,mMN

. <O|:%E\m1> <m1|a%E|m2)...<mN_1|§:E|0) (2.41)

It is now easy to consider complex 7;’s. We see that in order for the sums to converge,
we need Re(ry — 7,4+1) > 0. In the case of a Wick rotation 75, — e%t),, we must have

Re (ew(tk - tk+1)) = cos(0)(ty — tpp1) > 0

Now since we assumed that the 7’s were ordered, so must the ¢;’s, and since 6 € [0, 7/2],
the inequality above is respected. Notice that real time is at the boundary of the domain
of analyticity.

We can now look at the following limit:

lim GE(€1+it1,...,6N+itN) (2.42)
er—0
€1>...>€EN

This is convergent because of the ordering of the €’s. Furthermore, this will be equal to
the real time VEV, where the ordering is determined by the ordering of the €’s, not the
t’s!

limo GE(El—}—itl,...,GN—{—itN) = <0|i(t1)...§7(tN)|0>, Vit; € R (2.43)
€ —>
€1>...>€N

On the right-hand side, we have the out of time-order correlator that we wondered
about in lecture 3. Therefore, any ordering in real time can be obtained from this
continuation of the Euclidean correlator Gg. This procedure, for the case N = 2, is
highlighted in more details in exercise 13.
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Summary of Lecture 5

o FEuclidean path integral:
_Bh _Se
Kp(zg,xi; 8) = (zgle” »7 |zi) = | Dplale” ™,

where Sg can be obtained from S by sending ¢t — —i7.

e Thermal partition function:

29 =T (¢-#) = [anicp@zm )= [ DeleteF

o Dirichlet and periodic n-point functions:

z(8/2)= _Sglal
n/2 fx((%?g)zoo Dlz]ge 5 x(71) ... x(7)
RY“Gp(ri, ..., ™) = (/20 ~ 5gle]
Jo(Ch/2=0 Dlzlze™ F
Sglx]
fx— Negg/n PlTlEE™ "2 2(11) ... 2(Th)
R2Gp(ri, ..., 1) = SER=HER) -

Jo—/2=a(p/2) PltlE €™ H

o Independence of boundary conditions:

Bﬁm R2Gp (i, .., )
—00

=0|T [zg(m)...-2p(m)]|0) = G(11,. ..,
ma e T O T [2(r1) ... 2E(T)]10) = GE(T1 )
)

¢ Wick rotation:

0 =0 : Euclidean

T = eietj, 0 e [0;71'/2] {0 _ 7r/2 . Minkowski

Ge(r =€¥%,..., 7 = Pt,) —— (0| T [Z(t1) . . . #(tn)] |O)
0—m/2

e Out of time order correlator:

<0’ i(tl) .. ..Ci'(tN) ‘O> e ligo GE(61 +ity,...,eN + itN)
61;’“...>€N

37
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Lecture 6 - Functional methods

The main idea of functional methods is to couple the system to an external source in
order to probe the system. This idea is useful both in experimental and in theoretical
physics.

Examples:

o Magnetic field on a spin system

e Curved geometry in QFT

o EM waves on a system with charged particles

In practice:
We work in the Euclidean regime from now on. Define Z[3, J| as the partition function
of the system coupled to an external source J(7):

1 [B/2
218,7] = Dpla] exp <—h / dr (L5 — x(T)J(T)]> (2.44)

/I(ﬁ/2)=r(ﬁ/2) —-B/2

This is useful because we can make the periodic n-point function Gp appear by taking
derivatives with respect to J. Indeed, each derivative will bring down a factor of z(r).
Explicitly,

J J —L [P dr (Lp—u(r)J(7)]
B Z[8,J]= | D o a(rp)e m B
Sty 5ty 21 = | Pelelet).atme

(2.45)

Now that we have the appropriate factors of x(7), we can set J = 0 to recover G p:

ﬁn
o) = 0801 5(r) " 0T (m) 2.

hn/QGp (7’1, NN

B,J] (2.46)

J=0

We can do the same exact process with Dirichlet (instead of periodic) boundary conditions:

#(8/2)=0 182
KglB,J| = Dglx]lexp | —= dr [Lg —x(7)J(T 2.47
son=[ Euep( i), 0 (e ) <>]) (2.47)
N 5
— |G (nsm) = o S s KRB (2.48)

We see that the n-point functions Gp and Gp are encoded into (derivatives of) the
partition function / propagator with the added source J. Before going on to study
general complicated systems with an external source, it is helpful to consider the usual
gaussian problem in the presence of J: the forced harmonic oscillator.
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The forced harmonic oscillator

Consider

2(8/2)=0 1 (B2 m (dz\> m
K ,B,J:/ DEglx| exp —/ dr <> + —w?z? —x(n)J(r
sl = [ Pl ( i3 (a) 5 (7)J(7)

Note that we can express the Euclidean action in the following way:

B2 m (dz\? m 9 9
Sk = /—,8/2 dr [2 <d7’> + W (2.49)
8/2 2
= 1/ dr z(7) [—mdQ + mwQ] x(T) (2.50)
2J-pp2 dr
1 [B/2
= 2/ drdre x(1)0 (11, 72)2(72), (2.51)
—B/2
where
82
O(ri,m2) =m {—2 —i—wQ] §(m1 — 72). (2.52)
or;

This is a “nice” form because it looks like the Gaussian integrals in n dimensions we
studied in Lecture 2. The operator O(7i,T2) contains a derivative acting on a delta
function, which can be dealt with by using integration by parts (more details are given
in B.2). We can now express the integral in the exponential of K by completing the
square. We present here the conceptual reasoning, while the more rigorous version is

done in the exercises®.

The exponential in the propagator is essentially of the form
L 7 T
I= —5% Ox+J'z (2.53)

if we think of O as a big matrix and z, J as vectors. We would like to get rid of the
linear piece to be able to integrate using the usual Gaussian integration techniques. We
can introduce some new vector a:
Lor, 7 L T L 7 L 7
I= —5( +a )O(w+a)+§(a O+J )x+§m (Oa+J)+§a Oa (2.54)
At this point, we set Oa + J =0, or a = —O~'J. Then, as long as O is symmetric, we
get

1 1
I= —§yT0y + §JTO’1J (y=2—0"1J) (2.55)

4Exercise (12) is done in Lorentzian signature and (14) in Euclidean signature. Note that they do
not immediately consider Dirichlet boundary conditions, but first perform a shift x = x. + y, which leads
to Dirichlet BC (y = 0 at the endpoints).
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In this form, the exponential splits into a Gaussian piece which will just become Kg[g, 0]
after a change of variable in the path integral (Dg[z] — Dg[y]), and another piece which
is independent of y. This other piece can just be brought out in front of the path
integral, and we therefore expect

B/2

KE'[ﬂﬂ]] = KE[ﬁ,O] + €Xp (2171/

dTldT2 J(Tl)O_l(Tl,TQ)J(TQ)> s (256)
-B/2

where now instead of using finite dimensional matrices for O and J, we went back to
the infinite dimensional case. The inverse of the operator O(7y, 72) will be given by its
Green’s function G(71,72) (with appropriate boundary conditions). G(71,72) satisfies

/dTgO(Tl,Tg)G(Tg,Tg) =4d(m — 1), G(£B/2,72) =0 (Dirichlet B.C.)

2
=m [78‘9712+w2:| G(11,m2)

The Green’s function G for the operator O with Dirichlet B.C. could be written Gp (71, 72),
but it could be confused with the Dirichlet 2-point function that we defined in Lecture 5
(eq. 2.24). However, we will see later on that they are actually the same!

Using the shorthand notation

B/2
J-GD-JE/ dTldTQ J(Tl)GD(Tl,TQ>J(T2), (2.57)
—-B/2

1 mw 1
K =K wl Gt = [ ——_em/Cp 2.
E[ﬁv J] E[ﬂv 0]6% oh sinh(wﬁ) €2h ( 58)

Exercise 2.3 (Green’s function for the HO with Dirichlet B.C.).
Consider the equations verified by the Green’s function Gp(1,T2):

we find

2
m [—8872 +w2] Gp(m,m2) =0(11 — T2), Gp(£8/2,m2) = 0. (2.59)
1
Show that . ‘
Gp (t1,m2) = = sinhw (8/2 1 7<) sinhw (8/2 = 1) ) (2.60)

mw sinhwf

where T« = min(7y, 72) and 7> = max(7y,72).

Hint: integrate the differential equation for Gp with respect to 7 on the interval [To —
€, To + €], with infinitesimal € in order to get a matching condition between two solutions,
where one is defined on 11 < 7o and the other one on 71 > To.
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The same reasoning as for K3, J] allows us to compute Z[3, J]:

— LyGps_ L agGpy
Z[B,J] = Z[B, 0le = Seinh(wf/2)" (2.61)

where Gp is the Green’s function with periodic B.C.:

Gp(=B/2,m2) = Gp(B/2,72)

0? 2 _
m [— +w ] Gp(11,72) = 0(T1 — 72), {aﬁgp(_ﬁ/Q,Tg) = 0, Gp(B/2,m9)

2
ory

This gives
1 coshw (g — | - 7'2|)

2mw sinh %

Gp (11,7m2) = (2.62)
The periodic boundary conditions that we impose on Gp can be understood as follows.
Consider the function f(71) = Gp(m1,72). This function f(r1) is defined on [—4/2, 3/2],
and has the same value and derivative at the boundaries. We can therefore “curl up”
the interval into a circle, where the boundary points —(/2 and /2 are identified. The
function f(71) is completely smooth on the circle since it is smooth when crossing from

—5/2 to /2.

An important property of both Green’s functions Gp and Gp is their behaviour as
B — oo

1
BILIEO Gp(r,m2) = BILH;O Gp(T1,72) = %efwm*m (2.63)

Free n-point correlators

In QFT, the word “free” means that there are no interactions, and the action is therefore
Gaussian. In quantum physics, this is just the usual harmonic oscillator. Recall that

" 0 )

RY2Gp (11, ... 7)) = Z[8,J 2.64
P = 70 satm s (264
W2Gp (11, .. ™) = n o 0 Kg[B,J] (2.65)
UM Kg[B,0] 6J(m) 6 () Ry
where at this point Gp(r1,...,7,) and Gp(71,...,7,) are the n-point functions we

defined in lecture 5 (equations 2.24 and 2.30), not the Green’s functions from this lecture.
However, as we hinted at previously, they will turn out to be the same when n = 2, which
is why we use the same notation for the two different concepts. Recall also that

Z|B,J) = Z|B,0)ezn 7 CrJ (2.66)

Kg[B,J] = KB, 0]z’ %7, (2.67)
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where now in the exponential we have the Green’s functions we computed in equations
(2.60) and (2.62). Since .J is an arbitrary function, we are free to rescale it as J — v/hJ,
which leads to

0 o Lrag.J
ceyTR) = 2.

where now G can be either Gp or Gp. At this point we introduce a graphical notation
to compute the n derivatives acting on the exponential. Let

% / drdrsd (1) G(r, 7)) () = &— (2.69)
/dTQG(Tl,TQ)J(TQ) = T1 &e——R (270)
G(Tl,TQ) = Tl e—— T2 (2.71)

The reason why this notation is helpful is because it represents how derivatives act on
the integral in the exponential:

)

57(m) —® = Tl —= (2.72)
4]

57(r2) TIle—QR= T e——e T2 (2.73)

In addition to this property, we see from equation (2.68) that we must set J = 0 after
taking the derivatives. When J = 0, any ® is 0. Furthermore, the “direction” of a
diagram does not matter:

Tlo—@:@—o']—l, Tl oe— T2 = T2 e—o T] (274)
We are now ready to prove that the 2 point functions Gp(71,72) and Gp(71, 72) (left-

hand side of eq. 2.68) are the same as the Green’s functions Gp(7i,72) and Gp(71, 72)
(right-hand side of eq. 2.68):

o 0 1
G(r,m) = e2l G 2.75
(71,72) 0J(71) 6J(72) J—0 (2.75)
0 LiGJ
= 2 e—® -e2 2.76
(5J(7’1) ( ) J=0 ( )
= ( T2 TL + T2e—® - Tl -—®) -e%J'G'J’J_O (2.77)
= T e—0 T] (278)
= G(11,72). (2.79)

Our notation for the Green’s function is therefore justified.
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A similar graphical computation can show us that any n-point function with n odd is
0, as there will always be a ® left in one of the diagrams. The interesting computation is
the 4-point function:

1) )
(73
0J(11) 6J(72)
T3 e—o T4 T3 e—o T1 T3 e——o T9
= + +

Tl e—o T2 T4 e—o T2 T4 o—o T]

T4+ T3e—8 - Tie—=R) €

1 . .
G(7_1>7-27T317-4) = EJGJ‘

J=0

=+

72 Ti T2

T3 e—o T4 T3
= -
1

T2 71

= G(11,72)G(73,71) + G(11,73)G(72,74) + G(71, T4)G(72,T3) (2.80)

Wick’s theorem

The previous computation for the 4-point function shows the way to generalize to arbitrary
n:

0 ifnisodd
G(T1,...,Tn) = Z G(Tp(1), Tp(2)) - - G(Tp(n—1)> Tp(n)) if 1 is even (2.81)

pea(n)

where o(n) is the group of permutations of n elements where the permutation of two ele-
ments in a pair (G (7;, 7j) = G(75, 7;)) and the permutation of two pairs (G(71, 72)G (73, 74) =
G(73,74)G(71,72)) is identified. It is useful to know the number of terms in the sum over
the permutations in (eq. 2.81). We have

(number of permutations > B n!
-

G = D= (=D =3 =)

(2.82)

p€a(n)

Equation (2.81) is known in QFT as Wick’s theorem.

Note that what we did above was specific to the harmonic oscillator. Indeed, being
able to factorize

Z(8,J] = Z[B,0]e2” 7

is entirely dependent on the fact that the path integral is Gaussian. Even the Green’s
functions Gp and Gp were found for the specific case of the harmonic oscillator, since
they were the inverse of the operator O(r, 7).
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Summary of Lecture 6

o Propagators as functional derivatives of the system with a source:

h" ) 4]

n/2 =

RYSGp (1., Ta) = Z[B,0] 6J(m1) "'5J(TI)Z[/87J] J=0
n/2 = i 0 0
W 2Gp (11, Tn) = Kg[B,0] 6J(m1) ~ d0J(m) =P, J=0

e Forced harmonic oscillator:

1

ZolB, J] = ZolB, 03O G (m1,7) = — S (B/2 F 7<) sinhw (B/2 ~ 7>)

mw sinh w3
B
) 1 coshw (§—|T1—7’2|)
K J =K Oezn’ G @ =
E006,J] E0[B,0]e , Gp(m1,72) Dy sinh %
e Wick’s theorem:

0 if nisodd

G(t1,...,™T0) = G(Tp(1), Tp(2)) - - - G(Tp(n—1)s Tp(n)) if 1 is even
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Lecture 7 - Feynman diagrams

Lecture 6 focused on deriving results for the harmonic oscillator. However, we would
like to expand our methods to more general systems, where the action does not only
contain quadratic terms. As you might expect, these more complicated systems will not
be solvable exactly, but they will be tractable when assuming that the deviation from
the HO is small.

Perturbation theory

Consider the case of the anharmonic oscillator, where
1
Vix) = §mw2m2 + AV (x). (2.83)

AV (z) could, for example, be a quartic term like Az*. If we denote the lagrangian of the
unperturbed HO by Lg, the partition function of the perturbed system can be written as

1 [B/2
218,.] = / Duf] exp (-h /_ 4 (e () () + AV(:U)]) (2.84)
B/2 B/2
_ / Dl exp (-711 /_ L AV(x)> exp (-2 /_ TS x(T)J(T)]) .
w

Expanding the exponential, we find

X1/ 1\ [P
W = kZ:O i <_h) /_5/2 dry ...dm AV (z(7y)) ... AV (z(7%)). (2.85)

Since we assume AV (z) to be some polynomial in z, we see that W will in fact be a sum

of terms with a certain number of z(71), a certain number of z(72), etc... However, one

can replace these z(7;) by h%, since this derivative acting on the exponential on the

right will bring down factors of x(7;). We therefore can replace

w ! 1" B/2d dry, AV | h d AV hi(s 2
-4 (-5) /M nedn v (hpd ) av (ne ) eso)

At this point, since this sum does not depend on x anymore, we can bring the sum
outside the path integral and convert it back to an exponential. We therefore have

B/2 8/2
Z[B,J] = exp (—; /B/z dr AV <h5<]6(7))> /D[a:] exp <_:i/g/2 dr [Lgo — x(T)J(T)]>

/

=Z(B,J]

This decomposition is useful because we have compute Zy[f3, J] in the previous section!

After rescaling J — VhJ as before, we find

8/2 1
Z[8,.7] = Zo|3, 0] exp (—; /_ AV (\/ﬁ . %)) 3IGrT (287)
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At this point, we can turn the source off after computing all the derivatives to get the
partition function for the perturbed system:

B/2
218 = zalfesp (—3 [ arav (Vi) | ebrerd (2.88)
hJ_ 2 5J(T)
Al J=0
Example: quartic perturbation
Consider .
AV () = haat, (2.89)

where we assume that A4 is a small parameter. We can perform an expansion in A4 by
expanding out the exponential in (eq. 2.88). In practice, if we consider the leading order
in \g, we find

8/2 1
ZrolBl = Zolf] (1 - h/ dT%M - ) e2lCr) (2.90)

—B/2 (5J(T)4
) (2.91)
J=0

1 b2 &
= Zo|f] (1 - 4|m4/ dr ——e3/Gr7
Now in order to compute the derivatives, we can simply use Wick’s theorem to get

T
_5/2 (5J(7')4

4
0 e%JGpJ

5701 = 3Gp(T,7)%, (2.92)

J=0

or we could use the graphical notation, which would give

=3 = 3Gp(r,7)% (2.93)

The reason why there is a factor of 3 is because there are multiple equivalent ways to
construct this diagram. One can think of starting with the point 7 in the middle, out of
which 4 legs come out (4 because we have 4 derivatives). Our task is to connect the 4
legs, which is essentially what Wick’s theorem is about: we need to sum over each way of
connecting the legs. Graphically, we pick one of the 4 legs, and we choose to connect it
with one of the 3 remaining ones: that gives 3 possibilities. Then the last two legs have no
choice but to be paired together. Therefore, the multiplicity of this diagram is 3, which is
the same as the number of terms in the sum of Wick’s theorem in this case (see eq. (2.82)).

Using this result, the partition function for the perturbed harmonic oscillator at
leading order in A is

B/2

zmm:%mQ_ya/

dr GP(T,T)2> . (2.94)
—B/2
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The integral can be done easily by using the definition of the periodic Green’s function
from equation (2.62):

Z10l8) = 28] (1 - g coni? () ). (2.95)

Before going further with the quartic perturbation example, we can study another
object from statistical mechanics: the free energy F'(3). For our purposes, it is defined
as

h
F(B) = ~5m(2(8) & 2(5) = e 170 (2.96)
Knowing the free energy allows us to extract the ground state energy of the system:
lim F(B) = Ey (2.97)
B—o0

If we know the partition function in perturbation theory as in equation (2.95), we can
compute the free energy and extract the ground state energy of the perturbed system
(as an expansion in the small parameter describing the perturbation).

Going back to our quartic perturbation example, we find

h h AL
Fro(B) = 3 In(Zo[A]) — B In (1 — %méwé coth? (u;ﬁ)) (2.98)
_fw By e B (L BB o (WB
=5 + 5111(1 e )—i— 5 <32m2w2 coth ( 5 )) (2.99)
_ hw 2 —wpf 1 hXg 2 wp
=5 't s In(1—e™7) + 25 coth <2> ] (2.100)
=Fy(B) perturbation

One can clearly identify here the dimensionless coupling:

hA4

A= —53 (2.101)

This dimensionless coupling is important because it is the number that regulates the
validity of the perturbative expansion.

In the limit 8 — oo, we obtain the ground state energy of the system:

hw
Eo=—

2 16

1+ 25+ (’)()\2)] (2.102)

This result can be checked using the usual time-independent perturbation theory methods:

hw Aq

5 z*10) + O(\)) (2.103)
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We now consider the next order in perturbation theory. The order A2 is

1 [ a2 [P R R Yo
i drd "GP 2.104
2! < 4l > /—B/2 TSI 8T ()t J=0 .

We now use the graphical notation to compute this. We have two vertices, 7 and 7o,
which both have 4 legs. Our task now is to connect these legs and to keep track of the
associated combinatorial factors (= the multiplicities of the diagrams).

e The most obvious diagram is the disconnected diagram: just two copies of the
one we found for the leading order case. We get

3 -3 :9GP(7—]_,7-]_)2GP(7_27T2)2. (2.105)

e Another diagram is to connect all 4 legs of the vertex 71 to the 4 legs of the vertex
79. There is 4! = 24 ways to connect the legs, and we therefore get a factor

24 @ = 24Gp(r, )" (2.106)

o Lastly, we can do the hybrid case:

The multiplicity of this diagram is a little bit harder. Consider one of the two
vertices. We must choose 2 out of 4 legs to be connected with each other, which is
equal to 6 possibilities. The same happens for the other vertex. Finally, the two
remaining legs must connect to the two remaining legs of the other vertex, which
gives an additional factor of 2 possibilities. This gives an overall multiplicity of
6-6-2 =72, and we therefore have a factor

& m =172-Gp(11,711)°Gp(11,72)°Gp(12, 72)°

A useful trick to check that we did the combinatorics correctly is to compare the sum of
the multiplicities of the diagrams to the number of terms in the sum in Wick’s theorem,
equation (2.82). In this case, we have

(8—1)1=7-5-3=105=9+24+ 72,

which is reassuring.
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Free energy and connected diagrams

An important property of the free energy is that it can be completely written in terms
of connected diagrams, unlike the partition function which contains disconnected
diagrams. Before showing this in a general case, we compute the free energy to order \?
(next-to-leading order) in our quartic perturbation example:

Bxy, P2 1/ ma\2 82
(T ) Fpy B )y

< = 1S (OO0))

One can see here that the disconnected diagram term looks a lot like the leading order
term squared. Actually, it is a general result that the partition function will be the
exponential of the connected diagrams. Then, when we expand out the exponential,
we get disconnected diagrams corresponding to the squares (or higher power) of the
connected diagram. In our case, we can write

h\y [P
2(8) = Zo(B) exp ( - / WY

1 2 rBJ/2
L1 (P / dridr |24 + 72 (2.108)
2\ 4 ) s

We can get the free energy by taking the logarithm, and we therefore have the general
result that

F(B) = Fo(B) + Z connected diagrams (2.109)

Exercise 2.4 (Second order corrections to the ground state energy).
Compute the second order correction to the ground state emergy for the perturbation
AV (z) = %x‘l. More specifically, find ¢ in the equation

hw

1 - _ _

We present now two (non rigorous) arguments to convince ourselves that the free
energy only cares about connected diagrams.
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First argument:
Assume that the free energy does in fact only consist of connected diagrams. Then,

ZB) _ srmy _ s.C
=e =& 0) ~ eleava 2.111
Zo(B) ( )
where a labels the different diagrams and C, represents a connected diagram. Therefore,
Z(B) 1 o
~ 1+Cy+ -0 + ... 2.112
Tl et o

where now C2 is a disconnected diagram made with 2 copies of C, just like in equation
(2.105). We would also get different types of disconnected diagrams at higher order, such
as a term C,C} where the disconnected diagram is two different connected diagrams. In
our example, we did not encounter these but they would have appeared at order \3. It is
fairly straightforward that the product over a becomes a sum over all possible diagrams
(not only the connected ones). Our assumption that F' = Fy + ), C, is therefore
reasonable, since we found all diagrams in Z starting from only connected diagrams in
F'. This is not a complete proof since we have not verified that the coefficients in front of
the diagrams also correspond.

Second argument:
Consider first a connected diagram, and study its dependency on 3 in the § — oo limit:

<conneCted) - /dT1 codry f(T1, -0 Ta)s (2.113)

diagram
where f is some function characterizing the diagram. Using time-translation invariance,
we can set the origin of the time axis at 71, so that

(ConneCted> ~ /dT]_ /dTQ e dTn f(07 T2, ... ,Tn) ~ /6 (2114)

diagram

converges as  — oo

The reason why the integral converges is that as 8 — oo, we have Gp(7;,7;) ~
ﬁe‘“"””f", and therefore the integrand is exponentially suppressed as the separation
between 7; and 7; increases.

Similarly, a disconnected diagram will scale as

. . k
< diagram with k ) N (Connected> ~ gk (2.115)

connected components diagram

because a disconnected diagram is just the products of its connected components. Now,
consider the free energy, and assume that it also contains disconnected diagrams. In that
case, we would have

F(B) = Fy(B) — Z ) diagrams (2.116)

Bosoo hw K (connected) -y} ( diagram with & )
H R J— J—
2.3

diagram . connected components

N/BO Nﬁk—l
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However, we know that F'(f3) Beo, Ey, which is finite, therefore there cannot be discon-

nected diagrams in F'(8) — Fo(B).

We now present a proof of equation (2.109). Consider n decoupled copies of the
same system. Then, the full partition function is the product of the initial system’s
partition function

Zn(B) =[Z(B)]" = Fu(B) =nF(B) (2.117)
Perturbatively, we have

M — e _1 o 0 6%2?:1 Ji-Gp-J;
Z@B) P ( i L AV (@Jiv)))

- i=1

(2.118)

J=0
- connected 9 diagrams with 2
=1l+n Z <diagrams> +n Z (connected components) +o (2119)
We can then take the logarithm of the above to get
Zn(B) connected 9 diagrams with 2
n <[ZO(6)]” - nz diagrams o Z connected components o (2120)

since we are still doing perturbation theory (each diagram is “small compared to 1”). On
the other hand, in terms of the free energy we have

20 vire -
i (s ) ~ n(F(3) = Fa(3) 2121

Therefore,

n(F(3) — Ey(B)) ~n Y (connected) +i"k2 ( diagrams with k ) (2.122)

diagrams = connected components

these must vanish!

where we identify terms with equal powers of n on both sides of the equation. We have
now proven that

diagrams (2.123)

F(B)— Fo(B) ~ ) <

connected>

Summary of Lecture 7

o Perturbation theory:

8/2 1
Z1p] = Zo|p] exp <—711/ dr AV (\/ﬁ&fir))) 3 Gp-J

—B/2

J=0
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o Free energy:

F(8) = —Zlnw(ﬁ)), lim F(8) = Eo

B—o0
e Disconnected diagrams exponentiate:

F(B) = Fo(B) + Z connected diagrams



Chapter 3

Non-perturbative effects

Lecture 8 - The semiclassical and fixed energy propagators

When the wavelength A of a particle is much shorter than the typical length L over which
the potential varies, we expect the dynamics to be well described by the classical motion.
Indeed, we can expect to be able to form a wave packet of size between A and L, whose
motion should be well appoximated by that of a classical particle. This is analogous to
the geometric optics limit of the propagation of EM waves.

We have already seen in the previous chapter a method to analytically deal with
systems that cannot be solved exactly: perturbation theory, with the use of Feynman
diagrams. This method was only valid when the perturbation was small. In this chapter,
we present another approximation, the semiclassical approximation. It corresponds
to the limit A — 0, or more precisely

A RV

Note that these methods do not have a diagrammatic representation: when a small
coupling g is involved, semiclassical contributions are typically proportional to e~Y9. For
example, we will see in lecture 10 that the separation between the ground state energy
FEy and the first excited state energy F; in the double well potential can be computed
using semiclassical methods, which give the following energy splitting:

E1 - Eg XX 6_2/9 (32)

where ¢ is a dimensionless coupling. These effects vanish faster than any power of g when
g — 0 and thus they are called non-perturbative corrections.

The semiclassical propagator

Recall the definition of the propagator in Minkowski space:

K(ap.tyiaity) = [ Dialekse (3.3)

53
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We would like to study its behavior in the limit “A — 0”. To do so, consider the change
of variable x(t) — 2/(t) = z.(t) + Vhy(t), where z.(t) is the classical trajectory, found
by solving the classical equation of motion

08

= =0 (3.4)

T=xc

In the approximation of small A, we can Taylor expand the action

Slze + Vhy] = S| ]+/dtdt 10°8
Te Y| = Te 1 22(52U2

Viy(t)Vhy(ts) + O824 (3.5)

=T

where the first order variation vanishes since z. is the classical solution. Therefore, we
obtain !

K(xp txit) = #Slzel [ p %6?555”] _ v’ +O(Vhy?) »
Tf,lF; i, 1) =eh [y]e P ’ ( ' )

It is then natural to define the semiclassical propagator as the propagator from (eq.
3.6) without the O(vAy?):

Kyo(zg,tpmi,t;) = e%s[xc]l[arc], (3.7)

i 52 5[x]
3 [ dtdte st

y(t1)y(t2)

where I[z.] = /D[y]e a=zc . (3.8)

If we consider the specific example

S[x] = /: dt [;mx2 - V(x)} : (3.9)
we find

I = / Dlyles [ ImP-22O%) 02(4) = V7 (3,(1)) (3.10)

Notice that we have found a closed form expression for I[z.] with the Gelfand-Yaglom
formula (1.107). Therefore, we can write

—i%n, m
Iz =e \| 2mihfdo(t ;)] (3.11)

where [~md? — Q*(t)] ¥o(t) = 0, {Wt’) !
Yo(ti) =1
There is a lot to be said about this phase factor in front: it can be deduced in several
ways, and we present in the appendix (B.3) different ways of thinking about it. In
summary, we show that the number of negative eigenvalues n_ from the Gelfand-Yaglom
formula is equal to the number of zeroes of ¥ (). It is much easier to find the number of
zeroes than to count the negative eigenvalues, which is why this connection is interesting.

(3.12)

!Notice that the jacobian associated to the change of integration variable from z(t) to y(t) is just a
(divergent) constant.
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Van Vleck—Pauli—-Morette formula

The goal of this formula is to give an explicit expression for 1y(t¢) in terms of the classical
action S.. The classical path, z., verifies the equation of motion

mie.+ V' (x:) =0 (3.13)
Taking a derivative with respect to time, we find
mi}c + V//(Q:'C)'UC - 07 Ve = i’c (314)

We now see that v, and 1y solve the same ODE (although with different boundary
conditions). It is then possible to relate them using an auxiliary function, the Wronskian:

W) = o)) - autpin(e) = 20 (4 (3.15)

The Wronskian is constant because of the equations of motion:
W (1) = velt)olt) — (el (3.16)
= - o) — weleyolt)] = 0 (3.17)
Therefore, W (£) = W (t;) = ve(t;). This allows us to express 9o(ts) as a function of ve:
Wolt) = velts)velts) /: dtvgl(t) (3.18)

The goal now is to connect with the classical action S.. At the end of lecture 3, we saw
interesting relations between derivatives of the action and the energy E and the final
momentum py:

gj; = s, gf; =—-F (3.19)
Note that
2
pp=mup =my\| (B = V(zy)), vy =velty) (3:20)
which implies
9*S.  Opy OE m _0E 1 (3.21)

O0x;0x ¢ Oz Oxy m B aifﬁ‘za’

There is a trick to easily compute %. Take the derivative with respect to x; of the

following equation:

tr f dx Ty dz
tf—ti:/ dt:/ :/
v e v e 2 v)

(3.22)
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Obviously ¢y — t; is independent of z;, but both E and the lower bound on the integral
on the right hand side depend on z;. Therefore,

1 10E [*1 (2 -3/
0=-— A dx <(E — V(x))) (3.23)
2(E- V() MOl M
Tf
_ L LoB fhdr (3.24)
v; mox; [, v
oF m
—_— = (3.25)
Plugging this back into equation (3.21) and using equation (3.18), we find
028,
e . -7 (3.26)
8.7}1'3.%]0 ViV¢ xif o3 wO(tf)
The semiclassical propagator can therefore be written as
K tems t:) = ﬁs[%] iy ¢ 3.27
selzp triwisti) = en e | S (3:27)

This is the Van Vleck—Pauli-Morette formula.

The fixed energy propagator

The energy levels of a quantum system can also be found from the propagator, by using
the fixed energy propagator

. e _H-B-ic,
K(E;z¢,2;) = lim dt (zele™ o Tlay), (3.28)

e—01 Jo

We will show that if we think of F as a complex number and K (E;x,z;) as a complex
function of FE, the energy levels are given by poles of this function, and the energy
eigenstates are related to the residues. Furthermore, semiclassical methods can be used
to find K(E;x¢,x;) in the limit of small 2, which in turn leads to finding approximate
energy levels. The goal of this section is to understand the analytic structure of the fixed
energy propagator, and to see how useful information about the system can be extracted
from it.

Note that in the definition above, the ie prescription is present to ensure the con-
vergence of the integral when ¢ — co: the integrand vanishes at ¢ — oo for any small
e for real E. If we analytically continue to complex F, we must look at Im(E) > 0 to
avoid exponential growth at infinity. Furthermore, we are assuming the hamiltonian is
time-independent. -

Using the definition of the usual propagator K (z,t;2;,0) = (x| e~ 75 |z;), we can
express the above as

K(Biapai) = / dter PO K (g, 1 20, 0). (3.29)
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Note that the ie prescription is implicit here. We see here that the fixed energy propagator
can be interpreted as the fourier transform of the function 6(¢)K(x¢,t; x;,0), which is
called the retarded propagator.

Performing the integration explicitly in (eq. 3.28) gives us

ih
K(E;z¢, ;) = lim (xf| ——— |x;), 3.30
(Eswpai) = lim (ol gz (3.30)

Inserting a basis of energy eigenstates, we find

K(B;xyp, 1) = zhz w (3.31)

Let us now think of F as a complex variable and study the analytic structure of
K(E;xf,x;). If H has a discrete spectrum, K(FE;xf,x;) has simple poles at the eigen-
values of H (the energy levels E,,). However, it is also possible that H has a continuous
spectrum of eigenvalues, in which case a branch cut would appear in the complex FE
plane (see figure 3.1).

N E

Poles of K(E)

TN Branch cut

Figure 3.1: Analytic structure of K (E;xy,x;) in the E-plane.

One can get significant information about energy levels by using this analytic structure.
Indeed, consider the integral

/ dz /CA %K (E;z,x), (3.32)

where Cp is a contour in the complex plane that encircles all energy levels below a
threshold value A (see figure 3.2). Here we are assuming a discrete energy spectrum.
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X X x X

Ca

Figure 3.2: Contour of integration C in the E-plane picking up all the poles of
K(E;xf,x;) below E = A.

Using equation (3.31), we have

1
d — K(E; =ih dz |1 (x)]? :
/ J:/C’A27TZ x,r) =1 Z/ x | ()] / i E_E. (3.33)

=ih Y 1=ihp(7), (3.34)
En<A

where we used the residue theorem (see A.2) to compute the integral over Cy. The
function p(A) is called the integrated density of states, and it counts how many
states have energy below A.

How to compute K(E;xf, ;)7

In practice, how could we actually compute the fixed energy propagator? It turns out
that it is the solution of a specific differential equation, which will be very close to the
Schrodinger equation. To find this differential equation, define the operator

N iR
K=—2"" (3.35)
E — H +ie
such that
K(FE; xf,:ci) = (24| K |z;), (3.36)
lim (E — H +ie)K = ih (3.37)

e—0t
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Taking the matrix element of the left hand side of equation (3.37) between (x| and |y)
gives

. N . h? 92 , .
(x| 6l_1)rgl+(]5’ —H+ie)K |y) = 61_1365r (E - <_2m8562 + V(:L’)) + ze) (x| K'ly) (3.38)
=K(E;z,y)
h2 82
The matrix element of the right hand side simply gives ihd(z — y), and we therefore get
the differential equation

2 2
(277;7138:@ +V(z) - E) K(E;x,y) = —ihd(z — y) (3.40)

This equation is very reminiscent of the kind of equation verified by Green’s functions (see
for example exercise (2.3)). To solve it, consider first the case where x # y. Since (3.40)
is now a homogeneous second order differential equation, there are 2 linearly independent
solutions ¥ (x), ¥a(y) verifying

- 2m 9z

( i +V(w)—E> Pi(z) =0 i=1,2 (3.41)

For x # y, we can construct K (FE;x,y) out of these two solutions. However, when = = vy,
we have a matching condition which can be obtained by integrating (3.40) on a small
interval centered around y:

y+6
_ih— / da(—ihd(z — 1)) (3.42)
y—0
y+6 2 82
= /y§ dz <_2mf)x2 +V(z)— E) K(E;z,y) (3.43)
y+6 h2 82
~ /M dz <_2ma$2> K(Eizy) (<) (3.44)
G oo
“omon (E;z,y) s (3.45)
2mi 0 0
= —— = —K(Ezy)| — -K(Ez,y) (3.46)
h ox y+s ox y—5

In other words, the derivative (with respect to x) of K(F;x,y) has a discontinuity when

x — y. This discontinuity is a constant given by %

Now we can guess the form of K(F;z,y):

K(E;z,y) = A(0(x — y)r(2)2(y) + 0(y — 2)1(y)¢2(2)) , (3.47)
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where we will fix A using the matching condition (3.46). This is a solution of the
differential equation for x # y since in that case it is proportional to either v (x) (if
x >y) or Pa(x) (if z <y). It is continuous at z = y since we just switch from the first
term above to the second when we cross from x < y to z > y. Lastly, we must compute
the discontinuity of the first derivative. Since the functions v 2(y) are continuous, we
therefore have (using equation (3.46))

2mi

— = AW (W)Y2(y) —hiyYs(y) = A

h
=W

_ 2mi

== (3.48)

W is the Wronskian, which we saw already in the derivation of the VanVleck-Pauli-
Morette formula (see 3.15). The Wronskian is a constant, which can be proved using the
differential equation satisfied by 11 2. In the end, we have the following formula for the
fixed energy propagator:

2mi

K(E;2,y) = o7 (0(z — y)ya(2)a(y) + 0(y — 2)¢1(y)va(2), (3.49)

where 1); are solutions to the differential equation (3.41).

In order to find these functions v;, we need to know the appropriate boundary
conditions that they verify. Equivalently, we can look at the boundary conditions of
K(FE;x,y). These boundary conditions depend on the value of F, so for now we restrict
ourselves to the case

E <minV(zx) (3.50)
Then, equation (3.41) becomes
0? _ 2m(E - V(x))
i) = - TS (351)
>0

from which we can see that v;(z) are exponentially decaying/growing functions when
x — £oo. Furthermore, we know from (3.31) that K (E;x,y) is not divergent as x — 400,
and we also know that for finite y,

2mi

Jm K(Eiz,y) = lm  —wri(@)ye(y), (3.52)
lim K(Eizy) = lim - 3.53
pom (Bz,y) = pom Wiﬁl(y)%(x) (3.53)

so we must choose 11 (z) to be exponentially decaying at © — 400, while 9 (x) must
be exponentially decaying at © — —oo in order to have a convergent K(F;x,y). In
equations,
. i(a) S50
for E <minV(z), B.Clsare (3.54)
T r——00
Po(z) ——= 0
Now that we have understood the theory, we can try out our formalism with some
examples.
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Examples

1. Free particle
We consider the case V(z) =0, and E < min, V(z) = 0. The functions ¢;(z), i = 1,2
can be found by solving equation (3.51) with the boundary conditions (3.54). We find

Yi(z) = AemE (3.55)
Yo(a) = Age™H " (3.56)

The Wronskian can easily be computed:

—2mFE

W = g1 (2)is(w) — 1 (2)gp(x) = 2414 ————,

and we therefore get

K(E;z,y) = —i, /% (e_iwimE(x_y)Q(x ) e TR gy — 3:)) (3.58)

— iy | e T (3.59)

It is now interesting to look at the analytic structure of this propagator in the complex
FE plane. It has a branch cut for positive, real E due to the function v/—F. This was ex-
pected! Indeed, we know that a free quantum particle has continuous energy levels £ > 0.

The above fixed energy propagator was found by considering negative, real £ but we
can analytically continue it to the whole complex plane except for the cut. We expect
a qualitative difference between the continuation above the cut (Im(E) > 0) or below
the cut (Im(F) < 0). As explained when we introduced the fixed energy propagator, we
must look at Im(FE) > 0 to avoid exponential growth at infinity in general. This means
that we are going above the cut: we must consider F + ie, E > 0 in (3.59) and use the
standard square root branch cut prescription:

—E—ie =% WE (3.60)

, 2mE
= K, (F;z,y) = /%ezklmfy\7 <k= 77;1 >0> (3.61)

This corresponds to

Y1 () oc €F, ahg(x) oc e (3.62)

If we interpret v o as the wavefunctions of real particles, we see that (after re-introducing
the time-dependence from the Schrodinger equation)

) , i E(4_hk,
1(z,t) eiRttike — 70 (t E ) (3.63)

. . _iE hk .
o(x,t) emint—iks _ o7 (’““ E ) (3.64)



62 Chapter 3  Non-perturbative effects

We can now see that both wavefunctions describe outgoing waves in the limits x — oo
for ¢; and x — —oo for 1)5. Now K (F;x,y) is proportional to ¢¥; when z — oo and to
19 when x — —oo, therefore K (F;x,y) always describes outgoing waves! To summarize,
we had the physical +ie prescription at the beginning, and the fixed energy propagator
was the Fourier transform of the retarded propagator. We have shown here that this
leads to outgoing waves. If instead we had continued below the cut, i.e. using a —ie
prescription (advanced propagator), we would have obtained incoming waves.

Remark:

We can compare this to electrodynamics: if we consider a distribution of charges, and
we move them around, the physical electromagnetic waves will be flowing outwards.
In electrodynamics, we also used retarded Green’s functions to model this phenomena.
Conversely, using an advanced propagator in electrodynamics corresponds to sending
waves from the past to be absorbed by the moving charges, and having no waves in the
future - this again matches with the “advanced” (—ie prescription) discussed above.

2. Barrier penetration

Consider now the case of a potential V (x) which vanishes at x — +o00 and has a barrier
somewhere on the z-axis (see figure 3.3). Let us now study the ¢ and v for positive
energies. From the free particle case, we know that ;(x) is a purely outgoing wave at
x — +00, s0 at x — —oo it must be a superposition of incoming and outgoing waves?.
Similarly, 15 () is purely outgoing at x — —o0, and is a superposition of incoming and
outgoing at x — +4o00.

"Pl_ \I{!\
G -
= ¥,
—— ~rreep 1)
2

Figure 3.3: The potential barrier, and the wavefunctions ; and 9.

In formulas, we can write

Y1(z) = Po(x) =

A_e ™ 45 o

A+e“”, T — 400 B_eh® p 7T s 4o
. i ,
ezkx —|—B+€ zkx’ T — —00

Note that the overall normalization of the wavefunctions are not important since K (E; x, y)

is proportional to % Let us now compute the Wronskian:

2ikAL, = — 40

. (3.65)
21kA_, x— —00

w—wawg—wgwl—{

2There is a clear analogy with optics: these are the transmitted, incident and reflected waves.
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This immediately tells us that A, = A_ = A, since the Wronskian is a constant. Now A
has a very clear physical interpretation: it is the transmission amplitude, from which
we can get the transmission probability:

W2
4k2
Is there a way that we could obtain this probability directly from the fixed energy
propagator? To do so, let us look at the following limit:

Pr=|A]? = (3.66)

. . 2mi
Jim K(Biry) = lim 50 (0 — y)un@)a(y) + 0y — )i (y)va(a)  (3.67)
Y—r—00 Yy—r—00
— L moy ik(z—y)
—xgrfoo kAe (3.68)
Yy—r—00

Therefore, the transmission amplitude A at energy E can be extracted from the limit
x — 00, y — —oo of the fixed energy propagator K(E;x,y). In the next lecture, we will
present a way to compute the fixed energy propagator in the semiclassical limit, and we
will be able to look at the prefactor to deduce the transmission amplitude.

Summary of Lecture 8

e Semiclassical propagator:

K tem b)) = epSleel g=ign [T
sc(xf7 I i Z) € € 27—‘-ih|¢0(tf)‘7

n_ = nyg is the number of negative eigenvalues of the operator —g—; — V"(z()),
or alternatively the number of zeroes of 1g(ty).

o The fixed energy propagator:

K(E;x,y) = /0 dt e%EtK(:cf,tf;xi,ti) = th Q/)n(Exf_)%(xl)

o Density of states:

o Barrier penetration:

m o, . h2 k2
K(E;z,y) 2252 —Aeke—v) p=""_59
) ) y—)—OO h K 2m )

|A|? is the transmission probability at energy E.
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Lecture 9 - The fixed energy propagator in the semiclassical limit

In lecture 8, we obtained the semiclassical approximation (“A — 0”) of the propagator:

K trimgty) = endSlee g=ign- [T
sc($f7 f3 L, Z) € ¢ 27Tih‘¢0(tf)”

Now the propagator itself appears in the definition of the fixed energy propagator
(equation 3.29), so we can define the semiclassical fixed energy propagator as

Ky (E;xy, x) E/ dt e%Ethc(xf,t; x;,0) (3.69)
0

Then, using the VanVleck-Pauli-Morette formula (3.27) for K., we can write

o0 i s 1 2 c
Kso(E;xyf, x) =/ dt en(Slee]+E) g—ign— ‘ o5 (3.70)
0

2mih | Oz;0xf

Now in the semiclassical limit & — 03, we expect a saddle point approximation of the
above integral to be valid.

Quick reminder of the saddle point approximation
Consider an integral of the form

[ /0 T dt 390 () (3.71)

In the limit 7~ — 0, the complex exponential oscillates rapidly everywhere except at the
extrema of g(t), and the integral therefore “cancels out” in these regions (for much more
detail, see exercise 10). Therefore, assuming only one minimum ¢, for simplicity, we can
approximate

i1 1

I = eig(t*)f(t*)/ dt er 39" (t)(t—t)? (3.72)
0

The integral above is approximately gaussian (one only needs to extend the integration
domain to (—o00, 00), which only brings a small error since the integral is dominated by
the region near t,). Performing the Gaussian integral, we find

2mih
g"(ts)

I = w9t f(1,) (1+ O(h)) (3.73)

We therefore need to find the saddle point ¢, of S[z.| + Et. Before computing t,,
it is important to understand which parameters are fixed and which are varied. FE is
an external fixed variable since we want to compute K,.(E;x¢,2;). S|z is the action

$More rigorously, S[z.]/h>> 1 and E/h > 1
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evaluated on the classical path, which is in turn determined by the boundary conditions:
xy, r; and t. Therefore, the classical energy E. also depends on the boundary conditions:
E.= Ec.(xy,t;2;,0).

One can think that given x; and z; fixed, there are different classical paths with
different energies going from z; to ¢ in a time ¢. In the fixed-energy propagator, this
time ¢ is not fixed, which is why there can be many classical paths with different energies
E..

Exercise 3.1 (Classical mechanics with boundary conditions). Consider a freely falling
ball (under the action of a gravitational force F = —mgt:) described by the classical path
x(t), with boundary conditions x.(0) = z; and z.(ty) = xy. Express z.(t) and E. in
terms of x;, xy, ty and g. Do you see how different values of ty lead to different E.?
Which path has the smallest E.?

Recall that at the end of lecture 3 we proved that 9;,S[z.] = —E. (equation 1.132).
In our case, ty =t and t; = 0. Therefore,

0= 0y(Slae] + Bt),_,. = —Ee(t.) + E (3.74)

The saddle point t, is therefore the time such that E. = F, i.e. the time it takes the
classical particle to go from x; to xy with fixed energy E. There are cases where there
might be multiple such points, which will be discussed later.

Single saddle point

To use the saddle point approximation, we still need to compute the second derivative.
We have

97 (Slxe) + Bt)|,_, = — 0iFBcl,y, (3.75)

Now there is a trick to easily find 0y F,

t_/zfdx /dx,/ T V (3.76)
:>1_at/ Ny v (3.77)

_ _3E, / dr L (EV())> o (3.78)

m

[

Therefore,

—O,E, = (3.79)
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Now we have encountered the integral in the denominator before, during the derivation
of the VanVleck-Pauli-Morette formula (eq. 3.26). We can use that result to obtain

028,

—615EC = —Uivfm
(]

(3.80)

We now have all the ingredients to compute the saddle point approximation of the fixed
energy propagator:

1

Koo(E;ap ;) = ———ehSled B0 (3.81)
vivf t=t,
Lastly, we can write (S[z] + Et)|,_, in a simpler way:
bl
Slz.] = /0 at Zmi? V() (3.82)

_ / Y d?x (mi? — E,) (3.83)

i

= _—F.t+ /If dz p(z), (p=mi) (3.84)

Therefore, since E.(t.) = E, we have

1 i (@
Koo(Bs g, 2:) = U.vfe””f e (3.85)
1

Note that this formula can be written as a product:

KSC(E; xfal:i) = wWKB(xf)w{NKB(l"L)’ (386)

where

1 L% g p(x
YwiB(T) = ——=e" Jzg dz (@) (3.87)
v(z)

The value of g is irrelevant to us since it cancels out in the formula for K,.. Note that
this is reminiscent of the formalism we had before taking the semiclassical limit with the
wavefunctions 11 and 1o (see eq. 3.49). These WKB wavefunctions can be computed
directly from the Schrodinger equation, which is done in exercise 24.

Before treating the case of multiple saddle points, we can analytically continue
equation (3.85) to negative energies to compare with some analytical examples we
computed in lecture 8. The velocities and momentum in the integral must be continued
carefully. Recall that

o(z) = M_mv(””)) (3.88)
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and that we must give a small imaginary part to the energy to fix the branch cut
ambiguity. Therefore,

E<0 2(V($) — F)
(@) 2 (3.89)
and we find
Kool B g, a) = e et Jel drmVEE) g <0 (3.90)

~ (V(x) — E)VA(V (zy) — E)I/A

The analytic structure of this expression is what we expected: for £ < ming,<z<a, Vix),
all square roots have positive arguments, and the function is analytic. For larger E, there
are branch cuts which reflect the continuous energy levels of the particle in the potential.
At the exact level (not the semiclassical approximation we are working with here), we
would expect a discrete spectrum. Intuitively, these discrete poles get closer and closer
together as i — 0, until they become a branch cut in the semiclassical limit.

We would like to compare our semiclassical approximation to the analytic result for
the free particle (eq. 3.59). The semiclassical approximation gives:

m__v=ImE(
—2E°

K (B ap,2) = (@r==i) (3.91)

which is the same expression as the analytic solution. In this case, the semiclassical
approximation is exact!
Multiple saddle points

In the previous section, we considered the case of a single saddle point ¢,. Could there
be multiple different classical trajectories with fixed energy FE, which take different times
ty« to go from x; to x¢? Consider the case where there is a “valley” in the potential, and
the classical trajectories are oscillating in that valley, as shown in figure 3.4.

v(x)

£

o X,

Figure 3.4: Two possible classical paths from x; to xy with energy E. The green path
goes directly to xy, while the pink path starts by reaching the turning point a and then
goes to Ty.
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X

N o ti?‘éif\/v )

Figure 3.5: Two categories of path are shown: in green, the paths that initially go towards

2y, and in pink the paths initially going away from . The saddle points ti")

whenever a path reaches x;.

are present

The paths oscillate between the turning points a and b where V(a) = V(b) = E. Now
given a < x;, xy < b, there can be many paths going from z; to z;. First of all, the path
can start by going towards x ¢ (shown in green) or away (in pink). There is an infinite
number of saddle points since a path can oscillate arbitrarily many times between a and
b. These paths are shown in figure 3.5, and we label them by the integer n.

We can now compute K .(E;2¢,x;) by summing over the saddle points. The first
modification comes from the integral in the exponential: f;f dz p(z) naively does not
take into account the oscillation “history” of a path. To include it, we can write

Ty tf!”

/ dz () p(z) :/ dt mi?, (3.92)
x; 0

where dz(,) is a notational tool to remind us to consider the “n”-th path. We would
therefore have

Koo B2y, ;) eéfzf da ) p(2) (3.93)

Z Vo(z)v(xy)

Note however that v(xf) changes sign depending on which path we are considering.
For example, if the simplest green path has v(z¢) > 0, but the second green path has
v(zf) < 0. These lead to complex phases, similar to the discussion “Phases from analytic
continuation” of lecture 8. As explained previously, we should consider the times to have
a small negative imaginary part, i.e. t — t — ie. Therefore,

v(xg) = vt —ie) = v(t™) — ieo (") (3.94)
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(n)

Now wv(t) is an oscillatory function, and therefore v(t,’ — i€) goes counter-clockwise
around the branch point (v(zs) = 0) as n increases. For this reason, the rigorous formula
for the semiclassical fixed energy propagator with multiple saddle points (for E > 0) is

5N

=2 %xf

Koo B2y, ) e el ey | (3.95)

where N,, is the number of turning points (points where v = 0) for a given path labeled
by n. For example, the simplest green path has N; = 0, the next one has N; =1, and
the simplest pink path (labelled by 3 in figure (3.5)) has N3 = 1 as well.

Application 1: barrier penetration

Consider a potential that vanishes at +oo with a barrier somewhere on the z-axis, as
in the example from lecture 8. We would like to compute the limit z — oo, y =& —o0
of Ks.(FE;z,y) in order to extract the transmission probability in the semiclassical
approximation. First, we consider negative F and we will then continue to physical
energies. Using equation (3.90), we have

. . T . - f dz\/2m(V(z)—E)
mgﬁloo Ko(E;z,y) = xll}l_il_loo i _2Ee G (3.96)
Yy——00 Yy——00

Now we go to physical energies, with the +ie prescription to be above the cut

2k2
hk
— V—E — —z’m (3.98)
Therefore, for physical energies we have
lim K (E;z,y) = lim M =5 Jy 42 V2m(Vz) =) (3.99)
3+ 3+ hk
) oo Y 0

Now the integral in the exponential can be split into 5 different integration regions (see
figure 3.6)



70 Chapter 3  Non-perturbative effects

V(z)

Ff(/z,a L 5«\(/

v

v (2)] << E V(z)| << £

Figure 3.6: Definition of important regions of integration: yy < z < x¢ is the region
where the potential cannot be neglected, while a and b are the classical turning points.

Let us first do the integrals on the extreme edges of the interval [y, z]:

/ " 42\ /am (V(2) = B) = V=2mE(yo — y) = —ihk(yo — v) (3.100)
Yy

/ " 422 (V(5) = B) = vV=2mE(x — 20) = —ilk(z — z0) (3.101)

0

Then, there are the integrals where E > V(z) but V(z) is not negligible:

/a Az \/2m (V(s) = E) = —i / dz /2m (E — V(=) (3.102)
/b Y eI (V) — B = —i /b Y e 2m (B V() (3.103)

Finally, there is the classically forbidden region between the turning points, where the
integral does not need to be changed. We end up with

lim Ky (E;z,y) = lim M ei®ei Jo 4z V2V -E) gik(a—y) (3.104)
T——+00 s¢ Y Tr——+00 k
Y——00 Yy——00 =A

where we defined
a xo
o= / dz2m (E -V (z2)) + / dz/2m (E — V(2)) + hk(yo — x0) (3.105)
Yo b

and A is the transmission amplitude, which we obtained by comparing with equation
(3.68) from lecture 8. The value of ® is irrelevant for physical probabilities since we
want to compute the transmission probability |A|2. We have therefore found an explicit
expression for the transmission probability in the semiclassical approximation Ps.:

Pe=ew (-2 [(a:VamvE) - B) (3.106)
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Application 2: spectral density

We would now like to use the semiclassical fixed energy propagator to get information
about the energy levels. To do so, we will compute the semiclassical spectral density
psc(A). Recall that in lecture 8 (equation 3.34) we proved that

= > 1_/ / —KE T, 1), (3.107)

En<A

where Cy was some contour that encircled all energy levels E,, < A. Now to adapt this
to the semiclassical case, we have to be careful since K,.(E;z,x) has a branch cut for
E > V(z): using equation (3.90), we have

Ko Biz,2) = —iy | —————, E<0 (3.108)

since the integral in the exponential gives 0 when x; = 2y = .

There is a subtle issue associated with this branch cut. We are considering the case
of a potential well (see figure 3.7), which means that the energy levels (E > 0) are
discretized. However, our semiclassical approximation, when analytically continued to
FE > 0, gives us a continuous spectrum of energy levels corresponding to the branch cut.
This subtlety comes from the fact that for positive E, we are in the case of multiple
saddle points as described earlier. By simply taking the single saddle point K. with
FE < 0 and continuing it to £ > 0, we are missing this subtlety and will therefore also
miss the discrete nature of the energy spectrum. However, the answer we will get is a
kind of “average” of the more precise solution obtained by using multiple saddle points,
which is still relevant physically. The more complex discussion using multiple saddle
points can be found in the appendix B.4. We will now present a method for finding ps.
in the case of a branch cut at £ > 0.

Because of the branch cut, the integration contour Cy crosses the branch cut if
A > V(x) and the resulting integral is therefore ill-defined. To remedy this, consider
approximating the original contour of integration in (3.107) by removing an infinitesimal
interval near F = A, so that we do not cross the real axis (we are now considering an
open contour, denoted C’A) At the exact level, i.e. before taking the semiclassical limit,
this should not have a large effect on the result. However, it makes the semiclassical
integration much more tractable. By deforming the contour (see figure 3.8), we can
perform the integration for the semiclassical spectral density easily. We have

pac(h) = —,{L\/f / /C RN O (3.109)

Now the integral over Cy can be done by summing the integral from A to V(z) above the
cut, denoted I, and the integral from V(z) to A below the cut, denoted I_. In practice,
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\/( )

(6N

Figure 3.7: Potential well where a and b correspond to the turning points for a particle
with energy A.

o e e AN AN NN

Figure 3.8: In red, the branch cut starting from V(x). To avoid the branch cut, we
remove the part of the contour Cp near E = A, giving us the new contour Cy. After
deformation, we integrate over Cly.
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we have

V@) 4p 1
I, :/ o= , (3.110)
A 2mi\/V(z) - FE —ic

A
:_i/ e 1 (3.111)
V() 270 \/E — V(z)

A
I - / dE ! (3.112)
V(z) 270 \/V (z) — E + ie
A
dE 1
_ @ - 3.113
/wx) 2mi \/E -V (x) (3:115)

so both integrals contribute the same. We end up with

2% [m [ A 4R 1
pse(N) = h\f?/_oo dx/v(m) Tmmem_ V(z)), (3.114)

where we added a theta function to ensure that A > V(x). If we had considered A < V(x),
the spectral density would be 0 since the integrand would be analytic inside the contour
(alternatively, there would be no discontinuity across the branch cut so I+ and I_ would
cancel out). Now, the rest of the computation is simple real analysis:
1 o0
paelh) = / dzy/2m(A —V(@))0(A — V() (3.115)
™ —0o0

The theta function reduces the integration over x to an integration between the
turning points:

b
pec(A) = ih / da/2m(A — V() (3.116)

™ a
1 b
= 7rh/a dz p(x), (3.117)

where p(x) is the momenta of the particle with energy A.

There is a nice interpretation of this formula in terms of classical phase space. A
particle of energy less or equal to A verifies the inequality

s

V(@) <A (3.118)

The inequality above corresponds to a surface in the (z,p) plane, which is drawn in
figure (3.9). In that plane, the turning points a and b are at (a,0) and (b,0) since the
momentum vanishes at the turning points. These are on the boundary of the surface
carved out by the inequality since V(a) = V(b) = A. We can therefore relate the area of
this surface, Q(A), to the integral in p,.(A) from equation (3.117):

b
Q(A) = area of phase space with £ < A = 2/ p(z)dz (3.119)
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Figure 3.9: In light blue, the region described by the inequality (3.118). The turning
points a and b are on the edge of the region.

Therefore, we have

QA)

psc(N) = onh (3.120)
The exact spectral density counts the number of states with energy less than A, and
therefore we have p(E,, +€) = n + 1 for a small e (we start with the ground state energy
Ep). In the semiclassical case, we are missing the feature of discrete jumps at each
energy levels, and we instead have a smoothed out function that we can approximate as
psc(En) =n+ % Expressing this equation in terms of phase space volume, we find the
Bohr-Sommerfeld quantization condition

Q(E,) = (n+1/2)h, (3.121)

which tells us that the unit volume of the classical phase space corresponding to a
quantum state is equal to h. This semiclassical approximation is really only valid for
large n, since for small n we are very sensitive to quantum effects.
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Summary of Lecture 9
e Semiclassical fixed energy propagator, single saddle point:

1
VUiUf

Ksc(E;ivfal'i) = 6% fzif dz p(z)

o Multiple saddle points (N, = number of turning points):
—z"an
R reren

e Semiclassical approximation to the transmission probability

-y
Ksc E; vaxz ehfmi dz(n) p(2)

Py — exp <—Z /ab dz /2m (V () = E)>

e Semiclassical approximation to the spectral density:

Q(A)
orh’

psc(A) =

where Q(A) is the phase space volume with E < A, or in formulas Q(A) =
Qf;)p(:n)d:c

¢ Bohr-Sommerfeld quantization condition:

QE,) = (n 4 ;) h
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Lecture 10 - Instantons

In quantum physics, perturbation theory can miss crucial effects. As a first example, let
us look at the simple example of the metastable state.

Example 1: Metastable state
Consider the potential V(z) = %mw%z + Az3, where A is small. For A = 0, we know
that the ground state with energy Fy = %“’ is localized at x = 0. If we now set A to be
small but nonzero, there will be a probability of tunneling to the unbounded region at
x < 0 (see figure 3.10), which means that the ground state becomes unstable.

V(x)

tunﬁi/\ >

A

Figure 3.10: The ground state localized around the local minimum of V() is unstable
due to the nonzero tunneling probability.

If we consider perturbation theory in A, we would find the following energy levels:
E, = hw(n+1/2) + AE(Y + NX2E2) + .. (3.122)

There will be no sign of the instability of the ground state. In order to explain this, recall
the tunneling probability formula from last week:

P =exp <—2 /ab d$\/m> : (3.123)

where a and b are the classical turning points. In order to see the dependency on A,
consider a particle with £ = 0. Then, V(z) = 0 has two solutions:

mw2

1
2 — 2 = = = = ——
x <2mw —I—)\x> 0 = 2=0,z=a= ) (3.124)

Therefore, the tunneling probability is given by

9 0
P =exp <_h / dzv/m2w?z? + 2m)\:1:3> (3.125)

a
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We would now like to take the perturbative limit A — 0. In order to compute the integral,
we would naively remove the second term in the square root, but this is not correct.
Indeed, as A — 0, a — —oo and there is therefore a region of integration where x ~ a is
very large, meaning that both terms in the square root are actually of the same order.
In fact, the integral can be computed exactly without taking any limits! To see this
more clearly, we compute the integral by changing variables using x = ay to have a
dimensionless and tractable integral.

0
I= / dzv/m2w?a? + 2mAa3 (3.126)

a

m3w5 1
=T /Odyym (3.127)

3,5 1 1
= TZ)\C; (/ dz 2'/% — / dz 23/2> (z=1-y) (3.128)
0 0

m3w5
=57 (3.129)

Therefore, the tunneling probability explicitly reads
2 m3wd c
for some constant c.

In the limit A — 0, P goes to 0 faster than any polynomial function of A! This
is why the instability is non-perturbative: the effect is invisible in perturbation theory
since it is smaller than any perturbative effect (\F).

Example 2: Double well potential
Consider the potential V(x) = %(mQ —a?)?. In 1d quantum mechanics, there can be no
degeneracies in energy levels, so we expect the first two energy levels to verify Fy > Fjy
(for a proof, see appendix B.1). In practice, the ground state wavefunction will not have
zeros and the first excited wavefunction will have one zero. However, perturbation theory
gives us a different picture. We expand the potential around the minima x = a:

A oo A g3 Ay
Vie+y) = 64y + W + Y (3.131)
We can think of this as a regular harmonic oscillator with %mw2 = %az, with some cubic

and quartic perturbation. For small A, we can compute the corrections to the lowest
energy levels to arbitrary orders in A without having any direct evidence that there is
another minimum with its own localized levels! By symmetry 4, the same can be done
in the other minimum, which will find the same energy levels, but with wavefunctions
localized around —a. If we consider the whole system in perturbation theory, we will see
2-fold degeneracy in the energy levels coming from the wavefunctions localized in either

4The expansion around the other minimum is done using @ = —a — y’, but by reflection symmetry
Vica—y)=V(a+y).
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NS
N *) ﬁ(

Figure 3.11: The double well potential with the first two energy eigenstate wavefunctions.

potential, which contradicts the initial statement E; > FEjy! This problem is resolved by
non-perturbative effects, which will save us and split the degeneracy.

Let us setup some notation. We define w as

A
=4/ — 132
w 38 (3.132)
so that
1 5,501 mA 3 A 4
Vie+y) = MWy + Swyf =Y + 0Y (3.133)

Now we clearly see the harmonic oscillator potential, and the perturbations: the cubic
perturbation is proportional to A/2 and the quartic is proportional to A. The potential
depends on two parameters: A and a. Alternatively, we can express our results in terms
of A and w which is sometimes more convenient.

In perturbation theory (in one of the wells),

E, = hw(n +1/2) (1 +AEW + N E@ 4 ) (3.134)
where ) is the dimensionless expansion parameter,
< hA

As explained previously, in perturbation theory there are two states for each energy level,
localized at a and —a respectively. The splitting E; — Fy vanishes to all orders in A, but
we will prove later that

By — Eyox e 3, (3.136)

which is a non-perturbative effect: it cannot be obtained by simple perturbation theory.
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Instantons in the double well potential

We want to study in depth the ground state of the double well potential V(x) =
%(:32 —a?)2. To do so, we will go back to the Euclidean propagator:

K(zg i) = (xy] et |z;) (3.137)
After inserting a basis of energy eigenstates, we find
Kapaif) =S¢ PBnepvie) = [ o b @z
n z(—B/2)==:

At large (8, we will pick up the lowest energy states, and will therefore be able to see the
splitting explicitly. In order to perform the computation, we will use the semiclassical
approximation for the path integral.

The Euclidean action for the double well potential is given by
B/2 1
Sg = / dr —mi? + é(x2 —a?)? (3.139)
—8/2 2 4!

In order to make the dependencies on the different parameters more explicit, consider
T =cn, x = aq:

£ 2 4
2¢ ma* 1 Aa*c
Sp = dn | ——=¢* 2-1)%). 3.140
E/_Qﬁn(c2q+4!(q ) (3.140)
Now we want to choose the constant ¢ so that both terms in parenthesis have the same
prefactor:
mat e — mo_ 1 (3.141)
— =Xa"c¢ c=4|—=— )
c Aa? /3w

we therefore end up with

V3Bw
_ 3 2 Lo 1.9 0o
Sg=a \/m)\/_ﬁfw dn <2q +4!(q 1) > (3.142)

Now the integral is an O(1) dimensionless number, and therefore the semiclassical
approximation is

= 14
5 " (3.143)

We reformulate this condition in terms of A (see eqs. 3.132 and 3.135):

a*vm\ B 33/2

1 ekl 3.144
<— 5 < ( )
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As expected, the semiclassical approximation is justified when ) is small, which

is the same requirement as regular perturbation theory. However, the resulting
s 1
effects are much smaller than perturbation theory since we are considering e~ ~e X

in the path integral.

Let us now do the saddle point approximation of the path integral.

2(8/2)=u; )
Kiegaif) = [ Dla]e #5517 (3.145)
ﬂf(—ﬁ/2):$i
=y e~ #SEl] (3.146)
k

where k labels the saddle points, and I}, is some prefactor which we will consider later.
The saddle points are paths xx(7) on which the Euclidean action is stationary, i.e.

08
TE =0« miy = V'(xx) (Euclidean equation of motion) (3.147)
x

T=T)

Note now that the Euclidean equation of motion above corresponds to the real time
equation of motion with a reversed potential Vg (z) = —V(z) (see figure 3.12), which will
allow us to use our physical intuition to find the saddle points.

AVE(I)

LN

Figure 3.12: Saddle points of the Euclidean path integral can be interpreted as classical
trajectories in the inverted potential Vg(x) = —V ().

Until now we have been general in our choice of x; and xy. However, we will now
focus on the special cases of x; = +a and xy = %a, since those will be the easiest to
compute. By symmetry,

K(a,a;8) = (ale™#"" a) = (~a| 7" |-a) (3.148)
K(a,—a;8) = {a|e " " |—a) = (—a| e |a) (3.149)
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As said previously, we will look at the large 8 limit to study the lowest energy states.
The potential admits the trivial solutions x(7) = +a (staying at the top of either hills),
which will be the leading contribution to the a — a and the —a — —a propagators.

However, there are also nontrivial solutions, which are called instantons. The
instanton is a solution which starts at * = —a at 7 = —oo (this solution will be exact
in the f§ — oo limit since we want the boundary conditions to be at 7 = +00), rolls
down the hill and reaches z = a at 7 = +00. The anti-instanton does the opposite:
it goes from a at 7 = —o0 to —a at 7 = +00. These trajectories both have Euclidean
energy Ep = %miQ + Vg(z) =0, as they start with zero velocity at x = +a and arrive
at © = Fa with zero velocity. Therefore, we can be more quantitative and arrive at the
expression:

1 2V (z)

5mg‘c2 “V@) =0 = i=4/—=, (3.150)

where the &+ sign corresponds to the instanton and anti-instanton. We can then compute
the Euclidean action for the instanton Sy:

(o9} 1 oo
Sr= / dr §mj:2 +V(z) = / dr mi® — Eg (3.151)
= / dz \/2mV (z) (3.152)

Note that the anti-instanton action is exactly the same: S; = Sy4.

In the case of the double well potential V' (z) = 2 (2 —a®)?, we can find the instanton
trajectory xy(7) explicitly:

b1(7) = 41 1o 0 — (7)) (3.153)
= z(7) = atanh (%(T - 7'0)> (3.154)

where in the first line we used /(22 — a2)?2 = a? — 22 since the instanton is always
between the two hills (—a < x < a), and 7¢ is just an integration constant. This reflects
the time-translation invariance of the problem: the instanton goes from —a to a at 7 ~ 7y,
which is arbitrary. The trajectory is presented in figure 3.13.

(7)

70
—a

Figure 3.13: The double-well potential instanton trajectory in the 8 — oo limit.
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The instanton action can also be explicitly computed:

— == d —(a” — 3.155
=1 4R - (3155)
2
== 3.156
. (3.156)
Therefore, the saddle point approximation exhibits the nonperturbative effect:
S
e H =ex (3.157)

Note now that since we are taking the 5 — oo limit, we are working on time scales
that are much larger than % (the only parameter in the problem with units of time).
Now in the |7 — 79| > % limit, we expect to be very close to +a and indeed,

1
2 2 2
B _ 3.158
’x[(T) a | —: (2(r — 7)) ( )
w|T—To[>1 a2e—wIT—ol (3.159)

We are therefore exponentially close to a (or —a in the past) at time scales much bigger
than % For this reason, our trajectory really looks like a step function. In a sense, since
we are considering large time scales, we are looking at a “zoomed-out” version of figure
3.13. This is where the name instanton comes from: they exist for a very brief period

of time AT ~ %

Because instantons go from —a to a in such a short time, we should also consider
multi-instanton solutions to the Euclidean equations of motion®. It is possible to have a
solution going from —a to a at a time 71, then back to —a at 7o, and finally back to a at 73.

Let us setup the notation: we label by I the instantons (going from —a to a) and by
A the anti-instantons (from a to —a). We have

f(r—m) (3.160)
f(ma —7), (3.161)

zi(1) =a
xA(T) =a

where f is a function interpolating from —1 to 1 in general (for the double well, we
found f(7) = tanh(w7/2)) and 71 and 72 are for now arbitrary times at which the
instanton/anti-instanton exist. Then, we can define

z1A(T) = af(r — 1) f(r2 = 7), (3.162)
with 71 < 9. This is only an approximate solution to the Euclidean EOM

0SE

9OF - / _
5y = e Vi(z) =0, (3.163)

5Note that these are only approximate solutions.
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although a very good one. Indeed, it can be shown that ¢

J
% ~ maw?e~ w2 (3.164)

T=TJ A

Therefore, if the instanton and anti-instanton are well-separated (|71 — 72| > 1), 274 is
an approximate solution of the Euclidean EOM. In fact, we shall see that

S
wlr — | ~eh > 1, (3.165)

so the error we are making is doubly exponentially small:

%58 ~ maw? exp (—e%> (3.166)
ox w=14

As long as we only need to consider situations where the above exponential is smaller
than any effect we are trying to compute, then we should by all means consider the
configuration x4 as a stationary point of the action. In other words, we know that
we are making a small error when considering xj4 as a solution, but since this error is
smaller than other effects we have previously neglected, we should still consider x4 as
an important saddle point.

Dilute instanton gas approximation

In this section we will assemble the pieces to compute the saddle point approximation
propagator. As explained above, we will need to sum the contributions from many
classical paths made of instanton and anti-instantons appearing at different euclidean
times.

Consider the propagator from —a to a. We need to sum the contribution from the
single instanton, and the contributions from going back and forth with instantons and
anti-instantons. Schematically,

S S
(al e 7H |—a) = #e 7 + #e” W (3.167)
Similarly, for a to a, we need to compute
_By _Sar _Sarar
(ale” w7 a) =#e h +He T 4+ (3.168)

Let’s go step by step:

e Action: a given saddle point has in general N; instantons and N4 anti-instantons.
Since S; = Sy, the action for such a trajectory is S = NS;7, with N = N; + Ny.

STo see this notice that f(z) ~ +(1 — e~ **l) for w|z| > 1. If we assume w|m, — 72| > 1 then for any
T we can use this approximation for at least one of the functions f in (3.162).

"Since the action is just the integral over time, we can split it into different regions corresponding to
each instanton and anti-instanton, which is why the action “factorizes”.
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Now normally in the saddle-point approximation, the “lowest” point gives the
biggest contribution, but here we are considering “large” saddle points when N is
large. The reason we must keep those larger saddle points which naively contribute
less is because of some other contribution discussed below (the sum over kink
locations), which enhances the large N saddle points by a factor BN, In the
very large 8 limit, the multi-instanton saddle points with S = NS are therefore
important!

e Prefactor: recall that the prefactor was given by

525 —1/2
prefactor = N det <6$2> (3.169)
It is straightforward to show that
R
57 = Mg + V" (z) (3.170)

Note now that most of the time, z(7) = +a, so we can approximate V" (z) ~
V" (+a) = mw?, which is the harmonic oscillator. Therefore, “most of the time”,
the prefactor is the same as the one for the harmonic oscillator. This prefactor, in
the limit w8 — 0o, can be easily extracted from the Euclidean harmonic oscillator
propagator (eq. 2.17):

12 .
HO prefactor = (m—;’) e % (3.171)
™

However, we know that this is just an approximation. In order to account for our
error, we introduce some factor R for each instanton and anti-instanton:

/2 .
prefactor = (m—:) e*TBRN, (N = Nr+ Njy) (3.172)
7r

In other words, for every “jump”, there is an additional factor R. Finding the
expression for R is very time-consuming and is not necessary for our discussion,
but the computation is done in the appendix (B.5). Again, the reason why R is the
same for each jump comes from the factorization property of the propagator: going
from x to y is the same as going from x to z and from z to y, so we can isolate the
contribution from each jump.

e Sum over kink locations: each trajectory is characterized by the number of
instantons N; and anti-instantons N4, but also by the times 74, k =1,..., N at
which the jumps happen. In order to sum over all trajectories, we must multiply
by a factor corresponding to these possibilities®. We call this factor M, and it is

given by
B8/2 T2 BN
M = / dTN/ dryy - / dr = — (3.173)
8/2 8/2 ~5/2 Nt

8Because of time-translation invariance, the exact times 7, do not affect other parts of the overall
computation. However, an overall multiplicative factor needs to be included to account for the large
(infinite) number of possible trajectories
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Note the integration bounds specified above to respect the ordering 7oy > ... > 71.
The value of M can be obtained by computing the integrals explicitly, or simply by
computing the overall volume without the ordering, giving the 8V factor, and then
dividing by N! to select the proper ordering.

Instanton/anti-instanton ordering: this contribution is trivial for the double-
well potential, but it becomes relevant for more general potentials. Since we are only
allowed to go from a to —a and vice-versa, all our trajectories alternate between
instanton and anti-instanton. However, in general, one might have to compute
the multiplicity coming from different trajectories with the same N;y and N4. For
example, in the triple well potential (3 hills at —a, 0 and a), the trajectories TAT A
and ITAA are both relevant to go from —a to a, and we would need to account for
this multiplicity. In our computation however, this is not important, since for a
given N = Ny + Ny4, there is only one allowed configuration of I’s and A’s.

Now that we have all the pieces, we can compute:

(a e 7H |—a) = <777:;;)1/2 e~ % Z NI (BRe_%)N (3.174)
Nodd

(a] e 77 |a) = (”7:;;)1/2 = % (/me—%)N (3.175)
Neven

Therefore, we have the final result for both propagators:

/2 wpl _5r _5r
<a|e_%H|:|:a>:<%) 6—755 <65R6 " g e PRe "L) (3.176)

This allows us to extract the energy levels! Indeed, we know (eq. 3.138) that

(al e |2a) = Y e P (a)0 (2a), (3.177)

n

and therefore we can extract the energy levels from equation (3.176) by looking at the
exponentials (they are the only place where § appears). The first two energy levels are:

hw
Ey=— - hRe™S1/h (3.178)
E| = % + hRe~S1/M, (3.179)

The energy splitting is non-perturbative as expected:

By — Ey = 2hRe™ % (3.180)

Furthermore, we can directly extract

(@) = vo(a)i(a) = 5 ()7 (3181)
(@) = valai(a) = 5 () (3152)
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8
from (a|e™ ™ |a). The fact that the ground state wavefunction has zero nodes (¢ is

even Yg(a) = 1o(—a)) and the first excited state has one node (¢; is odd) can also be
seen from the + sign in front of the second exponential in parenthesis in equation (3.176).
All of the above comments are compatible with the idea that the ground state and first
excited state of the double well potential are in fact even and odd linear combinations of
harmonic oscillator ground states in each well:

@) = 2= (0 + @) + 006 - a) (3.189)
@) = = (W0 +0) ~ v - ) (318

Remarks:

o Perturbative corrections: in our derivation, we neglected the perturbative cor-
rections. Schematically, we have done a saddle point approximation where e=51/"
led to the 6_% term, the quadratic order led to the prefactor, and we dropped any
higher order gk?f. These higher order terms are actually just the usual perturbation
theory from chapter 2, which we compute using Feynman diagrams. In practice,
since the instantons spend most of the time at the minima +a, we can simply do

the usual perturbation theory computation in the anharmonic potential (eq. 3.133).

For this reason, equations (3.178) and (3.179) are wrong! We wrote the nonpertur-
2

bative effects due to e~ X, but not the much bigger perturbative effects. We should

have written

hw _

By=—(1+0N)+...) - hRe™51/M(1 + O(N) +...) (3.185)
E| = %(1 +OMN) +...) + ARe™ 1M1+ ON) +...). (3.186)

The important punchline is that these perturbative corrections are the same for
FEy and FEp, which is why the splitting F7; — Ey vanishes when considering only
perturbation theory!

o Validity of the dilute instanton gas approximation:
Recall that we used sums of the type

3 % (BRe_SI/ E)N (3.187)
N1

Each term in the sum contributes a different value to the final result, but you
can convince yourself that the dominant contribution comes from the terms near
N ~ BRe~S1/"_ This is a useful tool to estimate the typical time separation At
between instantons. Assuming they are uniformly distributed, we see that

I5; 1 s1
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This justifies our assumption from equation (3.165).

In order for the dilute instanton gas approximation to be valid, the time separation
1

between instantons should be much larger than the instanton duration ;, i.e.
g1 s 1
R -, 3.189
N R ( )

This is automatically verified since we assumed % > 1 to do the semiclassical
approximation.

¢ Avoiding multi-instantons:
Consider the following range of values of 5:

1 1
—<B< Si/h (3.190)

—e
R
The first requirement % & [ is present to project onto the lowest energy states.
We can think of H as a 2 x 2 matrix acting on the subspace {|a),|—a)}. Then,
consider the matrix elements (3.174) and (3.175), but since § < %esf/h we only
keep the leading term in each sum:

- 1/2 w s
(a e 7l |—a) = (m—;j) =% (BRe_TI) +... (3.191)
7r
N /2
(a e~ nll la) = <%> e F 4. (3.192)
wh
where the ... symbolize perturbative corrections as explained earlier. Then we can
write”
: | Re~
el — % —EI PRe™ ™ + ... (3.193)
BRe™ 7 + ... 1+...

Again, because of the assumption § < %651 /h we can exponentiate the matrix!

H o | (a0 (o §) e Earom (§ )]
(3.194)

We can then read off the effective Hamiltonian ﬁeﬁr on the 2-level subspace:

Heog = ‘%hu + o) (é ‘f) +hRe~ (14 O() (‘1) é) (3.195)

It is straightforward to find the 2 eigenvalues of ﬁeff, Ey and Eq, and to see that

E) — Ey = 2hRe™S1/", (3.196)

mw

°The overall factor (ﬁ)l/ ? can simply be included in the definitions of |+a) and is irrelevant for
this discussion.
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which is what we had obtained earlier by summing contributions from multi-
instanton trajectories. Using this result, we can reformulate our initial assumption

on (3 (eq. 3.190) as
Pw>1 and %(El —Ey) <1 (3.197)

As a last comment, there is a simple intuition behind the choice f <« %651 /h: since

we argued %esl /M is the typical time separation between different instantons, the
requirement 8 < %esl /M means that we only have time for one instanton, which

corresponds to the simplifications made above.

In appendix B.5 we compute the instanton pre-factor. This leads to the final formula:

2\ 1/2 a 2
1
By —Ey~ e w51 <mwa > exp (-/ dx [ o
0 a

h —x 2V (x)

) (3.198)

For the case V(z) = (22 — a?)2, with %“2 = mw?, the last integral reads

a 1 2
[ e (3.199)

a—x 2V (x)

/
:/Oad;p [al _ 2 }:—m@) (3.200)

which implies

E1 - E(] = 4dhw ie_ 5 (3201)
TA

>

where ) is the dimensionless coupling defined in (3.135).
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Summary of Lecture 10

o Particle in the double-well potential
V(z) = Ma? — a?)?
has non-degenerate energy levels, so E1 — Fy > 0.

e Computation in dilute instanton gas approximation:
5 _2
FE, — Eg = 2hRe™ 7 = 2hRe X =,

where R is a prefactor coming from the saddle point approximation (schematically
~ det ‘;275). This is a non-perturbative energy splitting.

e Single instanton dominates for
) . 1 1 s¢ . . .
width of instanton = — <4 < Ee i = typical separation between instantons
w

Equivalently,
pw>1 and %(El - Ey) <1

o The final formula (for V(z) = V(—x)) is

1/2 a
Fi1— Ey =~ e~ 51 M / exp —/ dx 1 = i
h 0 a—x 2V (x)




Chapter 4

Interaction with an external electromagnetic
field

Lecture 11 - Quantum particle in an EM field

Classical physics

Let us begin with a quick review of classical physics. The Minkowski metric is given by
ds? = 2dt? — dx? = 2dr?, (4.1)

where 7 is the proper time. The action for a relativistic point particle on a trajectory =y is

2
S=-me? [ dr = —me® [ dty/1- 2. (4.2)
gl gl c?

Now consider an external electromagnetic field which can be described using the 4-
potential A, = (®, —cA). The action can now be written (using z* = (ct,x))

S = —ch/dT— e/Audx“ (4.3)
gl €Jy

2
:—/dt[mczy/l—);—i—efb—eA-f(], (4.4)
g

where e is the charge of the particle.

Electromagnetism is invariant under gauge transformations A, — A, + c0,«,
where « is an arbitrary function of spacetime. Under a gauge transformation, the action
above changes by a boundary term:

S — 8 —ela(xe, ty) — a(xi, t;)), (4.5)

where (x¢,t7) and (x,t;) are the endpoints of the trajectory v. However, the equations
of motion are unaffected! In fact, the equations of motion only depend on a local gauge
invariant function of A,: Fj,, = 0,4, — 0,A,.

90
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The conjugate momentum is given by

Exercise 4.1 (Hamiltonian of charged particle in EM field). Show that the Hamiltonian
of the particle is given by

H=p -%x—L=1/(p—eA)2+m2c* +ed (4.7)

How do gauge transformations affect p and H? Recall that under gauge transforma-
tions, the components of the 4-potential transform as:

¢ 21 6+ 9a (4.8)
A S A -Va (4.9)

Therefore, we can extract the gauge transformation properties of the momentum and the
hamiltonian from their definitions (eq. 4.6 and 4.7):

p SN p—eVa (4.10)
H S H 4 edia. (4.11)

The momentum and hamiltonian are therefore not gauge invariant! The above is instead
an example of a canonical transformation (which preserve the Poisson brackets). In other
words, the gauge transformation of the electromagnetic 4-potential A, corresponds
to a canonical transformation of the hamiltonian variables:

A, S5 AL+ cduo (4.12)
(L’i .’Ei

JRARSLEND SR (4.13)
H H + e@ta

Moreover, we can define a gauge invariant quantity, the kinetic momentum I, as
IT=p—cA (4.14)
Using equation (4.6), one can see that in the nonrelativistic limit, IT = mx, i.e. it is

related to the velocity of the particle.
Let us now move on to quantum physics.
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Quantum physics

We have seen in equation (4.5) that the action changes by a boundary term under a
gauge transformation. Therefore, the propagator changes by a phase:

K(xg tyat;) = /D[x]eés (4.15)
= K(xy,tp; i, ) &, K(azf,tf;:UZ-,ti)e_%e(O‘(zf’tf)_o‘(xi’ti)) (4.16)

Now recall as well that
[e.9]
U(zy,ty) :/ dt; K(zg,tp; @, ti)(@i, ti). (4.17)
—0o0
In order for the above equation to be gauge invariant, the wavefunction must transform
as well, according to

P(z,t) G, ol t)¢(w,t) (4.18)

The quantum mechanical analogy of canonical transformations are unitary transformations
Y — U, with UTU = UUT = 1. Indeed, matrix elements of operators transform as

(1] O [ih2) T (91| UTOU [aha) - (4.19)

Similarly to the Heisenberg picture, one can say that unitary transformations leave the
states invariant but transform operators as O — UTOU. This transformation leaves
commutation relations invariant, which is the definition of a canonical transformation:

[&,p] = ih —Ls (U120, Utp0] = U, pU = ik (4.20)
To summarize, the gauge transformation of the wavefunction is an example of a unitary

transformation, which is the quantum version of a canonical transformation in classical
physics.

We would now like to take the non-relativistic limit (i < ¢) of the Hamiltonian:

1
Hyonrel = mc? + 5 (P~ eA)? + e®. (4.21)

Note that the constant mc? has no physical consequences, so we drop it from now on.
After quantization, the Hamiltonian can be written as

1
2m

H=_—"—(p—eAR))?+ed(x)|. (4.22)

Now we would like to see how the matrix element of p transform under a gauge transfor-
mation. Using (eq. 4.18), we have

(1] B ) = / a3 7 (%) (~ihV )i (x) (4.23)

o, / B (x)e £ (—ihV )e™ F i (x) (4.24)
= (1] P [12) — e (V1| Va [1) (4.25)
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However, the matrix elements of the kinetic momentum operator are gauge invariant:

(il Tt} = [ @07 (0(~ihV ~ eA)ia(x) (4.26)
SN / Bz (x)eh U (—ihV — eA + eVa)e ™ “1hy(x) (4.27)
= (¢b1| TT o) (4.28)

Exercise 4.2 (Gauge covariant derivative).
Show that, under a gauge transformation,

Il = —ihV — eA (4.29)
is a covariant derivative, i.e. fIw transforms as .

Exercise 4.3 (Gauge covariance of Schrodinger equation).
Under a gauge transformation parametrized by «, the Hamiltonian transforms as

N 1
H _>G'T' H, = %(f) —eA + eVa)2 + e® + ed;a. (4.30)

Show that if 1 solves the Schridinger equation for H (%(%w = Hv) then g = e_%aw
solves the Schrodinger equation for H,. In other words, prove the gauge covariance of
the Schrodinger equation.

The probability density |¢|? is gauge invariant. In Quantum Mechanics, one can
define a probability current J such that the following continuity equation holds:

oy?
ot

+V-J=0 (4.31)

In regular quantum mechanics without an external EM field, we usually define the current
3= Ve - ) = o (6D + U(p)) (432)
= 2mi “om VP P '

In the presence of an EM field, one can substitute p with I1, the kinetic momentum, and
see whether the continuity equation holds with

1 A . h
3= o= (VI 9(9)) = 5= (V6 - 609" — AR (4.33)

Using the Schrodinger equation,

L 0

ih—e = Hi = (1ﬂ2 + e@) ¥, (4.34)

2m
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we have
o|y|? 0 AN
ih g/;’ =" (zhéf) —zﬁ(ihi}) (4.35)
IR LAQ o LAZ i
=1 (2m1'[ +e<1>>¢ 1/1<<2m1_[ +e<1>> w> (4.36)
1 N N *
= o [Ty — v (1) | (4.37)
2 e (v ieg) voa)y) 4.38
(o) o ((m ) ] s
Note now that
. 2 2 . .
e 20— A2 A vy - Py
<V—hA) Y =V thzp hA Vi hV (Av), (4.39)
Using the above results, it can be shown that
aW"Z_ h * 72 9 %  20€ o 2ie, o
1 L B (4.40)
_ v —eve - SV (AP
= S V[V - 4] - SV (AP) (1.41)

This is exactly —V - J! The continuity equation is therefore verified if we replace p in
the usual density current with the gauge-invariant kinetic momentum II.

Charged particle in a constant magnetic field

Consider a constant magnetic field in the e3 direction: B = (0,0, B). Recall that B is the
curl of the vector potential A. There are many solutions for A that satisfy this equation,
which corresponds to the freedom to choose the gauge. A possible choice for A is

By Bx
A= (-2 2 4.42
(-5 500) (1.42)

Since we only want a constant B field, we can set ® = 0 from now on.

Given this potential, we have the following Hamiltonian:

R eB | 2 R eB . 2 2
p1—|—7y + P2 = 5t + D3

Clearly, translations along the x and y directions are a symmetry of the system since the
B field is in the z direction. Moreover, translations are usually realized at the quantum

1
H=—

— (4.43)

level by considering p to be the generator of translations, i.e. e%“ﬁw(x) = Y(x + a).
Without the magnetic field, we call “momentum” both the generator of translation and
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the conjugate variable to the position (from [#;,p;] = ihd;;). In the rest of this section,
we call “momenta” p; the conjugate variable to the position, and we will see that the
generators of translation will be different.

Indeed, note that in this case the momenta p, and p, do not commute with the
Hamiltonian, since H depends on # and §'. Therefore, the momenta p do not generate
any symmetry, and we need to find other translation generators T;. These generators will
need to commute with the Hamiltonian in order to correspond to the physical translation
symmetry.

A sufficient condition to impose is
since the Hamiltonian is built out of the kinetic momenta II. A more intuitive reasoning
for the above equation is that in the classical, nonrelativistic limit, IIT = mx. A transla-

tion should not change the velocity of the particle, hence the vanishing commutator above.

If we set the magnetic field to 0, we know that T, = Di, so we can define the Ansatz

T =11+ F(%). (4.45)
The constraint (4.44) leads to
0= [ﬁ’L - SAZ‘ + Fiaﬁj — eAj] (446)
= ’Leh(alAJ — @]Al) + ’LhaJFZ (4.47)
—_————
=€ijk B
= F; = —eeijka:jBk + ;. (4.48)

Note that the constants ¢; are irrelevant. Indeed, they correspond to multiplying the
state by a phase when translating it, which does not have a physical impact:

eia-(’i‘+c) |w> — plac eia-’i‘ |¢> (449)
phase

Therefore, we have found the generators of translations!

T=p—e(A+(xAB)) (4.50)

A very important consequence is that translations do not commute:

(13, T5] = [T3, 1] +1T;, Fj] = —ihd;Fj = —iheeij. By, (4.51)
=0

!Note that even if we had chosen a different gauge for A, it would still depend on & or 4.
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In particular, for our example with B = (0,0, B), the translations along x and y do not
commute:

[T, T,] = —iheB (4.52)

One can think of T and 7, y as conjugate variables, just like 2 and p in standard quantum
mechanics. In particular, since their commutator is a fixed complex number, they have
an uncertainty relation. Furthermore, we can also show that

[11,,11,] = +iheB, (4.53)

which means that the kinetic momenta along x and y can also be interpreted as a
conjugate pair of variables.

What does the non-commutativity of translations mean? We have a symmetry group
of translations which is obviously commutative, but the operators representing the group
on the Hilbert space, the generators T;, are not commutative. In order to understand how
this can occur, consider translating by a in the x direction, then by b in the y direction,
then by —a in the x direction, and finally by —b in the y direction. In other words,
our consecutive translations form a rectangle in the x — y plane. This is realized at the
quantum level as

e e
U=enlvenTeewTve=n 1o, (4.54)

Using the BCH formula (A.1), we can write

~ {1/ 3PS 1 lab, . b~ da . lab . -
= exp [—;LeBab] . (4.56)

This has a nice interpretation: ® < Bab is the magnetic flux through the rectangle.
Classically, U should be the identity, since we did 4 translations in a row to come back
to the same place. However, in quantum mechanics, it is just a phase that only depends
on the magnetic flux through the rectangle. Mathematically, we say that the group of
translations is realized projectively. To summarize, if a quantum particle moves around
a loop that borders a surface S, its phase changes by an angle equal to —#®, where ® is
the magnetic flux through S.

Classical motion:
The classical equation of motion is

mxX = ex A B, (4.57)
and the solution can be written as

z(t) = zc + Rcos(wct) B
{y(t) =y — Rsin(wt) ’ We =" (4.58)
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we is called the cyclotron frequency. Now the translation generators T}, and T}, become

T, =11, —eyB = mi — mw.y = —MweYe (4.59)
Ty, =11, + exB = my + mw.T = mw.Te. (4.60)

Classically, (T3, T,) measure the position of the center of the circular orbits.

In the next lecture, we will look at two main consequences of the effects we discussed
here: Landau Levels and the Aharonov-Bohm effect.
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Summary of Lecture 11

e Charged particle in background EM field:

)
S:—mc2/d7'—e/Audx“:—/dt [mc%/l—xz—ke@—eAdc]
. cJy c

o Gauge transformation:

Ay, — Ay + coo
S — S —elalzf,ty) — alz,t;)]
b(a,t) = e 1D (a, 1)

e Hamiltonian and non-relativistic limit:

H=/(p—eA)2c +m2c* + ed

1
Hnon-rel - %(p - 6A)2 + e(ID,
=II

where IT is the kinetic momentum.

o Charged particle in constant magnetic field B = (0,0, B). Generators of transla-
tions:

~

T=p—ec(A+(xAB))

Classically, T}, and T}, can be interpreted as the center of the circular orbits of the
particle.

e Generators of translations and kinetic momentum do not commute among them-
selves:
[Tx,’f’y] = —iheB
(1., 11,] = +iheB

Intuitively, translating a state around a closed path multiplies it by a phase e_%eq),

where @ is the flux of the magnetic field passing through the closed path.
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Lecture 12 - Landau Levels and Aharonov-Bohm effect

Landau Levels

We would now like to study the energy levels of a charged particle in a constant mag-
netic field. We will show that the energy levels are discrete, although they have a high
degeneracy.

For simplicity, we choose the potential to be
A =(—-By,0,0), =0 — B =(0,0,B) (4.61)

Using the definition of the non-relativistic hamiltonian (4.22), we can write

. 1, R o
H= o ((p1 + eBY)* + p3 + p3) (4.62)

Translation invariance is manifest along x and z, but not along y since H depends
explicitly on g. In order to compute the spectrum of this Hamiltonian, we can construct
explicit energy eigenfunctions ¢ (z,y, z). We define the Ansatz

Y(x,y, 2) = en Pt F(y) (4.63)
— Hy= | (63)2(A+p1)2+ﬁ%+p§ b (4.64)
= [zm| — — e - .
2 m y eB 2m = 2m
~—~
We

Reorganizing the above and enforcing i) to be an eigenfunction of H with energy E, we
find

A2 1 2 2
[292 + —mw? (@ + %) } Y+ %?ﬁ = Ey (4.65)

Hio

Note that the left-hand side corresponds to a (shifted?) harmonic oscillator in the
y-direction! Therefore, the energy levels are

1\ | 1
Furthermore, the functions F'(y) are simply the energy wavefunctions of the harmonic
oscillator, but centered at y. = — 2. Therefore, we can write
o,y 2) = enPTg, (y —y), (4.67)

2Notice that the potential is centered around y = -2,
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where

1 mw 1/4 _msz mw
Un(z) = \/W<ﬁ> e 2 Hy, (,/hx) (4.68)

and H,(z) are the Hermite polynomials. In order to visualize these states, we can
compute |1)|%:

W = [y — ye)l?, (4.69)

which is just the probability density of the n-th level of the harmonic oscillator, but
centered around y..

a WY

[ : :
m‘-’/ !

/7 / 2
Figure 4.1: Probability density |¢| as a function of x,y for the case n = 0.

This seems to break the y-translation symmetry. However, if the Hamiltonian is
degenerate (there are linearly independent states with the same energy), the y-translation
symmetry only needs to hold in each subspace. We will discuss below that we can super-
pose states with different centers y. but with the same energy to recover a y-translation
symmetric state.

In order to study the degeneracy of the system, recall which quantum numbers we
had to fix. We first set the momenta in the x and z direction, p; and p3. Then, we had
to use n to describe the energy level of the harmonic oscillator centered at y. in the
y-direction. We saw that y. depends on the momentum in the z-direction as y. = —25.
Therefore, if we fix (p1,p3,n) or alternatively (y., ps,n), we have completely defined our

wavefunction.

However, in the expression for the energy levels, p; (or alternatively y.) does not
appear. There is therefore a very large degeneracy corresponding to the fact that different
states with the same ps and n, but centered at different y. have the same energy. A
general state in the n-th Landau level, with momentum p3 along z is therefore given by

bla,y,z) = i / dp1 F(p1)er o (v + 5 (4.70)

Choosing f(p) carefully, one can construct ¥ (z,y, z) to be an eigenstate of translations
along z, y, but not both, since [T, T3] # 0! Note that it is also possible to construct
eigenstates of rotations around the z-axis.
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Lastly, we can ask how many states are in a Landau level. Obviously, if we consider
an infinite x — y plane, there is infinitely many states in a level, one for each p; as argued
above. However, if we consider the rectangle of side L, and L,, the momentum becomes
quantized:

2mh

T m mE Z (periodic B.C.) (4.71)

p1 =

Therefore,

B 2mh
Ye = " eBL,
——

=Ay,

(4.72)

The centers are discrete! This is independent of the fact that L, is fixed. If we had
considered an infinite strip with L, — oo, the centers would still be discretized in this way.

The number of states in the rectangle is then given by the length of the rectangle
of the y-direction, divided by the space each state takes (assuming the rectangle to be
much bigger than the spacing between states) :

L, eBL,L, @
Ay, 2th  2®y’

(4.73)

» mh

where @ is the magnetic flux, ® = BL,L,, and ®¢ is the magnetic flux “quantum”, =*.

Aharonov-Bohm Effect

In classical electromagnetism, we learn that knowing the electric and magnetic fields in a
region of interest gives a complete description of the physics in that region. However,
using the formalism developed so far, we will show that this fails at the quantum level:
some additional information about the system must be specified.

Consider a particle moving in R3, but with an infinite cylinder “removed” - the particle
cannot go inside the cylinder. Mathematically, one could consider wavefunctions obeying
the Schrédinger equation with boundary conditions ¢ (z,y,z) = 0 at the boundary of
the cylinder. Therefore, when computing the propagator, we must sum over paths which
remain outside the cylinder:

K(xp, b5, 1) = _ Dlx] en’H (4.74)
outside
cylinder
Now imagine that we hide an infinite, continuous solenoid inside this cylinder. Classically,
the magnetic field is uniform inside the solenoid, and vanishes outside. Therefore, since
the particle is always outside the solenoid, it never “feels” any magnetic field, and we
naively expect that the presence of a solenoid does not matter.



102 Chapter 4 Interaction with an external electromagnetic field

However, although the magnetic field vanishes outside the solenoid, the potential
does not! Indeed, consider a surface S cutting through the solenoid, with boundary ~
(see figure 4.2).

f

Figure 4.2: Infinite cylinder with constant uniform magnetic field inside. The path
goes around the cylinder, and encloses a surface .S through which there is a non-zero
magnetic flux.

We can compute the circulation of the vector potential around « in terms of the
magnetic flux ® inside the solenoid:

/ A-dx:/B-dS:Q (4.75)
y=0S S

Therefore, even though B = 0 outside the cylinder, A # 0! Classically, this does not
have any effect since the system is entirely described by the E and B field, which are 0
outside the cylinder. Let us then investigate what happens at the quantum level.

Recall that the non-relativistic action for a charged particle in an EM field is given by
S = / dt [%mx2 —ed+ex- A} (4.76)

In our case, ® = 0 and we can write
S:Sg—i-e/A-dx, (4.77)

where Sy is the free action. Therefore, if the charged particle is moving on a path v, we
have

oiSh] _ piSoll+iE [ Avdx (4.78)
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In the path integral, we sum these phases over different paths v. Consider then the paths
drawn in figure 4.3

AN

-

Figure 4.3: Different paths going from z; to z; that cannot be continuously deformed
into each other due to the cylinder.

As a first example, we can compute the phase difference between the contribution
from 7 and the contribution from ~s:

A<I>12:2[ A~dx—/A-dx}, (4.79)
gat Y2

where Sp[y1] and Sp[y2] cancel out by symmetry (we choose 1 and 2 to be reflections
of each other). Now the integral can be viewed as the circulation of A over the closed
contour going from x; to xy following v, and then back to z; following ~2. This circulation,
as before, is the flux !

Adp = — (4.80)
h

Fundamentally, this arises because v, and 7, are topologically inequivalent paths:
they cannot be continuously deformed into each other due to the cylinder. Let us now
look at topologically equivalent paths, «; and 73. The phase difference A®;3 is now 0,
since there is no magnetic flux through the surface enclosed by the path v; — ~3. Finally,
we can study more complicated paths such as 74, and compute the phase difference A®s.
The closed path 4 — 72 goes around the solenoid twice, and therefore

Ady = e (4.81)
h
With these examples, we have understood that topologically inequivalent paths contribute
different factors to the path integral.
To make this statement more precise, we associate a winding number n to each
path. We will always compare paths to a basic “base” path, which we call v (this would
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be 7, in figure 4.3). Then, if v, is a path with winding number n, we define
yﬁ A-dx=nd (4.82)
Yn—"70

Note that it is important to keep track of the orientation of the closed path to distinguish
between positive and negative winding numbers.

Exercise 4.4 (Winding numbers).
Convince yourself that in the example drawn in figure 4.3, vo has winding number n = —1,
v3 has n =0 and 4 has n = +1.

Using this formalism, we can write

1 1 e
LSl = LSolynl + S [ A 4.
§90 = Sobl + [ A-ax (4.8
1 ie e
— 2 Sl + End+i S [ A-adx, 4.84
ol + gne iy [ A-ax (489
=C

where C' is just a constant real number depending on which g we choose.

The propagator can now be written as

K(xp,tpixi,t;) = Z/ D[] enSolal+in g (4.85)

n Yn

where we discarded the overall phase corresponding to the base path (eic) as it does not
have any observable effect on the wavefunction. Here, f% denotes the path integral over
trajectories with fixed winding number n.

Note that this effect is periodic in ®: if we increase ® by Q%fl, the physics is unaffected.

In order to maximize this effect, we should therefore set ® = ”?ﬁ = ®q. This factor is
exactly the same as the one that appeared when counting the number of states in a
Landau level.

The modified double-slit experiment:

Let us now study one system where this effect becomes physically evident: our favorite
example, the double-slit experiment. Consider placing the solenoid between the two slits,
so that there is a magnetic flux as indicated in figure 4.4
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4\2

Figure 4.4: The experimental setup to test the Aharonov-Bohm effect. The double-slit
experiment is modified to include a magnetic flux between the two slits, leading to
topologically inequivalent trajectories v, and ~s.

Using equation (4.85), we can write
-ed
K(xg,tpxgty) = Ki(vyp, ty @i, ti) + Ko(xp, tp; @i, t)e” " n + higher windings — (4.86)

where K is the free propagator associated to the path ~y;. The higher windings contribute
a negligible amount since they correspond to trajectories where the electron goes through
the slits multiple times®. Then,

K| = K2 + | Ka|? + 2Re (K{‘ng’i%> (4.87)

In the limit where b > a > z, we are really looking at the center of the interference
pattern and we can neglect the decay of the amplitudes on the edges of the pattern. In
this regime, we can assume free propagation and write

K1 = A%, Ky = Ae ', (4.88)

where ¢ is the momentum of the plane waves along z and the sign difference in the
exponential comes from the fact that «; comes from —a and has positive momentum along
z, while ~9 comes from a and has negative momentum along z. In this approximation,

we find

|K|? = 2|AJ? <1 + cos <2qz + f)) . (4.89)

Therefore, we expect the interference fringes shift with ®! The effect is periodic under
P = P+ 2Pgn, n € Z.

Through the Aharonov-Bohm effect, we have seen that F),, is not sufficient to describe
electromagnetism. Indeed, different physical situations in a region can have the same

3We also neglected these trajectories in the original double slit experiment without the solenoid.
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F,,, in that region. We need to specify some other object as well to completely describe
the physics, and that object must be gauge-invariant. As we have shown,

§I§A - dx (4.90)

is gauge invariant, but it overdescribes electromagnetism! The right choice is the phase
factor that appears in the path integral:

exp <z; }I§A : dx) (4.91)

Together with F),,, the above phase factor gives a complete description of electromag-
netism! This formalism is used in lattice gauge theory, where there are phases ¢’? on
every link of the lattice.

Landau levels on a torus

Let us go back to the problem of a constant magnetic field orthogonal to the plane and
consider periodic boundary conditions x ~ x + L, and y ~ y + L.

Classically, the system is translational invariant along x and along y, just like on an
infinite plane. We can say that the symmetry group is U(1) x U(1). However, quantum
mechanically, translations are broken to the discrete group Zy X Zy where N is the
number of flux quanta through the torus. To see this consider the physical quantities:

e v
Wy = exp (ih Ay(:v,y)dy> (4.92)
e [Le
W, = exp <Zh/ Ax(x,y)dx> (4.93)
0
Using Stokes theorem, it is easy to see that
@ b
Wyta = Weexp QTrZNL—x , Wyt = Wy exp 27mNL—y . (4.94)

Therefore, we should not expect continuous translation invariance but only discrete
x~az+Ly/Nandy~y+ L,/N.

It is possible to compute the wavefunctions for this problem (see arXiv:quant-
ph/0007055). There are N orthogonal states in each Landau level. One can check
that the gauge invariant density p(z,y) = Zf\i L |%i(z,y)|? of a Landau level depends on
x,7 in a way compatible with the discrete translational symmetry Zy x Zy. 4

Note that this quantum symmetry breaking effect is absent on a sphere. The Landau
levels on a sphere preserve the full SO(3) symmetry of the classical problem.

4As N — oo, the density p(z,) tends to the constant N/(L.L,) exponentially fast.


https://arxiv.org/abs/quant-ph/0007055
https://arxiv.org/abs/quant-ph/0007055
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Particle on a ring

As another example, consider a particle moving on a ring of radius R, with a solenoid at
the center creating a magnetic flux ® as showed in figure (4.5).

ALK

Figure 4.5: Particle moving around a solenoid with magnetic flux ®.
Then,
d = / B-do= A - dx =27RAy (4.95)
o do

where o is a surface whose boundary 0o is the ring. Now the Hamiltonian can be written
as

1
H =5 [ps — eAg)” (4.96)
1 [ ih ed 17
= -, — — 4.97
2m { R’ sz] ’ (4.97)
where we used V in polar coordinates. Now since 6 is periodic, we must have
Vn(0) =™ neZ, (4.98)
which implies
R? ed 1?
E, = - 4.99
" omR? [” 27771] (4.99)
h? o 1
= — 4.100
omR? [n 2@0} (4.100)

Therefore, the energy shift is periodic: the magnetic fluxes ® and ® 4 2k®, for k € Z,
give the same energy levels.

To summarize, the presence of the solenoid affects the energy levels of the particle
in the ring, but this effect is periodic. The physics is therefore described by the phase
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.3
1T =—
factor e ®o!

Exercise 4.5 (Generalization of the particle on the ring). Consider again a particle on
a ring, but with position-dependent EM potential °:

1 2
H = 5 [—ihd, — eA(z)]”, (4.101)
with fired magnetic fluzx
L
(I):/ A(x)dx (4.102)
0

Compute the energy eigenstates of the Hamiltonian (4.101). Hint: use the gauge trans-
formation properties of the wavefunction ¢ and A.

Magnetic Monopoles

This is based on an idea from Dirac [3]. Consider a semi-infinite thin solenoid as depicted
in figure 4.6. At some point, the solenoid ends and the magnetic field “spreads out”, as if
it was created by a magnetic charge, which is called a magnetic monopole. Note that
Maxwell’s second law, V - B = 0, is still satisfied as there is a non-zero magnetic flux
coming from the solenoid.

J®
P S

‘Hf\ivx
¢ awoid

B
Figure 4.6: Semi-infinite thin solenoid acting as a magnetic monopole.

We call the semi-infinite thin solenoid a Dirac string, with magnetic field Bg inside
the solenoid. The magnetic field of the monopole is denoted Bj;, and thus

B=Bs+ By (4.103)

SThis time, we consider the variable = € [0, L], with L = 27 R, but the system is the same as before if
you identify = OR. In this notation, periodicity implies ¢(z) = ¥ (z + L)
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Now we can use the Aharonov-Bohm effect to investigate whether the string is observable.
If the charge of every particle verifies

— = 27, (4.104)
h

then the string is unobservable! Indeed, one can only “see” the string by using the
Aharonov-Bohm effect and seeing interference pattern, since Bg vanishes everywhere
outside the string. In other words, if the charges are quantized as in equation (4.104),
then only the magnetic monopole field is observable. Bj; behaves exactly like the electric
field coming from a single charge:

gm

By = —
M= 2

er, (4.105)
where gy = @ is the magnetic charge.

Now the fact that V- B = 0 is a kinematic fact: it only comes from B = V A A.
Therefore, if a single monopole is observed, then all electric charges must be quantized:

2mh
=—n

4.106
gm ( )

(&

This quantization condition can also be obtained in another way, which is the topic of
exercise 34.

In nature, we observe every particle’s charge to be integer multiple of the electron
charge 6. This is surprising, as there is no “group-theoretic” explanation for this
quantization. For example, the quantization of the angular momentum directly comes
from the structure of the associated SU(2) algebra. In electromagnetism, the symmetry
group is abelian and it does not impose any quantization.

Weak vs. Strong Coupling:
The strength of the electromagnetic interaction is set by the fine-structure constant:
e? 1

_ ~ <1 41
= he 137 S (4.107)

The EM interactions are therefore “weak”. This means atoms are
o Weakly bound: FEynging ~ a’me < me.
L . 1 1
o Large: rp ~ = > -

¢ Non-relativistic: v, ~ ac < c.

SMore precisely, every charge is an integer multiple of the down quark charge, which is equal to % of
the electron charge.



110 Chapter 4 Interaction with an external electromagnetic field

By charge quantization, the minimum possible g;; is

orh
il (4.108)

9min = )
e

and therefore the analog of the fine-structure constant for magnetic monopoles would be
very large:
_ GMC o GawC _ whe _ 1

— 9 _ T 31 4.109
M="0h = anh @ da > (4.109)

Therefore magnetic monopoles must be strongly coupled!
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Summary of Lecture 12
o Landau levels: constant B = (0,0, B) implies energy levels

1 2
En—hwc<n+2>+£i.

High degeneracy: many states with the same energy but centered at different y.
Eigenstates of translations along = or y (but not both!) can be constructed by
careful superposition.

o Number of states in a Landau level (on a finite rectangle with sides L, Ly):

LiiJ mh
N=— &®=BL_,L Py = —.
2@(]7 iy, 0 2

e Aharonov-Bohm effect: topologically inequivalent paths give rise to interference
patterns. In modified double-slit experiment,

P
IK[? = 2| A <1 + cos <2qz + 2))

— fringes shift with ®.

o Particle in a ring: solenoid at center affects energy levels, but effect is periodic —
described by a phase factor
. P
exp | im—
P

o Magnetic monopoles: if a single monopole is observed, all electric charges must be
quantized

2mh
= —n
gm

e

Minimum possible gs leads to strong coupling constant c;.
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Quantum Chaos

Lecture 13 - Quantum Chaos

Special thanks to Behrang Tafreshi for carefully typing this lecture.

Classical Chaos

In classical physics, it is basically the idea of the butterfly effect. A small initial change
can have a very big effect. Mathematically one can formulate that as the following.
Consider a classical trajectory in phase space.

Y(t) = (zi(t), pi(t)), (5.1)

where the dimension of Y is twice the number of degrees of freedom. Given two trajectories
that start nearby Y7(0) and Y>(0) :

|Y1(0) — Y2(0)| = € = small. (5.2)

We find that |Y1(0) — Y5(0)| ~ eMe, where X is called the Lyapunov exponent. This is
the idea of classical chaos. Of course there is much more to say, but our aim is to explain
quantum chaos so we stop here and move on to the quantum version.

Quantum Chaos

A naive guess of what quantum chaos might be could be as follows. Let us start with
two wave-functions which are very close and see how they evolve in time. Do they
separate in time like the classical case? Of course not because time evolution is a unitary
transformation in quantum mechanics. Therefore, the inner product between two states
(11|1)2) is conserved.

However, there are many signatures of quantum chaos. One which we consider here
is the statistical properties of the energy spectrum. Let us look at a very simple example
which is also studied in classical chaos.

Example: (Sinai Billiards) A particle in a box can move with an impenetrable circle
inside. This system is classically chaotic. But it is also chaotic quantum mechanically.
You can watch animations of this online. Basically, if you concentrate on the eigenstates
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Chapter 5 Quantum Chaos 113

of the system you will see a chaotic behaviour. But we will consider an even simpler
signature of chaos which is the distribution of energy levels.

W\ N N N
'Ere.a puﬂir_'le

e

\
\

CNA LN

D) N ANGRN

Basic idea: The quantum energy spectrum F,, in a small energy window around a

large energy
2

E> % , (5.3)
has the same statistical properties of the eigenvalues of a random matrix.

Notice that the spectral density is not universal. In fact, it is well described using
semi-classical quantization. However, what will be universal is the way nearby energy
levels are distributed. We will make this precise soon.

The history of the subject starts with Wigner and the distribution of the distance
between consecutive energy levels of heavy nuclei. People started to see some universal
behaviour and the conjecture shaped that for all chaotic quantum systems, in the high
energy part of the spectrum, the statistics of the energy levels can be described using
random matrices.

Random Matrix Theory

We are going to focus on the Gaussian Unitary Ensemble (GUE). Consider an ensemble
of hermitian matrices with the following probability distribution :

1 N N
P(M) x exp <—2Tr(M2)> 1] @ T | d(ReM;;)d(Imbiy;), (5.4)
=1

i<j

where M is a hermitian matrix. You can for example take real symmetric matrices which
is a subset of the above. There are therefore different universality classes of quantum
chaotic systems but there are a few of them. We want to find the distribution of the
eigenvalues of this random matrix. It turns out that this distribution is not Gaussian.
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Let us diagonalize the matrix :
M = U'diag(A1, Ao, ..., AN)U. (5.5)

The hard part would be to find the Jacobian of this change of variables:

H dMy; H d(ReM;;)d(TmM;;) = H dX\;dU. (5.6)

1<J

The result is that this Jacobian is as follows :

N
T =] = 2% (5.7)

i<j
Therefore :

P(A1, .., \y) = CNeXp<—Z)\2> [T =) (5.8)

1<J

To compute the Jacobian we notice that the measure of the space of hermitian matrices
M corresponds to the metric :
ds* = Tr(dM?). (5.9)

This is basically a metric on RY ?_ First note that this metric is invariant under conjugation
by some fixed unitary matrix M — UOMU(;r with Uy € U(N). Therefore, we can
compute the determinant of the measure in the neighbourhood of the a diagonal matrix
as any other matrix can be reached from this using one of the unitary matrices :
M = UDUT = e*De™ where € = ¢/ and D = diag(\y, ..., Ay). Since € is very small, we
can write :

M = D —i[e, D] + O(¢?). (5.10)

M;; = N
. . (5.11)
Mij = zeij()\i — )\j) ] 75 ]

Therefore, we can see :

We find that :

HdM“ Hd (ReM;;)d(ImM;;) Hd)\ H Ai = A))? [[ d(Ree;)d(Ime;).  (5.12)

1<j 1<j 1<j

But this last product is the term where we previously referred to as dU. But note that
this is not exactly the space of unitary matrices. It is the space U(N)/(U(1))" because
the diagonal elements do not contribute.

We want to take the N — oo limit as the universality of quantum systems happens
for this limit only! Note that we should calculate the normalization coefficient :

/d)\l...d)\NP()\l,...,)\N) =1 (5.13)
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This condition determines cy which we will calculate in the process. For the time being
however, we will continue by finding a nicer form for the Jacobian. The trick is to use
the Vandermond determinant,

1 1 [
Ao A . Ay | O
_ : =T =) (5.14)
S R N
SSAED AR D A D SV

The proof of this equality can be done in 3 steps using basic properties of determinants.

1. Both sides are homogeneous polynomials of \;s of degree w By homogeneous
we mean that if you scale all the \’s by some parameter «, then the polynomial
N(N-1)
scales by a™ 2

2. Both sides have the same zeros. If there exist ¢ and j where A\; = \; then both
sides are zero.

3. Both sides have the same overall coefficient. This can be checked by looking at one
specific monomial.

Now consider having some definite monic polynomial P,(z) = 2" +... of degree n. Then
we have that :

1 1 .. 1 1 1 . 1
A1 A9 ce. AN A1 Ao e AN
: : : N : : : : (5.15)
)\le_l )\é\/—l - )\%_1 PN—l()\l) PN—l()\2) - PN—I()\N)

This is possible because we can reduce the left hand side to the right hand side by
subtracting the upper rows of the determinant which leave the total determinant invariant.
We can do the same for the other rows as well and we end up with :

1 1 .1 Py(A1)  Po(X2) ... Py(Aw)

A Ao ... A Pi(X Pi(A .. Pi(A

:1 :2 : N - 1(; ! 1(. ? : 1(: v) (5.16)
ALY T |Pvoi(N) Pyoi(M2) ..o Pyvoi(Aw)

It is convenient to choose these polynomials to be the Hermite polynomials, P,(\) =
H,()). Note that we are considering the monic Hermite polynomial. You can guess that
the reason we chose Hermite polynomials is that we had Gaussian exponents and we love
harmonic oscillators!

Therefore, we can write the distribution as :

2
B —ixz .- )
P(Mi, . Ay) = o Léi?gzv e JH’_I(AJ)H (5.17)
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where ¥, (z) = We_(l/ 42* f (z) are the orthonormal wavefunctions of the har-

monic oscillator and V;; = [1);—1();)]. Now we use the following :

P, An) = én(det V)2 = én(det VIV). (5.18)
However, we have :
N
VIV)ig = ViaViy = Zwk 1) Ye-1(0) = Kn (A, Ag), (5.19)
k=1

where we defined Ky through the above expression. Therefore, we have :

P()\l,...,)\N) =CN det[KN()\l,)\])] (5.20)

1’7]

Note that so far we have not really used the fact that we used Hermite polynomials. Now
we are going to use that we chose the Hermite polynomials in particular. Now we use
some identities to simplify this formula. Note that since we have the harmonic oscillator
wavefunctions, we have :

/ A ton (2) o () = . (5.21)

Now we can prove the following :

/duKN(x,u)KN(u,y) = Kn(z,y). (5.22)

Basically we just have to apply the orthonormality condition :

/dUKNZL‘UKNUy ZZ/%1 Yk—1(u)—1(u)—1 (y)du

k=11=1

_ZZW 1(2)Y1-1(y) Ok (5.23)
k=11=1
N

—Zwk 1(@)r—1(y) = Kn(2,y).

Furthermore, the following is easy to see :

N
/KN(x,x)dx = Z/dx(¢k_1(x))2 => 1=N. (5.24)

Now think of the big picture of what we have up until now. We have the distribution of
all \’s which is a lot of information. So much so that it is hard to analyze! It would be
good if we could integrate out some of them to reduce the distribution function to P(\;)
for example. The following identity helps us with this.

/ dAy det [Kn(hA)] = (N —n+1) _det  Kn(Ai,X). (5.25)
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In order to prove this identity, we use the following notation. By det Kn(Ai, Aj) we mean

the determinant of the submatrix with the ith and jth column 0m1tted Note that in all
the cases we are only considering the n x n matrix only. Therefore, we have :

n

n—+t
1<(3<3t<nKN(A,,A) D (=)™ [det Ky (A, A) K (As, An)

It,In
t=1
n—1

= 2n ) n+t Y
= (-1 [,C}Lel;ﬁl KN (Ai; A)EN (An, An) + Z(_l) [ge';ﬁl KN (Aiy KN (At; An)

o t=1 (5.26)
= [%e'gKN(AZa )‘j)]KN()\m)\n)

n—1ln—1
)21 det Kov (i, A)TE N (A M) K (s A
+;l§; (,te,n) N (i AN (Ats An) KN (A, Ar)
(lnl[)

Basically what we did was to first expand the determinant for the last column and then
expand the sub-determinant for the last row. Now if we integrate over )\, and use the 2
previous identities we get :

d\n det [Kn(Ai, Aj)]

1<i,j<n
- / Ahaldet K (i )] E (s )
n—1n—1
+> > (=D [ dot BN AN (e An) Ky (A, A1)
t=1 I=1 (,; ,78
n—1n—1 (527)
= N[!%e!g Kn(Xis Aj)] — Z Z(—l)tﬂ[(gﬁji) KN (N A)IEN (A, Ar)
’ t=1 [=1 [
(In,11)
n—1
= Ndet Kn (X )] = Z: (et RN ()
:(N—TZ+1)1 det [KN()\u)\j)]
7.7 n—1
We can use this formula to find ¢y. If we use it N times, we get :
/d)\l...d/\N defc[KN()\i,/\j)] = N! (5.28)
0.

Therefore we have ¢y = % Now if we use the formula to integrate over N — 1 of the
eigenvalues, we get :

N—
1 1 Z
k=0
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This is the sum of probability distributions of the first N levels of the harmonic oscillator.
In the large N limit, we can use the semi-classical approximation. Think of this as a
harmonic oscillator with the first NV levels occupied. For the final level we have :

0? 1, 1
761‘2 1/)]\/,1(%) + Zx zﬁN,l(x) = |:2 + (N — 1):| UN_1. (5.30)
Semi-classically we have :
1 1
2 2
—x*=N——. 31
p°+ 1% 5 (5.31)

Therefore the probability distribution is (see Figure 5.1):
P(X\) x 2P a:(z = ). (5.32)

S

Figure 5.1: Phase space of the Harmonic Oscillator

N_l_2A2

V24 < _1
= P(\) = TN Al < 2\/N 2 (5.33)
0 Al >24/N -1

Since we are taking the large N limit, we can even omit the % in the distribution.
This is called Wigner’s semi-circular law. This was fun but it is not a universal feature!
Different systems have different density of states. However, we wanted to look at universal
properties which is the statistics of nearby levels. In physicist terms, we want to know
how nearby levels repel. This means that in order to look at nearby states, we need two

pairs of eigenstates.

P(M\,\g) = /d)\g...dANP()\l,...,)\N)

_ 1 Kn(A, A1) KN (A1, A2)
N(N —1) [Kn(A2; M) Ky (A2, A2)

Again we must use some identities. The first one is called the Christoffel-Darboux :

(5.34)

N—-1
Ry(avy) = 3 tnle)in(y) = VLA Z VO8] (5
k=0
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For the proof we use the following identity of harmonic oscillator wavefunctions :
ar(x) = VE + Wi (2) + Vi1 (2). (5.36)

The proof is the as follows :

N—-1
(x—y)Kn(r,y) = (x—y) > Yr(r)e(y)

N-—1 =

= > (VE+ T @)inly) + Vi (@)0e(y)) (5.37)
k=1
N-—1

=3 (VEF T @)r(y) + Vi (@)
k=1

After cancelling the terms we get the wanted identity. The last non-trivial element of our
discussion is what we exactly mean by the large N limit. Remember the semi-circular

law. We have N eigenvalues inside the interval [—\/N VN |. Therefore the spacing of the

VN _ 1

eigenvalues is of order A\ ~ Y= = . As a result, the eigenvalues get densely packed

VN
when N goes to infinity. In particular if we choose some value of z € [—2,2], what is the
eigenvalue spacing of 2/ N? The answer is m. In mathematical terms, we take
xT
the following limit :
N —
2
Np A = TZ

NiE Vi

where z is fixed and this is chosen so that z = 1 corresponds to consecutive eigenvalues.
This is very important as we want to see the correlation of the eigenvalues and therefore
we need to be in the right scale to see it.

Kn (A1, A2)

PO ) 5~ P(A)P(Ag) - i

] (5.39)

where P(\) = & Kn (X, A). We now use the Christoffel-Darboux (eq. 5.35) formula for
the second term and use the semiclassical approximation as we are taking the large IV
1
N () =
x

limit. The WKB approximation is :
x yQ T
= cos N —=dy—N—]|. (5.40)
NG (N . 7)

If you plug it into the Christoffel-Darboux formula, and take the large IV limit, you get

the following :
. 2
P\, M) — P(A\)? [1 - <Sm(m)> ] . (5.41)
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This function is the sine kernel. Let us state our final result in its full glory :

PO\, Aa) — P(\)? [1 - <Sm(”))1 , (5.42)

U4

in the large N limit where z = imy_,00 (A1 — A2) P(A1)N.
The plot of this function you can see in Figure 5.2. You see that the peaks correspond

A

Figure 5.2: Sine Kernel Plot

to a crystal of eigenvalues which are all spaced by one! Of course it is not a rigid crystal
as it is a random thing but you get the picture. The most important feature is the gap
between -1 and 1 where it is very hard to find two eigenvalues very close to each other.
This is called level repulsion! This is the universal feature. This is expected to be valid
in any quantum chaotic system :

p(E1, Ea)  (Ei—Ez)p(Ei1)=z fixed 1_ (Sin(“))z (5.43)
p(E1)p(E2) p(E1) 00 (i

We emphasize that this universal behaviour is true for Gaussian Unitary matrices, but
there are only a few universality classes in general.
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Appendix A

Mathematics

In this appendix, we summarize some of the mathematical tools used in the main text.

A.1 Baker-Campbell-Hausdorff and Zassenhaus formulas

For two non-commuting operators X and Y, we have the BCH formula:

eXe¥ =e?, (A1)
where . . )
Z=X+Y + §[X, Y]+ E[X’ [X,Y]] — E[Y, (X, Y]] +... (A.2)

The Zassenhaus formula gives the reverse direction:

XY etXetYe—é[X,Y]e%@[Y,[X,Y]]—&-[X,[X,Y]]), teC (A.3)

A.2 Complex analysis theorems

Cauchy’s theorem
Let U € C be a simply connected region U C C and f(z) a holomorphic function on U.
Then, for any closed curve v C U, we have

%dz f(z)=0 (A.4)

Residue theorem

Let U € C be a simply connected region U C C and f(z) a holomorphic function
on U\ {z1,292,...,2,}. Then, for any closed curve v C U avoiding the singular points
21,29, ..., 2Zn, We have

%dz flz) = QWiZRes(f, 2k) - (A.5)
v k=1

If the singular point zj is a pole of order ¢ then the residue is given by

1 gt

Res(fy20) = =y A oo

(2 — 2)" f(2) (A.6)
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A.3 Fourier transform

In our conventions, the Fourier transform of a function f(x), where x € R™ is given by

fio = [ @ geoetr,

where k - x is the Euclidean scalar product. The inverse transform is then

F0) = [ g e,

For functions of space and time (spacetime) we shall use the convention

flk,w)= /R4 Bz dt f(x, t)ewtmikx

Bk dw .
— =~ f(k —twt+ik-x
foet) = [ g Flew)e
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Appendix B

Computational details

B.1 No degenerate energy levels in 1D quantum mechanics

Given a time-independent potential V' (z), the wavefunctions verify the Schrodinger
equation
h? d?e

Assume there are 2 independent solutions with energy FE, 11 and ¥2. We can compute
the Wronskian

W = ap19bh — j1hy = constant (B.2)

Assuming that the wavefunctions are normalized and well behaved, we can take the
x — oo limit of the above and both 1 and 9 will vanish. Therefore, W = 0 and we
have

Y _ Y
1 e (B3)
= In(¢1) = In(ya) + ¢ (B.4)
— P2 = Y, (B.5)

which shows us that the two wavefunctions are proportional to one another. These do
not differ physically, and we have thus proven that there are no degenerate states in 1D
quantum mechanics (for a time-independent potential).

B.2 Derivatives acting on ¢ functions
In the study of Feynman diagrams, one often encounters integrals containing derivatives
acting on delta functions. Although this can seem confusing at first, they are actually

easy to deal with, as they can always be removed through integration by parts. For
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example, we used this trick in equation (2.51):

1 [B/2
Sp = / dridr x(11)O0(11, 72)2(T2)

2 J-p/2
1 (P2 A
= / dridr z(m1) [—mQ + mwﬂ o(m1 — 1)z (72)
B/2 2 B/2
S drdre x(ﬁ)a—?é(ﬁ —1)x(m2) + 1 / dr mw?z? (1)
2 —B/2 87'1 2 —B/2
B/2 2 B/2
__m drdrs 9 x(;—l)é(Tl —1)x(T2) + 1/ dr mexQ(T)
2 —B/2 87-1 2 —B/2
B/2 2
-1 / a7 [—m(fTQ + mwQ] #(7)

B.3 Phases from analytic continuation

We show below that the number of negative eigenvalues n_ from the Gelfand-Yaglom
formula is equal to the number of zeroes of 1y(t), using complex analysis methods.

e Naively, we could have written
m

2mihabo(ty)’

for ty very close to ¢;. Indeed, in that regime, Yo(ty) > 0 because of the initial
conditions ¥y(t;) = 0 and 9o(t;) = 1.

I[z.] = (B.6)

You can think of ¢ as being an external parameter that we can modify, and for
each value of t¢ we will get a value of I[z.]. Since I[x.] can be complex, increasing
tr (starting from ¢ty = ¢; 40, 0 < 1) will give us “trajectories” in the complex plane.

Now for general ¢, we expect 1y (t) to be an oscillatory function by analogy with the
harmonic oscillator case (here the frequency is time-dependent but the oscillatory
behavior remains). As we increase ty, we therefore expect that for some value
of tr, o(ty) = 0. If we keep increasing t¢, we expect 1o(ts) to be negative by
continuity. This means that there will be a phase e 'z appearing in front, which is
very reminiscent of equation (3.11).

o Let us be more precise. Given some ¢y, we know that () is an oscillatory function
in the range [t;,t7]. Let us label by ¢, k = 1,... its zeros. In formula (B.6), we see
that this leads to the divergence of I[z.], which is problematic. More precisely,

1

Vo(ty)

o] B.7)
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which means that if we think of I[x.] as a function of ¢, it has a branch point at
each ti (the zeros of 1y (t)). However, we should be thinking of Minkowski “real”
time as the Wick rotation of Euclidean time, with 7 = it(1 — i€)!. Therefore, we
do not technically hit the branch points at t; =t (see figure B.1).

Figure B.1

e Given this, we can make our formulas more precise by sending

Po(ty) = tho(ts(1 —ie)) ~ vo(ty) — ieo(ts) (B.8)

Therefore, as we increase ¢y, we do not hit the branch points of I[xz.], but we rather
go around it (see figure B.2). Indeed, for very small t¢, we have ¥g(tf) ~ 1o(t;) =0
and ¢0(tf) ~ 1o(t;) = 1, so with the ie prescription we have to(ty) = —ie. Now as
we increase ¢y, the real part increases, and we reach the real line when the imaginary
part is 0, i.e. at the first maximum of ¢(t¢). Then, the real part decreases again
until we reach 1y(ty) = 0, which was causing problems before. However now there
is a nonzero imaginary part due to the —iety(t)!

IFor more details about the ie prescription, recall the discussion at the end of Lecture 5.
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Figure B.2

o We can now finally understand the phase factor! We know that I[z.] & W,
let us study what happens when we go around the branch point. The function /2

has a branch cut (we can choose it to be on the negative real axis for convenience,
which means that complex numbers have argument 6 €] — 7, 7[), which leads to
a discontinuity. Indeed, let x+ be complex numbers with negative real parts and
small positive/negative imaginary parts:

SO

ry=-r+ie, r>0 (B.9)
Then,
1 . i(m—&)\— e’
7+ = (=7 + i€) 12 _ (|r|e( )) 1/2 \/m (B.10)
1 . i(—m+E)\— ¢’y
== (—r —ie) ™2 = (Jr|e!m+) 712 & NG (B.11)

we therefore see that crossing the branch cut (from above) leads to a multiplication
by a phase e'".

The number of times this happens can be related to the number of zeros of ()
in [t;,tf] for a given t;. Indeed, we cross the branch cut for each minimum of 1y,

and the number of minima (nyi,) of 1o is half the number of zeros (ng) of vy.
Therefore, we find the phase factor

. s
1T N mi 15N
e min — oly 0

(B.12)
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Therefore, we have
b e 1 (B.13)
Yo(ty) [tho(t )l

which gives us back the original formula we found using Gelfand-Yaglom:

_m
2mih|o(ty)]

where now the integer in the exponential is the number of zeroes of 1)y instead of
the number of negative eigenvalues of the differential operator.

(B.14)

I[zg] = e72m0
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B.4 Multiple saddle points semiclassical spectral density computation

We want to compute the semiclassical approximation for the spectral density by using
formula (3.95):
71 z 5 Nn af
Ksc L LZZf,CUZ Z ehfzi dz(n) P(2) (B15)
lv(x;)v

To clarify the notation, we consider the trajectories shown in figure (B.3). We will first
compute the contribution from the green paths, which are initially going towards ¢, and
then the contribution from pink paths:

Kse(E;xp,2;) = K& B2y, 27) + KPS (B2, 2;) (B.16)

N\LEVAVARA

Figure B.3: Different oscillating paths corresponding to different saddle points. Green
paths are labelled by integers independently from pink paths.

Since the paths are oscillating, we can deduce the contribution from the (n + 2)’th
path from the n’th path. Indeed, we have the following recursive identity:

s zf b
/ p(z) dz(rq0) = / p(z) dw () + 2/ p(z) dz (B.17)
T; T a

—a(B)

Furthermore, we can relate the second path to the first as

/x jf p() dag) = /x jf p(z)da + 2 /x j p(z)dz (B.18)
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Therefore, we have different formulas for even or odd n:

s xy b
n=2m+2 — p(z) dz(,) = / p(x)dr + 2/ p(z)dz + mQ(FE) (B.19)

Tq i f

rf
n=2m+1 = / r)dz(n) = / p(x)de + mQ(E) (B.20)

Before writing the semiclassical fixed energy propagator more explicitly, we should find
the number of turning points N,, for the even and odd cases. For the green paths,
N, =n — 1 by inspection.

0 71W(2m+1) i x)dz+2 z)dz+mQ(E
K& (Esxf,x4) Z eﬁ(f Pe) I e ( )> (even)
=0 \/lv ;) (Jff)\
o 2m)
+ ’L<f“”2 @) dwtm(E )> (odd) (B.21)
_ e—lg R (jzz p(x)d:v+2j p da:) 1
o(eoe))] 1+ ehE)
1 1
I SN § H 4 plyde____— (B.22)
o(eoes)] 11 er)
where we used the geometric series as
= 1
yrermUE) — B.23
Z:0 14 enf(B) ( )
Hence,
1 fz p(z)dz w200 N
Kgreen(E s, xz) er <1 + e t2eh fzf p(z)d > (B.24)
ViIv(iv(zg)l 1+ enUE)

We can perform a similar computation for the pink paths. We have, as for the green
path, the recursion relation (B.17), as well as the first 2 integrals:

/x jf p(z)dz () = /z jfp(x) dz +2 / " p(z) da (B.25)
/x jf p(x) dzg) = /x ff p(z)dz + 2 /a h p(z)dz + 2 /x ’ p(z)dz (B.26)

f

Therefore, we have

Ty xy T; b
n=2m+2 = p(z) do(y, :/ p(z) dx+2/ p(z) dx+2/ p(z)dx + mQ(E)

xf xy T;
n=2m+1 :>/ p(w)dx(n):/ p(m)dx—i—?/ p(z) dz + mQ(E)



By the same computation as previously (this time N,, = n), we find

B Ll (I 900 o2 7 ) a2 2, i) damer(s) ) (oven)
sc fri = |U 331 (:L“f)‘
N i iy 12 (2m+1) %(fz p(z) dz+2 fxz (z) dz+mQ(E )) (Odd)
—0 |U xz (‘Tf)‘
-1 7 (fzz z)dz+2 [ p dx+2f dx) 1
= —¢ 71
v(zi)o(zy)] 14 en®)
P R 1 OL TR OLD) NS S (B.27)
[v(zi)v(zy)] 1+ e P
Therefore, the pink path contribution to the fixed energy propagator is given by
iz i[5 p(x) dz+2 [Fi p(z) da .
Kpink(E-g: x;) = ¢’ 6h(f S ; - ) <1 +eigei‘1f:fp(x)dm>
sc y L fy i ‘v(:ﬂl)v(l‘f” 14+ G%Q(E)

This allows us to compute the full fixed energy propagator in the semiclassical approxi-
mation:

i (Tf
1 Efxi $d$ L d. ;T 28 i
Ko(Es g 25) = e (1 4T ey p) a:> (1 P p(z)dm)

\/ l‘f 1+e%

Notice now that we can write

/;fp(x)dx - /abp(f”)dfff—/amp(w)dw - /: p(z)dz (B.28)

i 1 , ¥
5Q(E)
which allows us to write

E)

Ksc(E xfaxl) r 2
\/vaziue
i rb i rxs
'(e—hfzfpmd JIE N ) +€—zge%.fa1p(x)dx>
15t cos (17 ol —%)COS( L .
L4 er® v(zi)v(zs)| '

In order to understand the analytic structure of this propagator, consider the denominator
14 enE),

This vanishes when
1
QE)=7h(2n+1) = <n + 2> h, (B.30)
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which is exactly the Bohr-Sommerfeld quantization condition. Our semiclassical propa-
gator now exhibits poles whenever E = E,,, where E,, are defined such that Q(E,) =
(n+1/2)h. This method therefore allows us to see the discrete structure of the energy
levels, unlike the more approximate method from the main text.

Moreover, we can extract the wavefunctions from the residue at the poles. Recall
equation (3.31), which tells us that

Res(K(E;xf,x;), E = Ep) = ihaby (xf)y, (). (B.31)

In order to compute the residues from (B.29), notice that

1 [ T QE) 1 [% T
- ST ) —eos (I T B.32
cos (h/xfp(x)dx 4) cos( oF h/a p(z)dz 4) (B.32)
rf
L2y cos <7m — 711/ p(z)dx + Z) (B.33)
rf
= (—=1)"cos (;/ p(z)dz — Z) (B.34)
Furthermore,
|4 ed2B) _ 1y eim 100 pomn g gy Lok - B (B.35)
= _ﬁﬁ(E —E,)+O(E - E,)°) (B.36)
Now g—% can be computed as follows:
o o [P
—=2— | V2m(E-V(2)) .
55 28E /a 2m(E — V(x))dz (B.37)
0b oa b dz
=22 p(b) — 2 2 [ B.
SEr) —2ggpa) +2 [ L (B.3%)
=T, (B.39)

where we used the fact that p(a) = p(b) = 0 by definition of the turning points, and we
defined T to be the period of trajectories with energy E. Therefore,

1 E—Ep ih

: B.40
1+ erUE) T(E — Ey) (B.40)
and we can write
KSC(E; Ty, ‘T;Z) M 461'71'71, ih ) (_1)n CcOSs (%L fawf p(l‘)dl‘ _ %) cos (% fail'z p(x)da: . %)
T(E — E,) o(@)o(ar)]
__ih 2cos (5 [, p(x)de — ) 2c0s (5 [, p(x)de — ) (B.41)
E — E, o(a )T [o(z:)T| -
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We can therefore read off the wavefunctions!

Res(Kse(E; x5, 2:), E = Ep) = ilaby “B (2 )0 WVEB (), (B.42)
2

s <71i /ax Pl — Z) (B.43)

This corresponds to the usual WKB wavefunctions obtained from the Schrodinger equa-
tion.

where 1y KB (z) =

As a last comment, note that these wavefunctions are already normalized:

[l ewr~ [ ’ o eos (;L [ wrar - D | (B.44)

where we approximate the integration over the real numbers by the integration between
the turning points since the WKB wavefunction is exponentially decaying outside the
classically allowed region. Furthermore, the cosine in the integrand oscillates very
fast since we are considering the semiclassical limit where “p > h”. We can therefore
approximate cos? by %, which leads to the desired normalization:

b
/ dz [ VEB (z)|2 %;/ dzx ’vé)‘ =1, (B.45)

since v(x) > 0 between a and b and T' = 2 f; dt.
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B.5 The instanton prefactor

The goal of this section is to compute the prefactor R that appeared in lecture 10.
First, we introduce the twisted partition function Z,:
~ B 1
Za[B] = Tr <Pe‘ﬁH ) , (B.46)

where P is the operator that sends z — —z, and , stands for “anti-periodic”. Computing
the trace in the complete basis of energy eigenstates, we have

Zolf) = (n| P |n) e~ 7P (B.47)
Now we know that
R +n), n=
Pl = n), n - even ’ (B.48)
—|n), mn=odd

simply because ¥y, (x) = ¥, (—z) for even n and ¥, (x) = —ip,(—z) for odd n. Therefore,
Zolf) = Y (~1)e i (B.49)

Let us now consider the range of 8 for which a single instanton dominates:
Bw>1 and %(E1 —Ey) <1 (B.50)

We can then write the twisted partition function as

Za[/B] = e_gEO (]_ — e_%(El_EO) + 6_%(E2_E0) + .. ) (B51)
~ e_gEo <§(E1 _ E0)> (B.52)

where we used both assumptions from (B.50), as well as the fact that Ey — Ey ~ fw for
k > 2 (the non-perturbative splitting only occurs between F; and Ejy, the others are
computed using usual HO perturbative arguments). Since Ey — Ey ~ hw, all the terms
in ... are exponentially suppressed in the Sw > 1 limit.

Finally, we can write Ey = % up to O(\):

20

Za|B] = e~ .

(E1 — Ep) (B.53)
The reason why the twisted partition function is useful is because in the limit (B.50), it
is proportional to the energy splitting Fy — Ejy. Note that this result was obtained after

making two approximations: the Sw > 1 approximation to drop the terms in (B.51),
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and the leading order in A to write equation (B.53).

In these limits, one can refine the result above by using the harmonic oscillator twisted
partition function. Indeed,

ZHO[g] = 37 (~1)reAent1/2) ozl -5 4, (B.54)
which means that
Z40] I}
el (B —E B.
ZHO[g] h( ! 0) (B.55)

in the limits fw > 1 and ¥ (Ey — Ep) < 1.

Path integral representation of 7,
Using the definition of Z,, but evaluating the trace in the position basis, we find

Za[B] = Tt (Pe—gﬁ) :/dx (x| Pe 7 |z) (B.56)

:/dx<—x\e‘éﬁ|x>:/deE(—x,x;5) (B.57)

_ / Dl]e#55l] (B.58)
(r48)=—2(r)

The boundary conditions are antiperiodic: z(7 + ) = —xz(7), which is where the
name “twisted” partition function comes from. We can now perform the saddle point
approximation, where the saddles are paths verifying the Euclidean equation of motion

05
2~ 0o mi=V(2), (B.59)
ox

which is simply classical motion in the inverted potential. The main difference is that
now the boundary conditions are antiperiodic, which is equivalent to periodic BC over
the interval 24:

x(t+8)=—2(1) = z(v+28) =—x(t+8) =x(1) (B.60)

For a given energy F < 0, there are classical turning points in the inverted potential at
+2(F) (with 0 < z(E) < a). Paths with this energy oscillate between the turning points
with period T'(F), which means that

B = <;+n) T(E), n=0,1,2,... (B.61)

Indeed, one can add any integer periods to # and still verify the anti-periodic BC. At this
level, we have multi-instanton solutions, since there are many paths in this potential with
these boundary conditions. However, in the regime (B.50), the n = 0 path dominates.
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Euclidean action
Consider first the expression of § with the period written explicitly:

1 z(E) dz 1 z(E) 2m
e o) [ o
2 —2(E) T 2 —2(E) E+V(x) ( )

where we used E = $mi? — V(z) = const. We can then use this to find a convenient

expression for the Euclidean action:

B2 1 B/2
Sp = / dr —mi® +V(z) = / dr (mi? — E) (B.63)
-B/2 -B/2
B/2
= —BE + / dr &/ 2m(E + V(z)) (B.64)
-B/2

Note now that we can convert the integral over 7 to an integral over x, but we have to
be careful about the sign of . Indeed, for n > 1, 8 corresponds to multiple half periods.
For example, n = 1 corresponds to 3 half periods, so we can write

o= —BE+ (2n+ 1)/ (B V@) (B.65)

Using the explicit expression for 5 from (B.62), we find

SE—<+n> E_z 1/EH/ +2/_$ VI(ETV@)|  (B.66)

In the limit 8 > %, we are equivalently interested at large periods of oscillations, i.e. the
limit £ — 07. In that limit, the turning points become +a and

Sp~(2n+1) /a dz/2mV(z) = (2n+ 1)Sy, (B.67)

—a

where we used the definition of St (eq. 3.152).

The zero mode
We want to evaluate the exponential in the Euclidean path integral on the classical
trajectory, with some small perturbation. To quadratic order,

1 h 1 br2 1 2 1 " 2
1 ) Dol ~ 28l S — V" (. B.
25 |2 +\/my] poeled [ argit e vy (B.65)
1 1 (B2
~ SE[J:C]—I—/ drdr y(m)O(11, 2)y(12),
R 2J-p2
where
Ot ) = 6(m - ) (-5 + Ly (a(m)) (B.69)
T1,72) = T1 T2 dT22 m Te(T2 . .
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Before plugging this result into the path integral, we should think about what are the
classical solutions we should consider when performing the saddle point approximation.
It turns out that both the instanton and the anti-instanton verify x(7 + 3) = —z(7).
Therefore, when using the saddle point approximation we should add a factor of 2
to account for the 2 distinct classical solutions: the twisted partition function can be
approximated as

zi) = [ Dla]e #5407 (B.70)
(r+8)=—a(r)
~ 26_%31/ D[x]e_%y'o'y, (B.71)
y(r+8)=—y(7)

where we now write Sg[z.] = S for simplicity since the action for both classical paths
(the instanton and anti-instanton) are the same. Schematically, the path integral over y
can be related to the determinant of @, up to some normalization N

Za[8) ~ 2¢” 1SN (det,0) "2, (B.72)
where by det, we denote the determinant over antiperiodic paths.

The first problem we encounter is that this determinant is formally 0. This is because
O has a zero mode (a zero eigenvalue). Indeed, if we take the derivative of the Euclidean
EOM, we find that &.(7) is an eigenfunction of O with eigenvalue 0:

d2
mi. =V'(z.) = Mo = V' (x)ie = O-ic(t) =0, (B.73)
where we used the definition of O:
o Ly (B.74)
o dr?2  om AT '

What to do now? Let us decompose y(7) in eigenfunctions y, of O. These functions
verify the following relations

O yn(7) = Aatn(7),  Yn(T + B) = —yn(7) (B.75)

B/2
/ A7 Yn (T)ym (7)) = nm (B.76)
—B/2

We can now use these eigenfunctions to write

.’L‘(T) = xc(T) + \/ZZ Cnyn(7)~ (B.77)
n=0

We know that there must be a mode proportional to @.(7), which we call the zero mode.
Without loss of generality, we set

yo(7) = Aze(1), (B.78)
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where now Ao = 0. We can determine A by enforcing normalization:
B/2 B2
- / yr / (B.79)
6/2 6/2
= AQ/ dp |2V @)+ B) B0 A S (B.80)

where S was defined in equation (3.152). Therefore, A =, /4*. In this basis, we find

Za|8] ~ 2~ &5 / Dizle vO (B.81)
y(r+B8)=—y(7)

~ 2e RSN / ﬁ den —tanck (B.82)
n=0 \/ﬂ

One can now see that the ¢y integral will diverge since there is no ¢y appearing in the
exponent (A\g = 0). However, we have isolated the problematic piece and can now write

~1/2
dCo
2 / N ( ) (B.83)

We now define the following determinant:

det, 0 = ] An, (B.84)

n=1

where the prime means that the zero-mode was removed from the product of eigenvalues.
This determinant can be expressed as a derivative of a deformed determinant:

det,0 = dpdety (O +0)|y_, (B.85)

Indeed, the eigenvalues of O + 6 are simply A, + 6, so

detq (O +0) = ﬁ (A +6) (B.86)
n=0
= ﬁ A +0 ﬁ Ao+ O(6?), (B.87)
_:0

which directly proves (B.85).

Now, we should understand how to deal with the integral over c¢y. To do so, we can
think of another way to express x(7) in terms of z. and y,’s. We can write

.T(T) = xC(T + TO) + \/ZZ Cnyn(7)7 (B88)
n=1
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where now 7y is a new variable of integration which “replaces” the old variable cy. From
an infinitesimal point of view, this is sensible as for small 7y, we have x.(7 + 79) ~
xe(T) 4+ &c(T) 70, and we know that yg is proportional to &.. More explicitly, upon varying
the parameters 79 and ¢ in equations (B.77) and (B.88) we find

= \/ZZ 5cnyn(7') (B.89)

and dz(7) = 0T9dc(T) + 14/ — Z Senyn (T (B.90)

We can therefore identify
560 = \l 57;157'0, (Bgl)

where we used A = , /Sﬂl. The integral over ¢y can now be understood!

d 5/2
¥ L (B.92)
\/ﬂ 2rh J_g/ 2h
and therefore

1/2
Z,8] = 2¢~ 151 B./\/'( det, (O +0) ) > (B.93)
0

More practically, we saw that the zero modes are related to the positions of the
instanton (7p), and that (B.88) was a better parametrization than our naive first guess.
Instead of a strange integral over ¢y, we obtained an integral over the position of the
instanton, which has a finite range.

Removing N with the help of our friend the harmonic oscillator
Since the action of the harmonic oscillator is already gaussian, we can simply write

78 = | Dlsfeiset = [ Dlyle vm0r  (B.94)
(T+8)=—(7) (T+8)==y(T)
= N (det,Ono) 2, (B.95)

where we used x = 4/ %y as before and we defined

2

d

Note that this operator is exactly what we would have found using equation (B.74) with
V(z) = gmw?z?. Therefore, we have

Za[ﬁ] o *%51 i 0 deta(O + 0)
Ziofg] ~ ¢ 4 (

1/2
90 detq(Ono) 9=0> 7 (B97)
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where the operators O and Oy were defined in equations (B.96) and (B.74) Comparing
this expression with equation (B.55), we have an expression for the energy splitting!

/ det 6
By —Ey= 2he 5T S (0 deta(0 +9)

27h \ 00 det,(Ono)
In the lecture, we had defined some temporary variable R to account for the prefactor.
Here, we can compare with the result from the lecture (3.180) to obtain an expression

for R:
= | St gdeta((’)—i-Q)
~ V 27k \ 96 det,(Ono)
In order to compute these determinants, we will need to use a formalism similar to the

one developed in Lecture 3 with the Gelfand-Yaglom formula. The antiperiodic boundary
conditions require us to modify the argument, which is presented below.

~1/2
) (B.98)
0=0

9:O> o (B.99)

Gelfand-Yaglom reloaded

We are interested in the eigenvalue equation

2
[ S W(T)] Y(1) = M(7), Y(T+B)=—(r), (B.100)

dr?

where W now plays the role of V" (z.(7)). Consider now 2 linearly independent solutions
¥1.2(7). Define then the matrix M, (7) as

= 1@1(7) 142(7) with initial condition — = 10
M)\(T)_<w1(7_) TZJQ(T)>’ th initial dit My(—pB/2) <0 1> (B.101)

The subscript A is present because the functions 7 and 9 solve the differential equation
that depends on A.

The determinant of M (7) is the Wronskian, which is constant in time. Therefore,
evaluating it at 7 = —/2 we find

det Mx(7) =1, V7 (B.102)

Now we know that the most general solution to equation (B.100) can be written as a
linear combination of 17 and 9 with constant coefficients:

V(1) = A1 (7) + Bpo(7) (B.103)

() = Ay (1) + Bujo(7) (B.104)

Evaluating at 7 = —/3/2 leads to an expression of A and B in terms of the initial
conditions of :

W(=B/2) = A, ¥(-B/2) =B (B.105)
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Therefore,

(40 = o) (417072 106

If A\ is an eigenvalue of O, then v is an antiperiodic solution of (B.100) and we can
therefore write

(Mx(B/2) + 1) (ZE_%;D =0 (B.107)

This tells us that the matrix M,(5/2) + 1 is not invertible, or equivalently that it has
vanishing determinant. This condition is very useful:

0 = det(Mx(B/2) + 1) = det (wld(f (/ 5)5 ! w;f;%? 1> (B.108)
= det My (B/2) + Tr M\(8/2) + 1, (B.109)

where the determinant of the 2 x 2 matrix was computed explicitly. Now we know that
det My (B/2), so we obtain

Tr [My(8/2) + 1] = 0 (B.110)

This has significant consequences for our computation. We claim that

det [—% +W(r) - A] _ e [My(B/2) + 1] (B.111)

det [—% +W(r) — A] Tr [J\?[A(ﬁ/z) +1]

In order to justify this claim, we invoke the following mathematical result: if two complex
functions have the same zeroes and poles, and the same asymptotic behavior as |z| — oo,
then they are the same function.

Using this result, we can think of the left and right-hand side above as complex
functions of A € C and compare their properties:

o Zeroes: when A is an eigenvalue of O = —f—; + W (7), both sides vanish.

o Poles: when ) is an eigenvalue of O = —% + W(T), both sides have a pole.
o Asymptotic behavior: as A — oo, both sides tend to 1.

Our claim is therefore verified.
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Back to business
The goal is to determine

0 deto (O +0)

_—— . B.112
90 det,(Ono) |y (B.112)

Using equation (B.111) with A = 0, W (7) = V" (2.(7)) + 6 and W (7) = w?, we find

90 deta(Ono) lg=g 90 HO(B/2) +HO(B/2) + 2 o0
Computing the denominator: we want to solve the equation
d2
[—d2 + wQ] PIO(1) =0 = HO(r) = Ae¥T + Bev7 (B.114)
-
The initial conditions on 1 and o are:
—-B/2)=1 -5/2)=0
hi(=5/2) and 4207 (B.115)
Y1(=B/2) =0 Pa(—B/2) =1
Therefore,
Ale_wﬂ/Q + Blewﬁ/2 =1 L 5
Ale—wB/Q _ Blewﬁ/Q -0 = 1/’1(7') = CO8 (O.)(T + ﬁ/ ))
Age P2 4 ByeB2 = 0 ]
= a(7) = —sinh(w(7 + 5/2))
Age_wﬂ/Q — Bgewﬁ/Q = l w
w
The denominator therefore reads
HO (3/9) + yHO(B/2) + 2 = 2 cosh(wp)) + 2 L2 ¢w8 (B.116)
Computing the numerator: we want to solve the equation
d2
V7)) + 0| 40(r) = 0 (B.117)
.

with initial conditions given by (B.115). At first glance, this is a difficult problem.
However, we only need to know 11 2 to leading order in 6 since we want to take one
derivative and then set 6 to 0. At § = 0, we already have a solution: #. (see B.73). Using
the usual Wronskian trick, we can find an independent solution (still for # = 0), and we
can then treat the problem as a perturbative problem in 6.

Consider then first the case 8 = 0. We know that a solution of the differential equation
(B.117) is @.(7). Therefore,

() = _Felm)
1 (7) T(-B/2) (B.118)
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In order to see that ¢§0)(—B/2) = 0, it is good to turn back to the physics and use our

intuition. Since we want @ZJ%O) to be antiperiodic, we should choose an energy E such
that @.(7) has a period T'(E) = 25.

We then consider paths z.(7) which start at —3/2 at x = 0, go to the turning point of
maximal x at 7 = 0, and fall back to x = 0 at 3/2. These paths are well defined classical
solutions which have the correct anti-periodic behaviour. It is now straightforward to
see that at —f3/2, . has maximum velocity, and therefore #.(—3/2) = 0, which trivially
implies that 1/}50)(—6/2) = 0. Furthermore, we see that since z.(7) is even, 1/150) (1) is an
odd function:

P (7) = —{¥ (=) (B.119)

To summarize, we construct w§0) (1) in terms of a classical path x.(7) which verifies
z(—5/2) = x.(8/2) = 0, so that wgo) solves the differential equation and has the correct

initial conditions. Now we also need wéo) (1), but we can obtain it easily using the usual
Wronskian formalism:

. - Ay 1 B T 4
Y1y — oty =1 = o= B0 = [o(T) = Y1(7) /_5/2 20 (B.120)

We now want to go to first order in 6, i.e. we want to find the functions ¢£12) (1) that
appear in the following expansion:

W o(r) = 90 (r) + 9L (r) + O(6?) (B.121)

Although it is hard to guess a solution for 1/1512) (1), it is easy to verify whether a given

expression works by plugging it into (B.117).

Exercise B.1 (Verifying the perturbative solution).
Verify that

W o(r) = 90 (r) + 09 (r) + O(6?) (B.122)

with

Uia(r) = /_ ” ar [ () - w0l ()] () (B.123)

verifies the differential equation (B.117) to first order in 6.

Equation (B.123) then leads to

9 deta(O + )

98 dota(On0) | = (vt (8/2) + 05" (5/2) (B.124)

6=0
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Computing 1/)%1) and 1/)&” at /2

We can compute

$0(8/2) = /

—B/2

T

dr’ [w§°)<ﬁ/2)w§°) () + (T’)} O, (B.125)

where we used the oddness of wgo) (B.119) to obtain %0) (8/2) = —1. Then, notice that

_d
Iy
= [ (el (1) = o (e ()| (7)

94 ar' [ ) - P )] v ) (B.126)

which implies

. B/2 . .
P (B/2) = / dr’ !wé“’wmw(r')w§°><5/2>¢§0><7'>] o) (B.128)

=0

In order to compute 7%0) (8/2), we use the definition (B.120):

. 1 . T dr’
Po(T) = it Y1(7) /5/2 20 (B.129)
= 1a(8/2) = -1 (B.130)
Therefore, we have
B/2
¥V (8/2) = / i [0 /200 () + 60 ()] 60 (), (B.131)
W= [ ar [l o) (B.132)

which implies finally that

0 deto(O +0)

52 ;
_ —wB,,(0) / 0), 1
20 deta(Ong) |, — ¢ ¥z B2 / ar’ |7 ()] (B.133)

—-B/2

0=0

We can however simplify this further. First, notice that in the limit £ — 0_,

B/2 B/2 8/2
S, = / dr [1ma‘c3 —i—V(:pC)] - / dr [mi? — E] 225 =m / dri? (B.134)
—8/2

[

2 ~B/2 -8/2
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In that limit, the action S, is simply the instanton action Sy. Using the definition of
%0)7 we have

B8/2 2 1
/ dr [ ) (T)] =5 (B.135)
~B/2 m [(—5/2)]
In the next paragraphs, we will show that
. op
v"(8/2) = m [(—B/2) 5. (B.136)
which directly gives us
0 dety (O +0) —wp 98
il - 7 = WP B.1
90 deta(Omo) |pg ¢ 0B (B.137)

Computing 1/)50) (8/2):
The first thing to notice is that we have been lying to you and hiding problems under
the rug. The definition of 1/150) (1) from eq. (B.120),
0 0 T dT/
R (B.139
22 [o{ ()]

is only valid for negative 7. Indeed, ¢£o> (1) vanishes at 7 = 0, which is the turning
point of the associated classical trajectory. At 7 — 0_, we are “saved” since the prefac-

tor goes to 0 while the integral diverges. However, at 7 > 0, wéo) is simply not well defined.

There is a trick to express ¢£0) (8/2) in a different way. Define a even function ¢eyen (7)
such that

V(1) = Yeven(T) + OB (7) (B.139)
This has the following nice properties:

o Evaluating the above equation (B.139) at 7 = £4/2, we find
+(8/2) = —2C. (B.140)
Therefore, if we find C, we have solved our problem.

e Using boundary properties of 1/)%?2) (1), one can show that

&even(_6/2) =1 (B141)
Furthermore, since even is even, its derivative is odd and therefore
Veven(0) = 0. (B.142)
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o Taking the derivative of (B.139), we find

(1) = Yeven(T) + CH V() (B.143)

and by definition (B.120),
0y _ o [T dr’ 1 B.144
2 () =vitr) /—5/2 O 60 (B4

We can then compute:

T dr’ 1 Qj)even(T)
C = + - - —
/5/2 Bz w00 )

(B.145)

This is valid at any 7 < 0, and in particular we can take the limit 7 — 0_. The last

term above vanishes since &even is odd and is therefore 0 at 7 = 0, and 1}50)(0) #0. We
therefore have

T dr’ 1
- [/—w NGOG

Both terms diverge in the limit 7 — 0_, but their sum is finite. Using the definition of
%0) (1) in terms of z.(7), we have

T dr’ 1 ]
C = [#.(—5/2)]* lim / , + — B.147
ol Ty [ e el P T ()| S
Using the properties of z., we find
C = [ie(—5/2)]2 lim /W) de P (B.148)
‘ ™0 | Jo [2<E+V(m>>}3/2 de(T)de(7) '
Finally, we can relate this to 8 by noticing that
0 z(E)+y
g :2/ dr = lim 2/ d—x (B.149)
—B/2 y—0_ 0 Te

(B.150)

where z(FE) is the turning point, and we introduced the limit y — 0_ since the integrand
diverges at x. = x(FE). The turning point verifies

0z(E)
oF

and by taking the 7 derivative of the equation of motion, we find

V(z(E)) = -E = V'(2(E))

=1, (B.151)

V/($C(T)) = mfi‘c(T) (B.152)
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Evaluating at 7 — 0_, we finally have
0z(E) 1

= — B.1
O ~  mi(0) (B-153)
Taking the derivative of 8 with respect to E, we find
B o [*Ev dg
— =2 lim — —_— B.154
ok yigl, oF Jq 2(E4V (z)) ( )
z(E)+y
P U ! _1 _de (B.155)
y=0- | OE  [E+Ve®+y) mJo {2<E+v<x»}3/ 2
ze(T)
= g | +/ S (B.156)
m =0 | Ee(T)de(T)  Jo 2] 372
(B.157)
where we identified
z(T) =2(E)+y (B.158)
in the limits 7 — 0_ and y — 0_. This then tells us that
) 0
u(8/2) = 20 = mlio(~5/2) (B.159)
as promised in equation (B.136)! We therefore indeed have equation (B.137):
0 dety, (O +0) _wp OB
Py =e “P—5 B.160
90 deta(Opo) lp—y ~ OE"" (B.160)

We now have an expression for the energy splitting (see all the way back to equation
B.98):

2mh oF

-1/2
FEy— Ey= 2h€_%SI i <€_w’8865[) s (Blﬁl)

where we are as usual working in the large £ limit, and therefore the £ — 0_ limit.
Therefore, we can write the energy splitting as
1 2nh O —1/2
Ei — En = 2K —58r [ 200 7 —wB(E) B.162

- o= 2he b (22 P (B.162
Finally, we can simplify this expression in the specific case of our potential by computing
B(FE) in the E — 0_ limit. Here is what will happen: in the limit £ — 0_, 8 diverges
and therefore e=“? goes to 0. However, if § diverges logarithmically with E, we would
have e~“#(E) ~ E . (finite piece). In that case, taking the derivative would get rid of the
factor of F and we would get a nice closed form expression for the energy splitting. In
the next paragraph we present the asymptotic behavior of 5(E) as E — 0_.
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Computing 5(E) in the £ — 0_ limit:

We have
oWB)

In the limit £ — 0_, (F) — a and the integral diverges since V(a) = 0. We would like
to understand how exactly this integral diverges. To do so, we isolate the divergence by
adding and subtracting the harmonic approximation of the potential near a (shown in
green in figure B.4).

_Y(E) Y(E)
/ N\

7 ——
] \\_W)

Figure B.4: Inverted potential —V (z). Near x = a, the potential is approximated by the

quadratic function —%me({L‘ — a)?, shown in green.

o~ S X

In equations, we have

N 1 1
B(E) =2 d — 4
" m/o ’ _\/E"'V(x) \/E—i-%mw?(ac—a)2 \/E—i-%mw?(:r—a)2
(B.164)
N 1
=v2 d —
v m/o z _ /E +V(z) \/E—l—%mw?(x—a)?
+ \/Zm/ dz ! (B.165)
0 \/E—l— smw?(z — a)?

Now the first term above is no longer divergent at £ — 0_, since we subtracted a term
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1

that behaves exactly like near x = a. Therefore, it can be written as

(e
h= \/%/OI(E) & [\/E +1 V() JE+ ;mtﬂ(x - a)2] (100
_ /Oa dar ‘/22) - w(a2_ | +o® (B.167)
-2 /0 do |- % +——| +o(m) (B.168)

finite

The divergence is therefore contained in the second term of (B.165). We can use the
relation

E=-V(2(E)) = ——mw?*(x(E) — a)* + O((z(E) — a)®) (B.169)

From this we deduce that E and (z(E) — a)? have the same behaviour as E — 0, which
implies O((z(E) — a)3) = O(E3/?), and therefore

z(E)
L=V 2m/ dzx
0

! (B.170)
\/E + tmw?(z — a)?

2 (o) 1
== / dz (B.171)
wJo V(z —a)? = (2(E) —a)? + O(E*?)
Exercise B.2 (Computing the integral).
Show that
/ dv —1In <2a> +OEYY  (B.172)
o V- ar- @B -@ptoEr) - \a- ()
Therefore, we have
2.2
N <2mea > (B.173)
and we find
E—0_ 1 2mw?a’® 2 [ 1 mw?
E —1 - — d — B.174
BE) wn< —F > w/o ﬂC[a—;zc 2V (x) (B.174)




Hence,

0 E-0- —1 @ 1 mw?
L omwB(E) ) d _
oE° omwla? P < /0 v [a - 2V (x)

which finally implies

1/2 a
FEy— Ey= Qhwe™ i 51 M / exp —/ dz L _ e
wh 0 a—x 2V (z)

Application to the double well potential
2
For the case V(z) = 2(2? — a?)?, with /\% = mw?, the integral in the exponential reads

) (B.176)

@ 1 mw?
I= de | —— — | =—— B.177
/0 v [a —x 2V () ( )
@ 1 2a
[lar| 2 - ] = - me (B.178)
which implies
3 _2
B — Ey = 4wy —e X |, (B.179)
A

where ) is the dimensionless coupling defined in (3.135).
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Quantum Physics IV, Exercises 1

Exercise 1 (Gaussian integral):
For all integrals below: o > 0.

« Compute the value of the real Gaussian integral®

+o0 9
GRe = / dz e

—0o0

e Now we will compute the Gaussian integral

+ oo +iox?
Gim = dz e (C.1.1)

— By considering the complex version of the function above and by applying
Cauchy’s Theorem we can relate the previous two integrals. Consider the
integral over the closed contour shown below?. Take the limit R — oo,

. s, C2
.
i Ci,- \
. \
I' v
. \
. '
l' '
. 1
’ 1
T ’
-R ' R Cy R
\ h
. "
\ L
C4‘

— Find appropriate parametrizations for the curves Cj 23 4.

— Show that the integrals over Cy and Cy vanish for R — 00.?
— Use these results to compute Gﬂ[n.

0 2
/ :L,Tl,e*aﬁ

oo
'Hint: Take the square and change to polar coordinates.

« Compute, for all n € N, o > 0*

(C.1.2)

2Hint: For the exponent with —a you should take a different contour. Which one?
3Hint: Show that the absolute value vanishes. Use Euler’s formula.

“Hint: You can exchange integration and derivation when integrating a continuous function with a
continuous first derivative.
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o Estimate the error when approximating the two integrals below by sending L — oo:

+L 5 +L
Gk, = dz e and GE, :/

—L —L

—z2

— Rewrite the first integral as [ g(z)-Le
show that you get an order e—oL? /L term.

dx e

+iax

2

and apply partial integration to

— Show that the other term(s) are of higher order in 1/L (this can be done by
repeatedly applying the method of the previous step and finding a smaller

and smaller extra term).

— How does this change if we take the imaginary integral? What does this mean

for its rate of convergence.

Exercise 2 (Multi-dimensional Gaussian integral):

A is a n-dimensional symmetric positive definite matrix. Compute the n dimensional

real Gaussian integral: °
“+o0o
Ga(0) = / A o~ S Ay
—00
and the imaginary Gaussian integral:
400 .
Ga(0) = / g ¢ Sy Asries
—0o0

What changes?

(C.1.3)

Now generalize this for when there is an linear "current" term (repeated indices are

summed over). ©

Ga(J) = / A ATyl

—00

Exercise 3 (Double slit experiment):

|
source T b

<

o

screen

SHint: You will need to diagonalize A.

SHint: Complete the square so that you can apply the previous result.
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In this exercise you are going to be guided through a quantitative discussion of the double
slit experiment. The main goal of the exercise is to determine for which ranges of values
of the parameters of the experiment (size of the slits, distance to the screen, etc.) will
you be able to successfully observe the interference pattern of the electron wavefunctions.
Assume the electrons are emitted from a thermionic lamp with a temperature T', and
answer the following questions:

1. For a physical lamp, the electrons can be treated non-relativistically. Why is that?
And what does that mean quantitatively?”

2. What are the two conditions that the length scales in the problem need to satisfy
for the wavefunctions to be well approximated by spherical waves after passing
through the slits?

3. Assume L > b. Show that, in this regime, the wavefunction evaluated on the screen
is

[Ytot (2, 1)|? o< cos?(azx), (C.1.5)

using that
Ai i(P|xgxi|_%+¢i)

Yi(z,t) = He (C.1.6)

are the components of the wavefunction represented as spherical waves centered
in x;, the position of the two slits. The electron momentum is p, F is the energy
and ¢; the phase of each component wavefunction. The origin x = 0 is taken to
be the middle point of the screen. Compute @ and derive the position of the first
maximum.

4. Let’s say we want the position of the first maximum to be more than x = 2mm
away from the main maximum, such that we can observe it. For which values of L,
in terms of the other scales in the problem, is this condition satisfied?

Exercise 4 (Splitting an exponential of non-commuting operators):

The exponent of a sum of non-commuting operators is not simply the product of the
exponents of the individual operators. (How can you instantly see that this cannot be
correct?). Instead we can split the exponent using the Zasserhaus formula®

SXHY) L X Y ~BXY] BV YIHXXY]) (C.1.7)

Use this to show that

<p]e€<T+V) |z) = e TO=V @) (p|e=FCg) = L TE=V @) (0) 4 O(2),  (C.1.8)

_ —ip’

assuming 7' = T(p) = s

and that V = —iV (&) is a function & only.

"Hint: Use Boltzmann’s constant kg = 0.86 x 1074 eV/K and the electron energy at rest mec? =
0.511MeV.

8This formula is often referred to as the Baker-Campbell-Hausdorff formula, from which it is actually
derived.
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In the lecture we will encounter this term when we consider the transition amplitude
for going from z to 2’

(a'le]z) = /dp ('|p) (ple”""|x) (C.1.9)
Neglecting the higher order epsilon corrections we can rewrite this integral into the

following form
dp C(p? md?
/27rh exp [—ze (2m +V(x)— - (C.1.10)

At which order in € the corrections neglected in (C.1.8) will contribute to the integral

(C.1.9)7 °

9Hint: Notice that p e 1/2,
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Quantum Physics IV, Exercises 2

Exercise 5 (Free particle propagator):
In this exercise, you will compute the free particle (£ = md?/2) propagator using the
path integral approach.

a) As a first step, compute the free particle propagator using basic quantum mechanics
methods: starting from the definition

K(xzs,t;24,0) = (g e wHl EDE (C.2.1)

insert the identity in momentum space, and compute the resulting gaussian integral
to show that

m m

omih(t; —t;) 7 [2h(tf @ T xi)Q]

K({L‘f,tf,ﬂii,ti) = (022)

b) Now, we can look at the problem from the path integral point of view. As you saw
in the lecture, the propagator can be expressed as

da?k ig
K(egty,ai,t) = lim / H ks (C.2.3)
where A = QW“E and where the time interval was split into steps of size € = 2, J;ti

(this is the same as what was done in the lecture).

2
Take z9 = x; and x§ = xf. Show that S = Zé\/:—ol %M and perform the x;

€
integral'?. To recognize the pattern of these integrals you may also want to do the

xo integral. Then show that the n-th integral will give

/dfﬂn exp[;g <;($n —20)* + (@nt1 — xn)2>] -~

2mieh n m 1 ( 2
exp|— | ——(zpy1 —
m n+1 Pl \pg1 T

(C.2.4)

Using all these results, check that your result for the propagator matches with part

A).

Hint: there are two terms in which x; occurs. One involving zo and one involving zp. After
integrating out x1 you find an exponent involving the difference between z2 and xo.
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Exercise 6 (Schrodinger equation):
Given a wave function (g, tp) at a time tg, the following equation gives the wave
function at a time ¢:

+oo
Y(z,t) = / dwo K (z,t; 20, to)v(z0, to) (C.2.5)

—0o
1. Show this by using K (z,t, 20, to) = (x| e =10 |z).

In the rest of this exercise, you will show that this equation holds the same information
as the Schrodinger equation. To see that, consider the evolution over an infinitesimal
time interval e. By matching the small € expansion of the left hand side and the right
hand side of (C.2.5), you will rediscover Schrodinger’s equation.

2. Take t to be tg + €. For small € we can approximate the integral over all paths in
K by the contribution of a small straight path over a single time step of size e.
Compute the action

SE:A?+iﬂ<;nm2—iqu (C.2.6)

for a straight path with boundary conditions x(tg) = z¢ and z(tp + €) = x. With
this action in hand, convince yourself that the propagator should take the form:

2
1 1[mm_ev z+eg
K($,t0+e,x0,t0)zﬁe ( : )

e (C.2.7)
where we keep N as a variable to be determined.
3. Show that, after making a change of variables, equation (C.2.5) leads to
1 +oo i[ms2_ y(psd
U(z,tg+€) = N/ d6eh[2 2 V< +2>]¢(:c +9,tp). (C.2.8)

4. Argue that we can expand around § = 0 and do so. To what order should you
expand? Pay attention to the relation between orders of € and orders of §. This
relation can best be seen after integrating the Gaussian integral(s) over .

5. Matching the order € terms on both sides, find NV

6. Matching the order € terms on both sides, rediscover the Schrodinger Equation.

Exercise 7 (A Primer in Variational Calculus):
Functional integrals are maps from the space of functions to the set of real (or complex)
numbers. Functional derivatives are defined as follows

OF Ff(z) + ed(x — xo)] — F[f(x)]

w@@ZE% € ’ (C-2.9)
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where x is the variable of integration. Use this definition to compute the functional

derivatives of the following functional integrals

mmz/ﬂwm, &mzﬂﬂm%mm,

Bl = [, = [ () a,

Rlf] = / Gl f(x)de,  FolJ] = o3 dsdn@AE-)Iw)

(C.2.10)

Use these tools to determine whether the classical trajectories of the free particle and of
the harmonic oscillator are minimal, maxima or saddle points of the action. To do so,

you need to examine the second order functional derivative of the action §2S[z, ] .

11

"Hint: You will need to integrate by parts 6%, and then appropriately expand §z in eigenfunctions of

the differential operator you will obtain.
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Quantum Physics IV, Exercises 3

Exercise 8 (Free particle propagator):
Remember the following identities/definitions:

K(xg tyat) = /

D|[z] exp<15>, (C.3.1)
2(t)=wi, 2(t)=z L

N

—1
Pl =+ [T &, A=) ) i ) (C.3.2)
Pl A’ 2mhe’ N

a) We will once more compute the propagator K(xy,ts;x;,t;) for a free particle. But
this time we will use determinant methods.

N

e Start by showing that

K(xy,tp; 21, 1;) = exp im (2 = )7 K(0,t7;0, ;). (C.3.3)
2h ty —t;
Hint: write S[z(t)] as S[zq(t) + y(t)] with z the solution to the equations
of motion so that you can express the exponent in K as S[z.] + S[y] with
y(ti) = y(ty) = 0.
o Next we need to compute K(0,%7,0,%;). We could do this explicitly by dis-
cretizing time, but in this exercise you will use a different and arguably faster
method: using Gelfand-Yaglom’s theorem.

As you have seen during lecture 3, Gelfand-Yaglom’s theorem is a formula
to compute the propagator for a harmonic oscillator with time-dependent
frequency'?.

The theorem tells us that

m

K(O,tf,o,tz): W

(C.3.4)

where ¢ is the solution to ¢(t) + w?(t)p(t) = 0, such that ¢(¢;) = 0 and
@(t;) =1 (w?(t) is the time-dependent frequency of the harmonic oscillator).

Use this to compute K(0,%f,0,t;) in the case of free particle.

2More generally, any quadratic action can be cast into a form suitable for the use of Gelfand-Yaglom’s
theorem
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b) Using the free particle propagator determine the evolution of a gaussian wave-packet
Y(z,t =0) = N exp(—2®/203) exp(—ipz/h) (C.3.5)
What happens to the mean and the variance of the probability density | (z,t)[>?

c¢) We want to interpret K(x,t;0,0) as a wave function ¢ (x,¢). This will help us
develop an better intuition about this object.

e What is the corresponding wave-function at time ¢ = 07 Can you guess the
probability density in the momentum space?
e Determine the associated probability density both in coordinate and in mo-

mentum space?

Exercise 9 (Some analytical mechanics and path integral identities):
Prove the following statements :

a)
dthd =—F and dfod = P, (0.3.6)

where S is the action evaluated on the classical trajectory and fixed end-point
variations are assumed.

Hint: write x¢(t) = f(xf,tf, 24,1, t): the classical path x4(t) depends implicitly
on xf, i, tr,t;, and the function f makes that dependence explicit. Then,

The trick is then to take total derivatives of the above relations with respect to
xi, ti;,xf,ty. As a reminder, recall that for a function g(x,y), we have

d = [99 99 %y
ag(a:,y =)= [8x oy Oz ]y:z (C.3.9)
g
b)
de  ddLN isp) _
/D[:C(t)] <d$ iy d:i’) en”® =0 (C.3.10)

Hint: consider a small, fized deviation §(¢t) which vanishes at the boundary. Then,
do a change of variables in the path integral: z(t) = y(t) + 6(¢). What happens to
the measure D[z(t)]? You should be able to conclude after computing the quantity
S[y + ¢] to leading order.

Exercise 10 (Saddle point approximation):
Consider the integral :

I(a):/ceo‘f(z)g(z)dz (C.3.11)



where « is real, f and g are analytic in some region of the complex plane containing the
contour C'. We would like to compute an approximation to this integral when « is large.
Often such integrals can be approximated using the saddle point (or steepest descent)

method:!3 _
I(a) ~ g(z)e®T(#0), | ar__ e (C.3.12)
@ /1" (z0)]

where 2 satisfies f'(z9) = 0 and 6; is the angle of the path passing through z, chosen
such that 0 < 0; < 7, 201 + 63 = 7 or 3w, where 65 is the phase of f”(2).

1. Apply this approximation to two examples :

e Stirling formula for large N:
o0
N!'=T(N+1) :/ dz e %z
0

o Hankel function for large a:

where the contour C is :

You are now going to be guided through the general proof of this approximation.

2. To start, argue that the integral

I(a) = /C 1) g(2)dz (C.3.13)

is dominated by the contribution coming from the point zy in the path such that
Ref(zp) is a maximum. Argue that we need to choose a contour along which Imf(z)
is constant close to zg.

3. Argue that a point of the contour that maximizes Ref(z) and has Imf(z) constant
is a saddle point of f(z) (by this we mean a saddle point of both Ref(z) and of
Imf(z)). That is why this is called the saddle point approximation.

13 A condition for these methods to work is that f(z) has a saddle point. Further comments on the
conditions at the end of this exercise.

1Remember that two contours are equivalent if you can deform one into the other without crossing
any singularity. That means that in the quest to approximate I(«) we are free of choosing the contour
that optimizes our approximation.
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4.

Taylor expand f(z) to second order around this saddle point zg. Call z — z5 =
rie®t and %f”(zo) = re'?2.  Show that, close to zp, the path along which
Im[f(z)]—Im[f(20)] is constant is also the path along which Re[f(z)]—Re[f(z0)] is
maximized. That is the path we want. By requiring the constancy of Imf(z) we
have fixed 0 in terms of A2, which by definition is the phase of f”(zp). That is why
this method is also called "of steepest descent'.

Having made this choice, we now have

1
f(z) = f(z0) = —rira = —t* = Sl - 20)° " (20) - (C.3.14)
Taylor expand g(z) around zy and perform a change of variable from z to ¢. You
then should obtain the so-called asymptotic expansion of I(«):

X ok+3 gi(2k+1)01
I(a) = e/ (20) Z .
o |f"(z0)F T2 (2K)!

Check that the first term in this expansion is exactly the saddle point approximation
(C.3.12) . We have used that

o . 1
/ et = =" <"; ) . (C.3.16)

g% (z0)T (k: + ;) aFz (C.3.15)

Here are some extra comments on the saddle point approximation and its applicability:

To properly understand the large o behaviour of the integral (C.3.11) one should
start by doing a contour plot of Re f(z) for z € C. Then one can deform the
integration contour towards the minimal values of Re f(z) until the contour is
always orthogonal to the lines of constant Re f(z). 1

Sometimes it can happen that the maximum of Ref(z) is not at a saddle point of
f(z), but at the end-points of the contour. In addition, it is possible that while
deforming towards the optimal contour one encounters a singularity of g. In this
case, the integral may be dominated by this singularity. Often the function Re f(z)
has several saddle points and drawing the optimal contour is important to identify
what is the relevant saddle point.

50One may think of Re f(z) as a height function over C = R%. Then let the original contour "fall"
like a tensionless string in this landscape keeping the endpoints fixed. The final contour will be steepest
descent in the landscape.
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Quantum Physics IV, Exercises 4

Exercise 11 (Propagator for the harmonic oscillator):
The propagator for the harmonic oscillator has the following form

/ mw 1

where S,; is the action evaluated on the solutions of the equations of motion obtained
with Dirichlet boundary conditions z(0) = z;, q(T) = ;.

a) Use Gelfand-Yaglom’s theorem to recover the prefactor

mw
Kpo(0,7;0,0) = /| —————— C.4.2
1#0(0,730,0) 2mihsinwT ( )
b) Calculate the explicit expression for Kgo(xy¢,T;x4,0).
c) Consider a gaussian wave packet at rest at time ¢t =0
1 _ (1*15))2
1/](337 0) N 70 9 (043)
(2rad)]
where the prefactor is such that
oo
/ (e, 0)Pdar = 1. (C.4.4)
—00

Determine the wave function at later time ¢t = T, if the dynamics are those of a

harmonic oscillator. 16

d) Read off the averages Z(t) = (x(t)), and Ax(t)? = ((x(t) — Z(t))?) and discuss their
relation w.r.t. the classical problem.

Hint: Recall that for a gaussian wave-packet 1(x) = N exp (—(m ;“;0)2), T = xg
0
and Az? = 03.
Exercise 12 (More Propagators):

For both systems below compute the propagator. The idea is to make use of the known
solutions (free particle and harmonic oscillator) :

m 4 gfree
Keee(z,1;0,0) = e i gt
mw b m i gHO
K 40,0) = __F Uneno) exSd
ol ) 2mih|sin(wt)| c ¢

16Hint: The calculations here become cumbersome. Remember that Mathematica is your friend.
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1. Constant gravitational field :

1 -2
'Cgrav. =smx — mgr

2. Forced harmonic oscillator :
Liorced HO = %mi’Z — %mw2x2 —J(t)x
To solve the forced harmonic oscillator, here is some guidance:

e To start, write x as the classical solution x. to the unforced harmonic
oscillator plus a path y. You should get:

1 (7 d?
Sforced HO [x] = Sforced HO [xcl] - 5 / dt [:’-/ m <dtg + WQ) Y+ QJ(t)y]
0

D,

o At the end of the first exercise session we saw that

el AxtJT e = (a4 JATY )T A(x+ A7 T)2)—JT AT T J4 = 2T Ad' —JT A7V T /4.
(C.4.5)

We will now use the continuous equivalent of this. We need to find the ‘inverse’

of the differential operator D,,. To this end we assume that there is a function

G(t, ) such that
D,G(t,7)=46(t—7) , GO,7)=G(T,7)=0 (C.4.6)
We will find this G explicitly later. We introduce the notation
G-J= / dt' G(t, t")J(t). (C.4.7)

Rewrite the y dependent part of the action as:

5=~ [ A WOHGI) DL WW+G-TW)+5 [ drdt J@)GE 050

(C.4.8)
¢ You should shift the integration path again such that you obtain
i i y(T)=0 i .
Ktorced 1O (2, T, x;,0) = e Storeed Ho[xcl]+zfzJ'G'J/ DlgenSuoldl
y(0)=0
(C.4.9)

What was the shift y — 7 Why will the boundary conditions on our new g
be the same as the ones on y?

e Now we only need to evaluate the factors in front of the path integral. In
order to do this, we will have to find the explicit expression for G(t, 7). We
will need to solve the differential equation (C.4.6). First write the general
solution for ¢t < 7 and t > 7. Note that in these domains we have a simpler
homogeneous differential equation D, G = 0. You should find:

Gi(t,7) = Re(7)sin(wt + ¢+) (C.4.10)

where + stands for t < 7, t > 7.
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e Use the continuity of G and the discontinuity of the first derivative of G |
G_(1,7) = G4 (T,7) (C.4.11)

1
G (r7) = GL(r,m) = —, (C.4.12)

as well as the boundary conditions, to find ¢+ and Ry. Can you derive
(C4.12) 7

e Use all these elements to compute the full propagator.
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Quantum Physics IV, Exercises 5

Exercise 13 (Wick rotations and 2-point functions):
In the lecture, you defined the Euclidean vacuum expectation value

GE(T1,7'2) = <0‘ Tﬁ%E‘(Tl).’IAjE(TQ) ’0> y (051)

H Hrt

where Zg(7) = entTg Ee_% is the Heisenberg picture Euclidean position operator!”
and T is the time-ordering operator which places the g with highest 7 on the left, and
the others in decreasing order to the right.

The Minkowski space correlator can be obtained by Wick rotation 7 — it in the
above:

(0] T (1) (t2) |0) = Gp(ity, it2) (C.5.2)

In this exercise, you will familiarize yourself with the Wick rotation by looking in greater
details at the 2pt function without the time-ordering.

o Show that (0| zg(11)ZE(12) |0) is well-defined only if
Re(11) > Re(m) (C.5.3)
Hint: use the fact that the Hamiltonian is in general not bounded from above.

« Wick-rotating consists of setting 7; = e'“t; (j = 1,2) and going from a = 0
(Euclidean) to a = § (Minkowski). Draw the 7 complex plane to visualize the
rotation. Is the constraint (C.5.3) realized during the whole rotation? Which 2pt
function do you obtain?

o Assume now that we want to compute the unordered Minkowski 2pt function'®
O] #(t)a(t2) [0), 1 <t (C5.4)

Is it possible to reach this from the Euclidean correlator using the same rotation as
before?

o Instead of rotating 7 and 7o in the same way with a parameter o as above, consider
now the case 7; =it; +¢; (j = 1,2), where ¢; < 1. Is it possible to pick €; and e
such that

(0] z(t1)z(t2) |0) (C.5.5)

is well defined? Again, draw the 7 complex plane to better visualize what you are
doing.

'"Note that it is obtained by replacing ¢t — —i7 in the usual Minkowski space operator &(t).
18Tn QFT, these are sometimes called Wightman functions
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e Convince yourself that in Minkowski space, it is possible to define out of time order
correlators starting from time-ordered Euclidean correlators by using the above
prescription. Try to generalize the discussion to 3-point functions and above. Can
you find an explicit parametrization of the €?

Exercise 14 (The propagator of the forced harmonic oscillator in Euclidean time):
We will now find the propagator for the HO with source in Euclidean time

J
KO (2,24 6) :/(0)_ D] exp <—?> (C.5.6)
m(ﬁ):;f
with 5 )
SL[z] = / dr (’;%2 + %aﬂ + J(T):C) (C.5.7)
0

We now have to do a computation that is similar to what we did last week. However,
here we have rotated to euclidean time 7 = it.

e Start from the definition of the Minkowski propagator of the forced harmonic
oscillator from last week exercise sheet and perform a Wick rotation to check that
you obtain (C.5.6). In particular, check that this changes the exponent to be of

J
the form —ST? and check that the signs in the (now Euclidean) action Sg (C.5.7).

¢ Now, we can proceed similarly as last week in order to find the explicit form of the
Euclidean propagator. (You may want to go back to last week exercise sheet for
guidance.). After performing the usual change of variable © = x + y where . is
the classical solution of the unforced HO, you should obtain

Sllxal +3J-Gg-J
Kgio(mi,xf;ﬁ) = exp (— el +72i b ) KgO(O,O;B) (C.5.8)
where
DEGp(m,m) =6(1,72), Gg(0,7)=Ggr(8,7)=0 (C.5.9)

dt?

with DY =m < @ _ w2) (notice the sign change compare to the Minkiwski case).

 Following the same steps as last week, we can now find the different terms of (C.5.8)
and obtain

1 (x?—i—rf) cosh(wf)—2z;x 5

GEg -

5mw - +J zg+ig-
KfHO ; . _ w . 2 sinh(wp) 2
g (@5 h) \/ 27 sinh(wp) P h

Exercise 15 (Partition function of HO):
We want to compute the thermal partition function of the HO given by

Z(B) = /dX KIO(X, X;p) . (C.5.10)
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a) Use the result of Ex.2 to compute explicitly the partition function, you should
obtain

1

Z28) = 5oioaT) Snh(wB/2) (C.5.11)

b) Rewrite the partition function in order to obtain the energy levels of the harmonic
oscillator. You will need the series expansion for 1/(1 — x). Then, compare with

Z(B) = i e PEn/h (C.5.12)
n=0

Exercise 16 (Van Vleck-Pauli-Morette formula):
We saw that for a generic quadratic hamiltonian the propagator can be found using the
Gelfand-Yaglom theorem:

m

2miho(ty)

Moreover, even when dealing with a potential of higher order we can do a semi-classical
approximation where we expand the action to second order in the variation y around the
classical path x.. For an action of the form

Sla] = / (mf - V(x)) dt (C.5.14)

K(0,t7,0,t;) = (C.5.13)

This gives

S . iS[ze] . J

K (g, tp,mity) m KMol g gy t) = e /D[y]eh ,
(C.5.15)

where we used that linear terms in y have a vanishing contribution. Then, we can
apply Gelfand Yaglom’s theorem with Q(t) = V" (x(t)). We just need to find ¢(ty), the

solution to 2 Q)
t
<dt2 + m> o(t)=0 (C.5.16)

satisfying the boundary conditions ¢(t;) = 0 and ¢(t;) = 1.

a) To start, differentiate the classical equations of motion to show that ¢ is a solution
of (C.5.16).

b) Unfortunately, & does not satisfy the right boundary conditions. To find the
solution that does, we are going to use the Wronskian. In general, if you have
found n — 1 solutions to a order n differential equation, the Wronskian will help you
finding the last solution. Given two functions f and g, their Wronskian is defined
as

W (t) = f(1)a(t) — f(t)g(t). (C.5.17)



Given the one solution we found, v(t) = @(t), we write the Wronskian with the
solution we seek, ¢(t), as

W (t) = v(t)o(t) — o(t)o(1). (C.5.18)

Using (C.5.16), show that '
W (t) = 0. (C.5.19)

Show that W (t) = 0 implies

d (@) _ v(t)
4 <v(t)> -0 (C.5.20)

Solve this differential equation to find ¢(t¢). With a simple change of variable you
should find that the solution can be expressed as an integral over x:

oty) =ittt [ (©5.21)
=0 Vg L0,
P L w@)?
Finally, we want to write our result in terms of the action. To do so, show that!?
9%Sa 1 OFE
= — C.5.22
dxidxy  v(ty) Oz’ ( )
and 5E
m
= _ﬁ . (C-5.23)
8$i U(ti> fazif Uéj(x)

You should obtain, in the end,

o iSlzey] 1 0928,
Kseml—Cl&bblCal t t)Y=e R 4/|— « C.5.24
(@p by wisti) =e 2mih Ox;0x ¢ ( )

This is called the Van Vleck-Pauli-Morette formula for semiclassical propagators.

19What you showed in Exercise Sheet 3 will come useful here.
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Quantum Physics IV, Exercises 6

Exercise 17 (Partition function of the forced HO):
Compute the partition function of the forced HO or equivalently the partition function

of the HO coupled to an external source.?’
1 [B/2
ZwolB, J] :/ D[z] exp —/ drLEq — J(m)x(r) (C.6.1)
(1) (1) L
where . .
LEo = -mid? + —mw?a? (C.6.2)

2 2

e Completing the square, you should obtain

J-Gp-J
where the Green’s function is the solution of
m (=0, +w?) Gp(r1,72) = 6(11 — 72) (C.6.4)
—_———

D,

with periodic boundary condition (why?)

o (~2m) = e (2n) o3

87—1Gp <—§,7‘2> = aTle (5,7'2> (0.6.6)
¢ Use the continuity equation at 71 = 7 and the periodic boundary condition to
show that [ (1 | ‘)]
1 cosh|w (58— | —m

Gp(T1,m2) = 2 C.6.7
p(m1,72) 2wm sinh (%wﬁ) ( )

¢ Conclude by using last week’s result for the unforced HO:

1
Z )= —————. C.6.

Exercise 18 (Perturbative expansion & anharmonic oscillator):
Consider a harmonic oscillator perturbed by an anharmonic term :

A
1,2 1.2 2 4
Lg=7ma” + gmwz” + 4!x
We will treat the quartic interaction as a small perturbation, that is A < 1 and will

study the partition function. The aim is to compute :

20Note that we defined here J(7) with opposite sign compared to last week. The reason is that we
want to match the equation studied in the lectures
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e Mean energy at first order in .

e Free energy to second order in A in small and large § limit.

Definitions :
1
Free energy :  F(f) = _hB log Z
d
Mean energy :  E(f8) = —h@ log Z
You will need the result derived in exercise 1.
Let us also clarify notations, we define
1 [B/2
218,.] = / Dlalexp | - / drLp — J(r)(r) (C.6.9)
(£)=(3) -
and
1 [B/2
218) = Z[8,0] = / Dlaexp | -+ / il (C.6.10)
(5= (2) -

1. First we need to find an expression for the perturbed partition function in terms of
functional derivatives acting on the unperturbed partition function that we know.
Starting from

Z[ﬂ}:/x< ) )D[x]exp[—(SHo—i—Sint_)/h], (C.6.11)

show that

218 = o |3y [ am (75 ) | oo (35 5-)

What are Zy[5] and G(71,72)7?

(C.6.12)

J=0

2. Now we can find Z[5] to any order in A by expanding the exponent to the appropriate
order. We see that the functional derivative to J(7,) can act in different ways
to give different contributions (either working on one of the J’s in the exponent
or on J’s that were brought down by previous functional derivatives). Start by
explicitly calculating the first order partition function (in terms of ). Check that
you understand that we can represent the result by (a numerical factor times) the

following diagram:
g; cos)

You can see that there is a diagrammatic way to work out what contractions of G
you can get by acting with a functional derivative with respect to J and how often
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such a contraction occurs. For instance for the diagram we just saw we knew we
had access to one vertex (one order of \). All functional derivatives were at the
same point (the same 7 coordinates). Thus, all four lines need to connected back
to the same vertex. So the only option is to connect them all back. However, we
are left with the choice of how to do this. Take one line, we have to connect this
line to one of three others. This gives 3 options. This was the only choice as the
two lines that are left have to connect to each other. This choice corresponds to
the fact that we can get G(71,71)? in three different ways by acting with functional
derivatives. Thus, we can work out the combinatorics of the derivatives using only
the diagrams.

. Now calculate the second order contribution both explicitly and diagrammatically
and check that the results match. You will now find disconnected diagrams. In
fact you will find the previous diagram twice. (Take a look at the numerical
pre-factor. Are you starting to see a pattern?) Calculate the pre-factor of the
diagram consisting of three such disconnected diagrams (which you find at the
third order calculation) and see whether you understand the pattern.

. Show that we can write these disconnected diagrams as the exponential of the
connected one, show especially that the pre-factors work out. In general all
disconnected diagrams can be written as the exponential of connected ones. When
you take the log of the partition function (free energy) you will get only connected
diagrams.

. Write the partition function at order 0, 1 and 2 in terms of diagrams (pay attention
to the multiplicities), and write log[Z ()] also in terms of diagrams.

. Compute the first order diagram exactly (do the integral over the greens function),

. Compute the second order ones in the small 5 limit. (It is a good exercise to also
calculate the large § limit now. However, it might actually be easier to obtain it
later when we have the exact expression.)

. We will need an integral identity for the next level. So here is a small mathematical
interlude. Show the following identity:
n—1

1
/Cosh”(x)dx = /cosh"Q(x)dx—i— ﬁcoshnfl(a:) sinh(x)

and use it to obtain :
/coshQ(aj)daz = 1z + 1sinh(2z)

/ cosh?(z)dx = 32 + § sinh(2z) + 55 sinh(4x)

. Use the integrals above to compute the second order diagrams exactly. Check the
limits obtained earlier.
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10. Compute the mean energy at first order. Identify a dimensionless expansion
parameter.

11. Compute the free energy at second order in the small and large § limits. Identify
the dimensionless expansion parameter for each limit.

12. Discuss the validity of the expansion, give an interpretation of the conclusion in
both limits and relate the two expansion parameters.
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Quantum Physics IV, Exercises 7

Exercise 19 (Free energy of HO perturbed by a cubic potential):
Consider a harmonic oscillator perturbed by a cubic term :

A
1, -2 1. 2.2 3
Lg = 7mz” + gmw’z —}—3!30

and compute the leading correction to the ground state energy. Here is some guidance:

a)

b)

Write down the partition function in terms of a path integral, and write the
interaction in terms of functional derivatives acting on a source.

Use the periodic Greens function and the unperturbed harmonic oscillator partition
function as calculated before?!

1 cosh [w (%ﬁ —|m = 72l)]
2wm sinh (%wﬁ)
1
B 2sinh(wj3/2)’

Gp(m,m) =

)

(C.7.1)
Zo[p]

and compute the leading order correction to the partition function using Feyman
diagrams. You should find that the first non-zero contribution is at O(\?). Was
there a way to see this from the beginning?

Use this result to derive the leading order correction to the free energy. What limit
do you need to take in order to derive the correction to the ground state energy
starting from the correction to the free energy?

Exercise 20 (1 & 2 point correlators for cubic and quartic perturbations):
Compute :

a)

the first non vanishing correction (leading order (LO) correction) to the thermal
correlation functions (&) and (2?) both for a harmonic oscillator perturbed by a
cubic and a quartic term. Note that this is not necessarily the first order in \. It
should be easy to predict when these will vanish. Also take the large S limits.

the second non vanishing correction (nezt to leading order (NLO) correction) to (Z)
for the cubic potential (For simplicity, in this second point, just write the diagrams,
do the combinatorics and check the cancellation of the disconnected graphs. Leave
evaluating the integrals for last.).

Remember :

@™ = BPGp(n=7,....,7a=1)

o2 B 1 ho ho
h GP(Tl,...,Tn) = Z[B’O] (5J(Tl) (SJ(Tn)Z[ﬁ,J] J=0

210r quickly re-derive the partition function from its trace definition. Since you know E,.
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Useful relations :

1 —1

/dx sinh"(z) = o sinh™ ! (z) cosh(z) — n - /da: sinh" ()
n 1 n—1 . n—1 n—2

dz cosh”(z) = n cosh™ ™" (z) sinh(z) + - dz cosh" ™ *(x)
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Quantum Physics IV, Exercises 8

Exercise 21 ( The partition function in the high temperature limit.):
The goal of this exercise is to find the leading quantum corrections to the euclidean
partition function in the g — 0 limit. Consider the euclidean action

Sp = /Z/; dr [%aﬂ + V(x)} . (C.8.1)

The partition function can be written as

/ dX/ Dlzle” ™ :/ Dlz]e” . (C.8.2)
—o0 z(£8/2)=X z(—B/2)=z(B/2)

First way

a) Approximate the left hand side of eq. (C.8.2) by evaluating the potential on the
fixed path z(7) = X (in the g — 0 limit, it is a reasonable first approximation
to treat V(x) as a constant on the interval). Can you interpret the result as the
partition function of a well-known system?

b) Do an expansion around the previous approximation using x(7) = X + £(7). Keep
terms up to and including second order.

Why should this expansion be valid (i.e. why is £ < X in the f — 0 limit)? (Hint:

Use dimensional analysis or isolate all 5 dependence in a way that the 8 dependence
of the final result is easy to understand.)

c¢) Simplify as much as you can (perform a shift in £ and remember to keep track of
how this affects the boundary conditions). The goal is to get a form where you can
apply the previously found harmonic oscillator result

N mw rmw 9 9 '
K(xg tyat;) = ST ST exp [2hsian [(a:f—kxi)cosz—Qa:f:pz] ]

(C.8.3)
Remember you should Wick rotate this to Euclidian signature by taking 7' — —if.

d) Take the limit 5 — 0. If you only go to first order in the Taylor series for cosh and
sinh, you will find the same result as in a), so you should take into account the
second order terms.

e) Express the final result just in terms of V' (dependence on V" can be replaced with
V' dependence through partial integration)?2.

Second way (Matsubara expansion)

22The boundary term that you get for doing this can be discarded if V(X) — oo as X goes to plus or
minus infinity.
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e) We will now compute the right hand side by expanding z(7) in a Fourier series
2rk 2mk
=z + Z {xk sin < i ) + a:,(cc) cos <7TT>:| . (C.8.4)
k>1 B B
Verify that this expansion satisfies the correct boundary conditions.

f) Plug this expansion into the action and expand V(zg + ...) keeping terms up to
and including second order in the x;’s. Perform the Euclidean time integral.
Useful formulas:

(8)s(

g) In terms of the new variables zg, “ we can perform the path integral as follows

~

dX Dlz] — Ndwo [] dzy?z)” (C.8.5)
k>1

with some (infinite) normalization N'. Perform the 1,‘](:) and a:,(:) (Gaussian) integrals.
Fix the normalization of A by taking V = 0 and comparing with the free theory

results.
h) Keep only 8 terms up to second order and use the identity
1 72
Z = = ¢(2) = " (C.8.6)
k>1

Check that your result matches the result from the previous exercise (Use partial
integration again).

Exercise 22 (The quartic integral):
The goal of this exercise is to investigate some mathematical features of various kinds of
approximations to the toy model of the quartic integral

1 o0
/ dz 6_%'22_%924, (C.8.7)
T J—0co

which is defined for Re(g) > 0. This can be interpreted as the path integral of a zero
dimensional anharmonic oscillator with a quartic interaction term. For interested read-
ers, https://munsal.files.wordpress.com/2014/10/marino-lectures2014.pdf is a
great reference.
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a)

b)

c)

Show that the series expansion around g = 0 is given by

4dn — !

1) =Y ang”, an = (—4) (C88)
n=0

n!

Show that this perturbative series is asymptotic, 7.e. it has zero radius of conver-
gence.

We would like to extend the definition of I(g) to negative values of g, by keeping
the integral convergent. To do so, we can analytically continue this integral by
rotating ¢ clockwise or counterclockwise by 180° and compensating by rotating z*
by the opposite amount, such that Re(gz*) > 0. Show that this corresponds to
rotating the contour of integration by 45° clockwise or anticlockwise.

Notice that these two ways of analytically continuing this integral lead to different
answers. This means that I(g) has a branch cut along the negative real axis. Use
the saddle point approximation to compute the discontinuity along this branch cut.

Plot the partial sums

N
In(g) = ang™, (C.8.9)
n=0
for g =0.04 and N =0,1,...,10 and compare these values with the exact value

I(g = 0.04). What N should you choose to obtain the best approximation to the
exact value? What happens for other values of g7 Can you determine the optimal
value of N as a function of g7

Borel summation: Define the Borel transform

o0

1 n
F(t) = nzzo —ant". (C.8.10)
Show that the function
. 1 [
i(g) = / dte1IP(E) (C.8.11)
g.Jo

has the same perturbative expansion as I(g), as long as the integral over ¢ converges.

From equation (C.8.10), show that the radius of convergence of the Borel transform
is finite. Evaluate (C.8.10) with Mathematica. It should give you a closed form
expression. What are the singularities of F'(¢) in the complex t—plane?

Pade approximants: Consider the following rational representations of the series
expansion of I(g):

2N
bo +big+...bngN IN+1

Pn(g) = 7 = ang" +0(g*") (C.8.12)
14+cg+...eng o
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This is called the [N/N] Pade approximant to I(g). Hint: in order to find the b

and c¢ coefficients, impose that B"gT]\;(g) . matches on both sides. Do this with
g:

Mathematica for various values of V.

Check numerically that limy o, Py(g) = I(g) for any g > 0 (in practice, check up
to N ~ 8). Plot the poles of Py(g) in the complex g—plane for several values of N.

i) Further reading at https://munsal.files.wordpress.com/2014/10/marino-lectures2014.pdf
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Quantum Physics IV, Exercises 9

Exercise 23 (Free particle fixed energy propagator):

The goal of this exercise is to compute the fixed energy propagator for a free particle
by Fourier transforming the fixed time propagator. Start by inserting the fixed time
propagator in the definition of the fixed energy propagator.??

[ m
KT xy,x;) = — ¢S/l

K(E;xy, ;) = dTe" n *K(T;xf,x;)
0

Notice that it is difficult to immediately perform the T integral. To simplify the calculation
we use the momentum representation of the fixed-time propagator instead of the position

one.
> dp T plry — ;)
K(T; ) = — — C.9.2
( ’l‘f7xl) /0027rhexp< /I’th+1’ h ( )
You may want to check that this is correct (by doing the Gaussian p integral). Plug this
into the equation for K (E;xzs,z;) and do the T integral. Then, do the p integral, using
Cauchy’s theorem. You will want to rewrite the integral to the following form first:

 dp et
—o ™ (p—=po)(p+po)
where Az =z — x; and pg = \/2m(E + ie).
Exercise 24 (WKB Approximation Validity):
Next time we will see how the path integral formalism can be used to deal with bound
states and meta-stable states (tunneling). This time we will brush up on the WKB
approximation using the Schrodinger equation, since it will be easier to find its region of

validity:
Write the generic wave function to be solved for in the time-independent problem as

. 2
1/)(:10):6%", azao+<iz> 1+(7Z> o2+ ...

and solve the Schrodinger equation perturbatively in .

a) First solve for og at order O(0) then for o1 at order O(h) and finally for o9 at order
O(R?).

b) Then check what fic; < 0¢ and h209 < 09 mean in terms of the physical parameters
of the problem. This gives you the regimes where the WKB approximation is valid.

ZNotice that to obtain a convergent integral we gave a small imaginary part to the energy. This is
analogous to requiring that the fixed energy propagator is analytic in the upper half of the complex plane.
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Exercise 25 (Large order behaviour of perturbation theory):

In this exercise, we will study the correction to the ground state energy to all order in
perturbation theory. In this exercise, instead of using Feynman diagrams, we will use
the Schrodinger equation and a clever ansatz for the wave function??. Inspired from last
week’s exercise, what do you expect for the radius of convergence of the expansion of the
ground state energy in powers of \?

Consider the anharmonic oscillator with Hamiltonian
Lo 1, 4
H = 5P + 5% + Az”, (C.9.3)
we are going to study the perturbative expansion of the ground state energy 2°

R "
Ey = +;An)\ . (C.9.4)

The Schrodinger equation for this system is

L& Lo g =FE C.9.5
i 57t vle) = B, (©95)

Use the following perturbative ansatz for the ground state wave function
1 — 1,2 2n .
v(@) =~ Zove—zx Bn(x),  Bpn(z) = (—1)n§;x213n,j. (C.9.6)
n= Jj=

a) Fix By(z) by considering the unperturbed harmonic oscillator (A = 0) and compar-
ing with the usual ground state wavefunction.

b) Show that this solves the Schrodinger equation if the coefficients of these polynomials
satisfy the following recursion relation:

n—1

2jBnj = (j + 1)(2 + 1)Bujs1 + Bao1j—2 = > Bup1By, (C.9.7)
p=1

and that A4, = (—=1)""'B,, ;.

c¢) Implement this equation recursively on Mathematica and determine A,, for n =

1,2,...,50. Compare your results with the asymptotic formula
n+lqgn 6 1
Ap = (=1)"3" T (n+ 5) > n— o0o. (C.9.8)
T

d) What is the radius of convergence of the series (C.9.4)?

24The article [4] is a good reference for interested readers
ZNotice that we are in units where & = 1 and we choose m = w = 1 to simplify the expressions.
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Quantum Physics IV, Exercises 10

Exercise 26 (Application of WKB):
During the lectures, you learned about the semiclassical approximation to the fixed

energy propagator

1 - T i T
KSC(E; Lf, xZ) Y v v Z e_liNneﬁ Jmif denp(z) ) (0101)

o(zi)o(zy)

where p(E,x) = £4/2m[E — V ()], the sum is over all classical paths of energy F, and
N,, is the number of turning points of the n-th path. We will consider this approximation
in the case of a bound state and of a metastable state.

Case 1 : bound state Case 2 : meta stable state.
Probability P < 1 to tunnel

Through the WKB approximation, we will compute the energy levels and the wavefunc-
tions in both cases.
Bound state:

a) For two points x; and x consider all classical paths of energy E connecting them
(assume x¢ > x; for simplicity). There are infinitely many. Which? Can you write
the sum in equation (C.10.1) for these paths in closed form?26

b) Determine where the poles of the propagator are. You should find there are poles
for

2/b = i
p(z)dz =2rh(n + 3). (C.10.3)

%Hint: Convince yourself that all elements in the sum in equation (C.10.1) can be expressed as
products of the following three factors:

. g . . . . b

D = exp (%/ p(x)dx) , L =exp <—% + 2%/ p(a:)da:) , R = exp (_z;r + 2%/ p(m)dm) .
T a Ty

(C.10.2)

where a and b are the classical turning points. Then, use ﬁ ~l+ao+a?+ ...
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c¢) To find the wavefunctions, let use an alternative form of the fixed energy propagator.
Define it as the Fourier transform of the fixed time propagator in its canonical form

[e.e]
K(E, Ty, l‘z) — / dT <l’f’€_2HT/r‘l‘ > E—He)T/h
0
Carry out the time integral and write this as

K(E;z, ;) zhz ¢£ :”wajje) . (C.10.4)

d) Compute the residues on the poles of the expression you found in question a) and
read off the wavefunctions by comparing it with Equation (C.10.4). Be careful with
the denominator: when taking the residue, it will give an extra prefactor.?”

Meta stable state:
Now there is a chance P < 1 to go over the potential barrier on each reflection. This fact

can easily be incorporated in our previous calculations by changing one of the factors in
Equation (C.10.2).

Ty

f) Show that the states are now unstable and decay with lifetime 7 = 3 .

Exercise 27 (Gravitational interference):

Gravitational effects can be measured with an interferometer as shown below. A beam
of neutrons, or atoms, is sent on the beam splitter in A. Half of the beam follows the
path AX B, and the second half AY B. In B there is a screen which counts the number
of hits. The apparatus is such that it can be rotated around the AY axis by an angle §
(see figure (C.1)).

27 At some point you will need to show that

cos (; /Ii p(z)dz — Z) — (=1)" cos (% /:f p()dz — %) . (C.10.5)
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Figure C.1: A beam of particles is split at A, can be reflected at X and Y, and is detected
at B. The angle ¢ determines the tilt of the apparatus around the AY axis.

The goal is to compute the observed interference pattern as function of §, for a linear
gravitational potential. Be careful to distinguish between the inertial mass m; and the
gravitational mass m928.

a) Compute the difference between the action on the path AX B and on the path
AY B. To do so, show first that one can write

S = / thp(a:)dx — EAt, p(z) = /2mi(E —V(z)) (C.10.6)

where F is the energy of a given particle in the beam and At is the time it takes for
the particles to go from A to B. Note that in the above, x is a schematic variable
meant to indicate a spatial position, not the explicit coordinate of the z-axis.

b) Assume now that the kinetic energy of the particles is much larger than their
potential energy, as is the case in these kinds of experiment. Show that

imgLhg sin(6
SAxB — Sayp = — 0 gsin(9) (C.10.7)
p
c¢) Compute the phase shift A¢ between the two paths, and express the result in terms
of the de Broglie wavelength \ = %.

Exercise 28 (Bloch waves and instantons):

Consider a periodic potential V(z) = V(x4 a), with only one minimum per period. Find
the description of the lowest energy band in the dilute instanton gas approximation.
Assume each local minimum to be approximated by an harmonic potential with a certain
w.

28The inertial mass appears in the expression for the kinetic energy, while the gravitational mass
appears in the gravitational potential.
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To do the computation, we will use the instanton formalism to find
8
(nsle "7 |n;), (C.10.8)

where ny and n; label the position of two minima. Recall the different contributions
from the lecture: determine the action for a given saddle point with fixed number of
instantons and anti-instantons, write the overall prefactor (we can leave R as an unfixed
parameter for now), sum over kink locations, and consider the multiplicity from the
instanton/anti-instanton ordering.

1. Show that

(ngl e BH/M ) = (%)m 6_5“’/2; % [RBe S0/ T ena, (C.10.9)

where A =ny — n,.

2. Prove that

2 dé .
i(a—b)o
dap = /0 5 ¢ , (C.10.10)

and use this to express equation (C.10.9) as an integral over . Now assume that
there exists a complete set of energy eigenstates labelled by 6 (we will prove this in
the next bullet point). Show that

(np] =B/ ) — /dee—ﬂEWﬁ (nf10) (0]ny) (C.10.11)

and use this to find the energy levels E(#) and the Bloch wavefunctions (n|6).

3. Lastly, we want to show the existence of energy eigenstates |0). Consider first
position eigenstates |n) corresponding to the bottom of each wells, i.e. n € Z.
These are not eigenstates of the hamiltonian, but we can expand them as:

Hin)=> Apnpkln+k) (C.10.12)
k

Implicitly, this is an approximation which assumes that if we were to perform a
position measurement on the state H |n), we would always find that it is in one of
the wells - in other words, we neglect the probability that the position of H |n) is

V(x)

\'a¥avaVa¥aVl
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outside a well.

Using this expansion, show that

0) => e n), 6 €l0,2n] (C.10.13)

n

are eigenstates of H, which means that our derivation in 2) was correct. Hint:
argue that A, 4 actually does not depend on n.

Exercise 29 (Hamiltonian truncation):
Consider the anharmonic oscillator with Hamiltonian

1 1 1 A A
H=_p*+ -2? + Ma? + Mzt = = +dla + ?2(aT +a)® + f(aT +a)*, (C.10.14)

2 2 2

where we used

2)

b)

a+aT .aT—a
Y =1
V2 P="n

Set Ay = 0. The Hamiltonian is a harmonic oscillator with a re-defined frequency.
Find the exact spectrum.

xr =

(C.10.15)

Truncate the Hilbert space to the first N eigenstates of the harmonic oscillator
(with A = 0),

n), n=0,1,2..N-1, (C.10.16)
and build the N x N matrix Hy,, = (n| H |m). Use a computer program to compute

the lowest eigenvalues of this finite matrix for different values of Ao, Ay and N. Test
your program by the exact result of Ay = 0 that you found in first part.

From now on, for simplicity, take Ay = 0 and Ay = A. Plot the ground state energy
for A € [0,2] and N =1,3,5,7,9. Add to this plot the predictions of perturbation
theory in the first few orders (see exercise set 9).

Using your numerical results to compute the first and the second derivative of the
ground state energy with respect to A at A = 0.

Compare your result with the prediction from perturbation theory. What is the
minimal size of the truncation to match perturbation theory at order \*?
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Quantum Physics IV, Exercises 11

Exercise 30 (False vacuum decay reappraisal):

The goal of this exercise is to compute the rate of decay of the false vacuum for a
potential of the form in figure C.2, assuming the conditions to apply the semiclassical
approximation hold true. To be specific, consider, for explicit computations, the potential

a)

A ( ) a2 mw?r? A3 9  aA
= —=a—x)xr = - — mwe = —.
3! 2 37 3
Using the Schrodinger equation show that, given a wave function (¢, z), the

quantity p(t,z) = |¢(t, 2)|? satisfies a continuity equation

op 0J

) C.11.2

ot + ox ( )
for a suitable current J that you will identify. Using this observation link the decay
rate (and the lifetime) of the false vacuum to the current J. Use physical intuition
and dimensional analysis.

V(x)

(C.11.1)

Let the initial wavefunction at time t = t; be the ground state of the harmonic
oscillator centered in x = 0. This state is characterized by the wave function

mw _mw, 2

/
Yo(y,ti) = (ﬁ)l ety (C.11.3)

Write the wave function of the evolved state at a later time ¢ = ¢ in terms of an

integral in the semiclassical approximation.

Try to evaluate the integral you obtain using the saddle-point method. Show that
no real trajectory exists that can satisfy the saddle-point constraint. You should
find that the constraint is*

—ip; —mwx; =0. (C.11.4)

Convince yourself that, necessarily, the initial evolution of this trajectory has to be
in complex time. To see that, look at

Ty
t:/ de (C.11.5)

. v(x)

and split it into the two intervals x; < x < a and a < x < zy. Notice that we are
working in the ground state, which in the limit 7z — 0 has energy E ~ 0. Call the
Euclidean time interval of evolution 5. Show that for £ ~ 0, 8 — oco.

29Hint: to find this particular form of the constraint, use the general expression for the action

zf ty
S :/ pdx —/ Edt.
T; t;

i
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e) Compute the exponential factor coming from the saddle point approximation.
Notice that energy conservation imposes E = 0 on the whole path, simplifying the
expression of the action on this trajectory.

f) Compute the prefactor coming from the saddle point approximation and thus
complete the calculation of the wavefunction at time ¢ = ¢y. What are the decay
rate and the lifetime of this metastable state, as a function of the other parameters
of this system?

A

Figure C.2: Depiction of the potential V(x). It has zeroes at = 0 and x = a, and we
consider z; > a.
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Quantum Physics IV, Exercises 12

Exercise 31 (Semiclassical evolution of a gaussian wave-packet):
Consider a gaussian wave-packet at time ¢ = 0

r—-7)% i
YP(x) = Nexp (_(2A27i) - hp:z:) . (C.12.1)

We want to study its semiclassical evolution described by an action S.

a) Determine N'. Write the wave function at position = xy at time ¢t = T in terms
of an integral over the semiclassical propagator.

One expects that the wave-packet evolves in such a way that the mean remains on its
classical trajectory, the gaussian shape is kept, and the width varies with time. Too see
this, do a double expansion

b) Evaluate the integral over z expanding around the saddle point of the exponent.
In which case does this saddle-point coincide with the center T of the initial
wave-packet?.

c) Expand the wave-function at time ¢ = T around the value x.(T"), that is the final
position of the particle moving according to its classical path.

d) Identify the width of the final wave-packet and its associated momenta.

Exercise 32 (Landau levels):
Consider a particle in a constant magnetic field B = (0,0, B), and choose the particular
gauge A; = —By, As = A3 = 0 (Landau gauge).

a) Write down the Hamiltonian describing this system.

b) Check that the naive translation operator does not commute with the Hamiltonian
even though the system does physically have a symmetry under translation.

c¢) This implies that the translations are implemented in a non-trivial way. Find the
true generators of translations in presence of a magnetic field. Do they commute
with the canonical momenta? Among themselves?

d) Find the energy levels and wave-functions.
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Quantum Physics IV, Exercises 13

Exercise 33 (Particle on a ring):
The goal of this exercise is to study how the presence of a magnetic field affects the
quantum mechanical properties of a particle moving on a ring.

a) Find the energy eigenvalues and eigenfunctions of a free particle confined on a ring
in the absence of a magnetic field.?°

b) Identify the degeneracy of the free particle system. Can you relate it to the
symmetries that it enjoys?

¢) Now add the magnetic field. What are the new energy eigenfunctions and eigenval-
ues?

d) Identify the new degeneracy in the energy eigenstates (if there is any left). Can
you point to some symmetry arguments to explain the reduction of degeneracy?

R solenoid

o, B

ring

Exercise 34 (Magnetic monopoles and charge quantization):

Maxwell’s equations of electrodynamics display a strong symmetry between the electric
field E and the magnetic field B. Yet magnetic charges (commonly referred to as
magnetic monopoles) are absent: the sources of the magnetic fields we observe in nature
are either moving electric charges or static magnetic dipoles, never static magnetic
charges. Maxwell’s equations impose V - B = 0. Quantum mechanics doesn’t predict nor
forbid the existence of magnetic monopoles, however it clearly requires that if magnetic
monopoles exist, electric charge must be quantized and must appear in multiples of an
elementary quantum of charge. The goal of this exercise is to prove this last statement.

a) Suppose that there exists a magnetic monopole such that

VB = dnpy = ey (z). (C.13.1)

30Hint: identify the correct degrees of freedom and boundary conditions.



Show that the magnetic field generated is

eM
where we moved to spherical coordinates.

b) Recalling the expression of the curl in spherical coordinates®', show that a possible
choice of the vector potential that generates such a magnetic field is

ey (1 —cosf) -

A= (C.13.4)

rsin @

c¢) Observe that the expression in (C.13.4) is not regular everywhere in space. Where
is it singular?

d) Using the fact that a potential A regular everywhere would satisfy V- (V x A) =0,
show that in the presence of a magnetic charge, such regular potential cannot exist
(use Stoke’s theorem).

e) Consider then two vector potentials defined in two different patches:

Am_wlf(fgsé’)q; for  0<r/2
r8in
3.
(2) m(1+cosb) - (C.13.5)
A = ——gf) for 0>r/2
rsinf

On the equator 6 = 7, their difference is a pure gauge: AW —A® = Va. Find o

f) Recall the expression of the gradient in spherical coordinates:

(9 ~10a  ~ 1 O«

P 0 (C.13.6)

Consider now the wave function of an electrically charged particle of charge e and
subjected to the magnetic field generated by the magnetic monopole. Since the
wavefunction is not gauge invariant, its form depends on the choice of the vector
potential. Find the relation between the wavefunctions 1), 1) corresponding to
the two choices of vector potential in (C.13.5), evaluated on the equator 6 = 7 .

g) Using the fact that the wavefunctions must be single-valued, show that the electric
charge is quantized in terms of the magnetic charge:

e=—n, n=0,+1,4+2 ... (C.13.7)

31

. 1 0 0Ay 101 GAT_Q 9 _ 04,
VA=t (rsm@ 69(A¢Sm0) 0¢p ) +0; <sin0 0¢p 87’( )) o] <8 (rAo) 00 > '
(C.13.3)

190



[1]

Bibliography

O. Donati, G. P. Missiroli, and G. Pozzi. “An Experiment on Electron Interference”.
In: American Journal of Physics 41.5 (1973), pp. 639-644. DOI: 10.1119/1.1987321.
eprint: https://doi.org/10.1119/1.1987321. URL: https://doi.org/10.1119/
1.1987321.

Olaf Nairz, Markus Arndt, and Anton Zeilinger. “Quantum interference experiments
with large molecules”. In: American Journal of Physics 71.4 (2003), pp. 319-325.
DOIL: 10.1119/1.15631580. eprint: https://doi.org/10.1119/1.1531580. URL:
https://doi.org/10.1119/1.1531580.

Paul Adrien Maurice Dirac. “Quantised singularities in the electromagnetic field,”
in: Proceedings of the Royal Society of London. Series A, Containing Papers of a
Mathematical and Physical Character 133.821 (1931), pp. 60-72. DOI: 10.1098/
rspa.1931.0130. eprint: https://royalsocietypublishing.org/doi/pdf/10.
1098/rspa.1931.0130. URL: https://royalsocietypublishing.org/doi/abs/
10.1098/rspa.1931.0130.

Carl M. Bender and Tai Tsun Wu. “Anharmonic Oscillator”. In: Phys. Rev. 184
(5 Aug. 1969), pp. 1231-1260. DOI: 10.1103/PhysRev . 184 .1231. URL: https:
//link.aps.org/doi/10.1103/PhysRev.184.1231.

191


https://doi.org/10.1119/1.1987321
https://doi.org/10.1119/1.1987321
https://doi.org/10.1119/1.1987321
https://doi.org/10.1119/1.1987321
https://doi.org/10.1119/1.1531580
https://doi.org/10.1119/1.1531580
https://doi.org/10.1119/1.1531580
https://doi.org/10.1098/rspa.1931.0130
https://doi.org/10.1098/rspa.1931.0130
https://royalsocietypublishing.org/doi/pdf/10.1098/rspa.1931.0130
https://royalsocietypublishing.org/doi/pdf/10.1098/rspa.1931.0130
https://royalsocietypublishing.org/doi/abs/10.1098/rspa.1931.0130
https://royalsocietypublishing.org/doi/abs/10.1098/rspa.1931.0130
https://doi.org/10.1103/PhysRev.184.1231
https://link.aps.org/doi/10.1103/PhysRev.184.1231
https://link.aps.org/doi/10.1103/PhysRev.184.1231

	Introduction
	The path integral formalism
	Lecture 1 - From the double slit experiment to path integrals
	Axioms of (practical) Quantum Mechanics
	Path integral formulation
	The double-slit experiment
	From the Schrödinger approach to the path integral
	The phase space path integral
	Some properties of the propagator
	Summary of Lecture 1

	Lecture 2 - Gaussian path integrals
	Gaussian integrals
	The harmonic oscillator path integral
	Summary of Lecture 2

	Lecture 3 - Gelfand-Yaglom formula and time-ordered products
	Time-dependent harmonic oscillator 
	Operator matrix elements
	Introduction to the classical limit and useful properties of S classical
	Summary of Lecture 3

	Lecture 4 - Quantum Mechanics in Your Face.

	Functional and Euclidean methods
	Lecture 5 - Euclidean path integral
	Path integral representation of KE
	Connection with statistical mechanics
	Euclidean n-point correlators
	Thermal n-point functions
	From Euclidean to real time
	Summary of Lecture 5

	Lecture 6 - Functional methods
	The forced harmonic oscillator
	Free n-point correlators
	Wick's theorem
	Summary of Lecture 6

	Lecture 7 - Feynman diagrams
	Perturbation theory
	Free energy and connected diagrams
	Summary of Lecture 7


	Non-perturbative effects
	Lecture 8 - The semiclassical and fixed energy propagators
	The semiclassical propagator
	Van Vleck–Pauli–Morette formula
	The fixed energy propagator
	How to compute KE?
	Examples
	Summary of Lecture 8

	Lecture 9 - The fixed energy propagator in the semiclassical limit
	Single saddle point
	Multiple saddle points
	Application 1: barrier penetration
	Application 2: spectral density
	Summary of Lecture 9

	Lecture 10 - Instantons
	Instantons in the double well potential
	Dilute instanton gas approximation
	Summary of Lecture 10


	Interaction with an external electromagnetic field
	Lecture 11 - Quantum particle in an EM field
	Classical physics
	Quantum physics
	Charged particle in a constant magnetic field
	Summary of Lecture 11

	Lecture 12 - Landau Levels and Aharonov-Bohm effect
	Landau Levels
	Aharonov-Bohm Effect
	Landau levels on a torus
	Particle on a ring
	Magnetic Monopoles
	Summary of Lecture 12


	Quantum Chaos
	Lecture 13 - Quantum Chaos
	Classical Chaos
	Quantum Chaos
	Random Matrix Theory


	Mathematics
	Baker-Campbell-Hausdorff and Zassenhaus formulas
	Complex analysis theorems
	Fourier transform

	Computational details
	No degenerate energy levels in 1D quantum mechanics
	Derivatives acting on delta functions
	Phases from analytic continuation
	Multiple saddle points semiclassical spectral density computation
	The instanton prefactor

	Exercises
	Week 1
	Week 2
	Week 3
	Week 4
	Week 5
	Week 6
	Week 7
	Week 8
	Week 9
	Week 10
	Week 11
	Week 12
	Week 13

	Bibliography

