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E N G I N E E R I N G

Dynamic drives allow independent control of material 
bits for targeted memory
Eduardo Gutierrez-Prieto1†, Colin M. Meulblok2,3†, Martin van Hecke1,3*, Pedro M. Reis1

Mechanical metamaterials with bistable elements can store vast amounts of information, but writing these mem-
ories requires impractical local control or lengthy multicycle protocols. We overcome this limitation with a dy-
namic control strategy that accesses any configuration in a single global drive cycle by leveraging the system’s 
sensitivity to the drive and its time derivatives. We realize this strategy with bistable beams on a rotating platform, 
where drive cycles become orbits in a control space of angular velocity and acceleration. State changes occur when 
these orbits cross switching thresholds, which we rationally design so that each state can be accessed by a single 
drive orbit. We construct a five-bit system and demonstrate its full addressability by selecting drive orbits that 
write all 26 uppercase letters of the alphabet in ASCII representation. This dynamic control paradigm offers a gen-
eral route toward smart, remotely operated devices across various physical domains.

INTRODUCTION
Mechanical structures made from bistable elements can store con-
figurational memories (1–12) to enable tunable stiffness (13–15), se-
quential shape-morphing (16–18), and computation (1–3, 19–24). 
While control over configurations is essential, it typically requires 
local and individual access to all elements (13–15). Here, we intro-
duce a dynamic control strategy that enables transitions between any 
pair of configurations within a single global drive cycle by exploiting 
sensitivity to different (orders of) derivatives of the driving. We il-
lustrate this approach using bistable beams that snap through based 
on their collective rotation rate and acceleration. Through rational 
design and selection of drive cycles, we demonstrate targeted transi-
tions along controllable pathways, including the writing of five-bit 
memories that encode all alphabetic characters. This form of dynam-
ical control can be generalized to inertial, fluidic, electromagnetic, 
and electronic systems, thus providing a powerful method for writing 
memories and enabling smart, remotely controllable devices for ap-
plications in microfluidics, implants, smart infrastructure, and un-
derwater or medical robotics.

Developing driving protocols that access all configurations of 
mechanical systems of material bits (mbits), comprising bistable ele-
ments, is essential for the functionality of multistable (meta)materials 
(1–24). Unfortunately, individually controlling each mbit becomes 
impractical as their number N grows large (13–15), and although it is 
possible to design mbits such that a single global driving field can ac-
cess all states, such strategies require baroque driving protocols fea-
turing up to N drive cycles (4, 25). However, there are several examples 
of physical systems that also respond to the driving rate: In mechan-
ics, driving forces depend on the configuration and motion (inertia); 
in fluids, on static pressure and flow (viscosity); and in electronics, 
currents depend on voltage (resistance) and its rate of change (ca-
pacitance). This poses the question of how and whether dynamic con-
trol strategies can be developed that allow access to all 2N states using 
a single global drive cycle.

To address this challenge, we introduce a rational design principle 
to select dynamic driving protocols that together enable a global driv-
ing signal to steer transitions between arbitrary mbit states along se-
lectable pathways. As we show, at the core of our strategy lies the fact 
that dynamic driving can be naturally represented as driving orbits in 
a multidimensional space, where the different axes represent the rel-
evant derivatives of the drive. The ability to connect regions in this 
space to different stable configurations—unconstrained by the well-
ordering of one-dimensional space that governs quasistatic driving—
is crucial for enabling any-to-any transitions and simplifies both 
system design and driving cycle selection.

RESULTS
While the strategy introduced above should be general for a wide 
range of physical systems, we focus on a mechanical implementa-
tion where each mbit i is a prebuckled, double-clamped elastic beam 
mounted on a rotating disk, with its buckling direction defining the 
binary state si (Fig. 1A; see the Supplementary Materials and movie 
S1) (3, 26, 27). The angular velocity Ω(t) and time-derivative Ω̇(t) 
control the radial centrifugal forces fΩ ∼ Ω2 and azimuthal Euler 
forces fE ∼ Ω̇ that jointly control the switching of the mbits (Fig. 1B) 
(28). This interplay enables Ω(t) to serve as a dynamic control input 
for selectable transition pathways.

We demonstrate this selectivity with system I (Fig. 1 and movie 
S2), which comprises two mbits that differ in compressive strain ε 
and tilt angle θ (see “System parameters” and the Supplementary 
Materials). We consider the transition pathways under two dynamic 
(harmonic) driving protocols Ω(t) = −ajsin

(
2πfjt

)
 , where aj is fixed 

and fj is varied, to induce transitions between collective states 
S =

(
s1s2

)
= (00) and (11). Notably, while for f1 the system goes 

through intermediate state (10), for f2 , the pathway from (00) to (11) 
exhibits a different intermediate state (01) (Fig. 1, E and H, and 
movie S2). To understand how dynamic driving shapes transition path-
ways, we map driving protocols to orbits in the Ω − Ω̇ plane (Fig. 2A 
and movie S2). Each protocol traces a distinct elliptical orbit, along 
which we plot the observed states and the up ( si: 0→ 1 ) and down 
( si: 1→ 0 ) transitions of both mbits, revealing that switching thresh-
olds depend on both Ω and Ω̇ (Figs. 1, C to H, and 2A). A central 
insight is that transitions occur along up curves ui ( si: 0→ 1 ) and 
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down curves di ( si: 1→ 0 ) in the Ω − Ω̇ plane, which can be identi-
fied by aggregating data from many elliptical driving orbits (Fig. 2A; 
see the Supplementary Materials). The up and down transition curves 
for each element partition the plane into domains corresponding to 
distinct stable states. Note that all states are stable at the origin (i.e., 
without driving) and that only crossings oriented away from the ori-
gin can produce transitions (Fig. 2A). Intersections of transition 
curves are key; for example, the two elliptical driving orbits cross u1 
and u2 on opposite sides of their intersection, thus producing the dis-
tinct pathways: (00)→ (10)→ (11) and (00)→ (01)→ (11) (Fig. 2A 
and movie S2).

We leverage the principles elucidated above to selected driving 
orbits for system I so that any of its four binary states can be written 
(Fig. 2, B to E, and movie S3). We focus on orbits that start and end at 
the origin, where all states are stable. Note that any orbit with appro-
priate orientation (Fig. 2A) can be mapped to a physically realizable 
input function Ω(t) (see the Supplementary Materials). Reaching a 

target state requires changing mbits from 0→ 1 or 1→ 0 , which de-
mands appropriate crossings of the corresponding ui and di curves. 
For example, an orbit that crosses only d1 and d2 zeroes both mbits 
and produces S = (00) , regardless of the initial state (Fig. 2B). Note 
that specific switching curve topologies complicate orbit selection. 
Naively, one might expect that the target state S = (01) can be written 
by simply crossing d1 and u2 , but any such orbit also crosses d2 
(Fig. 2C). In system I, writing the target state S = (01) requires an 
orbit that crosses d2 , d1 , and then u2 (Fig. 2C). Similarly, all other tar-
get states of system I can be reached by selecting appropriate orbits 
(Fig. 2, D and E). These examples demonstrate that dynamic control 
enables the rational selection of targeted orbits capable of writing any 
combination of mbits in system I, robust to external vibrations and 
the manufacturing tolerances of laser-cut fabrication.

To be able to write any possible state in a system with an arbitrary 
number of mbits, we first introduce hierarchically organized switch-
ing curves as a design target and then show how the physical mbits 
can be designed to realize such curves. As a schematic example, con-
sider three up curves that intersect such that there is a range in driv-
ing space where each is closest to the origin (Fig. 3A). Initializing 
the system in state (000), it is then possible to select driving orbits 
O
(
si
)
 that set mbit i to 1 (Fig. 3A). Setting multiple mbits to 1 can be 

achieved by chaining such orbits or by selecting more complex mul-
ticrossing driving orbits such as O

(
s3, s1

)
 ; this freedom allows control 

of intermediate states (Fig. 3A). Our proposed hierarchical design 
can be generalized to encompass more mbits and is the prime design 
target to realize systems with highly targeted switching behavior, as 
we demonstrate next.

We explore the real-space design of the mbits by investigating the 
dependence of the switching curve on the tilt angle θi and the com-
pressive strain εi of the corresponding mbits. To guide us with a ra-
tional design, we use a von Mises-truss model comprising a mass 
connected to two linear springs (see the Supplementary Materials). 
This model system captures the bistability of the mbits and, when 
subjected to centrifugal and Euler forces, allows to study the proper-
ties of the switching curves as a function of θi and εi (Fig. 3B) (29–31). 
We first fix θ = 0 and find that the switching curves can be moved 
away from the origin by increasing ε , which controls the energy bar-
rier between the s = 0 and s = 1 states (Fig. 3Ci). Second, nonzero tilt 
angles ( θ ≠ 0 ) break the symmetry between the up and down switch-
ing curves, allowing widening of the u curves and narrowing of the d 
curves by increasing θ (Fig. 3Cii). Systematically varying the design 
parameters ( θi and εi ) enables the construction of the hierarchical 
switching curves: Up-curves require increasing strain and tilt, while 
down-curves combine increasing strain with decreasing tilt (Fig. 3D). 
Hence, geometric control of the mbits facilitates designing systems 
with targeted hierarchical switching curves.

Last, we design a five-mbits system, whose collective state can be 
written with a single clockwise driving orbit starting and terminat-
ing at 

(
Ω, Ω̇

)
= (0, 0) . As a first step, we design the switching curves 

such that a target state 
(
t1t2t3t4t5

)
 can be reached from an initial ar-

bitrary state (xxxxx) . Hierarchical design of either all up or all down 
switching curves is sufficient to do so in principle, but, instead, to 
enhance robustness, it is advantageous to leverage hierarchical or-
dering of subsets of the up and down curves, so that less critical in-
tersections are required. Here, we opt for a design where 

(
u1, u2

)
 and (

d3, d4, d5
)
 are hierarchically ordered, but note that other hierarchi-

cal orderings are valid too. We then use orbits that consist of a first 
erase phase, where the state evolves to (00111) via the intermediate 
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Fig. 1. Dynamic driving of mbits. (A) Buckled beams form mbits whose buckling 
direction defines their state: si = 0 for counterclockwise and si = 1 for clockwise 
deflection. (B) Rotating disk apparatus showing system I and design parameters (see 
the Supplementary Materials). (C) Driving protocols Ω(t) = −ajsin

(
2πfj t

)
 , where 

a1 = a2 = 36.5 rad∕s and frequencies fi as indicated. (D) Evolution of beam mid-
span δi showing distinct switching sequences connecting S: (00) → (11) via either 
(01) or (10). (E) Corresponding pathways of states.
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state (11111), and then a write phase, where the first two bits can be 
switched 0→ 1 and the last three bits can be switched 1→ 0 (Fig. 4A). 
In such a scenario, the precise locations of the nonhierarchical curves 
are less critical, provided that 

(
u1, u2

)
 can be crossed without crossing (

u3, u4, u5
)
 , and 

(
d1, d2

)
 are crossed before crossing 

(
d3, d4, d5

)
 , so that 

in the erase phase, we can reach state (00111) (Fig. 4A). Using our 
numerical toolbox and some experimental fine-tuning, we realize the 

target ordering of the switching curves experimentally in system II 
(Fig. 4B; see the Supplementary Materials).

To demonstrate the expressive capabilities of our approach, we 
construct a library of driving orbits capable of writing all 26 binary 
states S that encode the Latin uppercase characters of the alphabet 
(see fig. S4). Selecting appropriate orbits, as an example, we sequen-
tially drive our five-mbit system to write the word “ORBIT” (Fig. 4, 
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Fig. 2. Orbits, transitions, and states. (A) Data for system I in the 
(
Ω, Ω̇

)
-plane, where green and blue correspond to mbits one and two, respectively. The ellipses corre-

spond to protocol 1 (black) and 2 (gray), with arrows indicating the required clockwise orientation. The observed up transitions ( Δ ), down transitions ( Δ ), and states 
highlight the difference in intermediate states (bold). The switching onset for harmonic protocols with (frequency fj = 1.5 Hz , drive amplitude a

j
∈ [5.0, 80.0] rad∕s ) are 

shown as faint symbols with associated uncertainties (see the Supplementary Materials). The dashed and dot-dashed lines are quadratic fits serving as guides to the eye 
for the up- and down-switching curves, respectively (see the Supplementary Materials). These lead to partitions (shaded regions) where one or more collective states 
(square brackets) are stable, where “x” indicates mbits that can be both 0 and 1. The arrows indicate the allowed orbit directions in each quadrant (open intervals of size 
π ). [(Bi) to (Ei)] Selected orbits that write specific targeted states: (B) (00), (C) (01), (D) (10), and (E) (11). [(Bii) to (Eii)] Angular velocity Ω(t) corresponding to selected orbits 
(top) and corresponding evolution of the midspan displacement of beams one (middle) and two (bottom), starting from any of four initial states, demonstrating how the 
final state is independent of the initial configuration.
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)
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)
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(
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)
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(
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)
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(
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)
 write states (100), (010), (001) and (101). (B) Minimal model for mbits, comprising two linear springs (spring constant k 

and rest length �0 ), each connected to a central mass m; the key design parameters are the compressive strain ε and tilt angle θ . (C) Representative trends for the transition 
curves obtained from the minimal model with parameters ε and θ (arrows). Top: ε = (0.03, 0.05, 0.07) with θ = 0. Bottom: θ = (−3◦ , 0◦ , 3◦) with ε = 0.05. Experimental 
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C and D; see the Supplementary Materials and movie S4). This capa-
bility of writing arbitrary words using Latin characters highlights 
that dynamic control of a rationally designed mbit system offers a 
powerful strategy to write and erase information.

DISCUSSION
We stress that dynamic driving extends beyond rotation, encompass-
ing inertial or viscous effects in mechanics (32–36), and, more broadly, 
dynamic effects in fluid flow (37, 38), chemical reactions (39), and elec-
tronic circuits (40). For instance, mbits could function as bistable 
valves to enable global reconfiguration of centrifugal microfluidic cir-
cuits (41). Similarly, electronic implementations of mbits can easily be 
made time dependent using standard RC circuits, where voltage and its 
time derivative (analogous to Ω and Ω̇ ) allow a global time-dependent 
signal to control several mbits independently. Last, in soft robotics, bi-
stable elements with distinct intrinsic timescales could be differentially 
triggered by varying the rate of pneumatic or hydraulic actuation, en-
abling gait control that adapts to ambient viscosity (36).

The systematic exploration of diverse dynamically driven mbit 
platforms will enable agile information encoding for future smart and 
multifunctional devices. Although the current implementation is not 
optimized for energy efficiency, dynamic global driving is compatible 
with energy-efficient bit switching via appropriate material and design 
choices. Furthermore, the use of high-precision micro- or nanoelec-
tromechanical systems (MEMS or NEMS) fabrication methods could 
reduce geometric tolerances by orders of magnitude, while metallic 

materials in optimized geometries could reduce snapping timescales 
to microseconds, both significantly tightening threshold uncertainty. 
Energy dissipation per switching event is minimal and does not ac-
cumulate across elements due to sequential switching along the orbit. 
When combined with hybrid (global and local) driving strategies, in 
which multiple groups of mbits are dynamically driven independently, 
our approach provides a rational and scalable pathway toward much 
larger arrays.

MATERIALS AND METHODS
Experimental methodology
Beams
The beams are fabricated by casting a silicone-based elastomer [VPS32, 
Zhermack Elite Double 32, with Young’s modulus E = 1.22 ± 0.05MPa , 
Poisson’s ratio ν ≈ 0.5 , and density  ρ = (1.17±0.01) ⋅ 103 kg m−3] 
(42, 43), using a fully enclosed mold. VPS32 exhibits a highly elastic 
mechanical response with minimal viscoelasticity, rate dependence, 
and fatigue during mechanical cycling. Each mold consists of multiple 
layers of laser-cut acrylic components to produce uniform rectangular 
beams with thickness h ∈ [1.5, 3.0] mm , length L = 80 mm , and 
width b = 8 mm . The extremities of the beams are cast to blocks with 
a larger width ( bbyhby l = 15by12by15 mm ) to emulate clamped 
boundary conditions.
Placement
Each beam is aligned such that its width points out of the rotary plane 
and is placed in a laser-cut acrylic holder that can set the compressive 
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other switching curves. Starting out from arbitrary state (xxxxx) , the first phase of the erase orbit (red) sets all bits, reaching state (11111), whereas the second phase (gold) 
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two, black: writing phase). (D) Experimental driving protocol and beam evolution demonstrate how dynamic control enables writing ORBIT (see movie S4). The ASCII en-
coding standard is used to map the bit strings to the Latin characters (46). Although ASCII requires eight bits, the first three bits are identical for all uppercase characters; 
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strain in the range ε ∈ [0.01, 0.1] with a resolution of ±0.001 . These 
holders are mounted on a rigid disk in a way that the tilt angle can be 
varied in the range θ ∈ [−15◦, 15◦] with a resolution of ±0.5◦ . Last, 
the holders are enclosed by a transparent acrylic plate to minimize air 
drag during rotation (see Fig. 1 and movie S1).
System parameters
In Table 1, we present the geometric parameters of the mbits used in 
the two experimental systems (I and II) investigated below.
Rotational apparatus
The rigid disk holding all beams is mounted to a torque motor (ETEL 
RTMBi140-050A) capable of delivering up to 122 Nm of peak torque. 
The motor is driven by a Modular AccurET 600 V/40A controller, 
which we program with a time series of angular positions to generate 
the desired velocity profile Ω(t) . This setup enables precise trajec-
tory execution, with maximum angular velocity and acceleration 
of ±85 rad ⋅ s−1 and ±103 rad ⋅ s−2 , respectively. An encoder re-
cords the disk’s angular position at 20 kHz , with an uncertainty of 
±8 ⋅ 10−4 rad . To determine the angular velocity Ω(t) and accelera-
tion Ω̇(t) , we apply a third-order Savitzky-Golay filter (15-point 
window) to the position data and perform numerical differentiation 
using fourth-order central finite differences.
Image analysis
The real-space configuration of each beam is imaged using a global 
shutter camera (IDS U3-3040SE-M-GL, with lens Vision-Lens 3.5 mm 
EFL, F/1.4) and is placed in the laboratory frame, above the rotating 
disk and aligned with its center of rotation. The shutter time is set to 
100 μs to minimize image blur during rotation. We set a region of 
interest of 346 by 346 pixels, with 1.2 mm/pixel, to image the entire 
disk, setting a frame rate of 743 fps.

To quantify the configuration and dynamics of the beams, we 
developed an in-house image analysis algorithm with support from 
the EPFL Imaging Hub (F. Aymanns). First, we locate two white 
markers, one at the center of rotation and the other at R = 50 mm 
from the center of rotation (see fig. S1). Next, for every frame and all 
measured beams, the image analysis involves several key steps (see 
fig. S1 B): (i) We detect the two white markers to establish the angu-
lar position, φ , of the disk and find that it is in good agreement with 
the output of the encoder. (ii) A neural network, trained by manu-
ally labeling clamp corners, identifies the corners of each clamp. (iii) 
To approximate the neutral line of each beam, we use Hermite expo-
nential splines from the Python library splinebox (44). (iv) We strategi-
cally place five spline knots: two at the identified beam edges and three 
additional knots equally distributed along the beam’s longitudinal axis. 

(v) To precisely locate these central knots, we define three equally 
spaced lines normal to the clamp-to-clamp line. (vi) Last, on each 
line, we identify the point of maximum brightness by fitting a Gaussian 
function to the brightness distribution along the line. We locate 
the knots at the maximum of the fitted Gaussian. This image pro-
cessing method achieves subpixel resolution (with ±0.2 mm uncer-
tainty) in the midpoint deflection of the centerline δ and generates a 
time series of the centerline of each beam represented in splines (see 
fig. S1 c).
Definition of snap-through events
To identify the snap-through of each beam, we start from the detected 
midpoint deflection δ(t) and follow a four-step approach: (i) We iden-
tify the times at which the midpoint of beam i crosses its longitudinal 
axis δi

(
t0
i

)
= 0 (orange crosses, fig. S2 A, B). (ii) We define the tempo-

ral window Wi centered about t0
i
 , Wi =

[
t0
i
−25 ms, t0

i
+25 ms

]
 , and 

determine the maximum absolute velocity ∣δ̇i∣max
 achieved within 

Wi (shaded area, fig. S2 A). (iii) We characterize the time of switching-
onset t∗

i
 as ∣ δ̇i

(
t∗
i

)
∣ = 0.15 ∣ δ̇i∣max

 (purple triangles, fig. S2 A). The 
threshold value of 0.15 was empirically optimized to provide reliable 
switching-onset detection across our experiments. (iv) We specify 
[ Ω

(
t∗
i

)
 ,  Ω̇

(
t∗
i

)
] as the switching-onset in the 

(
Ω, Ω̇

)
-plane. We take 

[ Ω
(
t∗
i

)
− Ω

(
t0
i

)
 , Ω̇

(
t∗
i

)
− Ω̇

(
t0
i

)
 ] as an estimate of the uncertainty 

of the switching onsets and indicate these with faint lines.
Switching curves
We experimentally map the switching curves of each mbit by ap-
plying a set of harmonic driving protocols Ω(t) = ajsin

(
2πfjt + ϕ

)
 , 

where we fix the frequency at f = 1.5 Hz , and systematically vary 
the amplitude aj ∈ [5.0, 80.0] rad∕s with steps of 5.0 rad∕s and 
the phase ϕ = {0, π} rad (see fig. S2 B, C). Before each driving pro-
tocol, we set all mbits to si = 0 for ϕ = 0 and to si = 1 for ϕ = π . This 
collection of driving protocols enables a precise characterization of 
the transition curves within the Ω∕Ω̇ < 0 domain. To complete the 
transition curves across the full domain, the experimental data are 
mirrored about Ω = 0; this symmetry operation is justified since the 
centrifugal force fΩ ∼ Ω2 is independent of the sign of the velocity. 
As a guide to the eye for the switching-curves data in Fig. 2A, we fit 
a quadratic polynomial function to the measured snap-through 
points. To ensure a mirror symmetry about Ω = 0, we consider a 
function without odd terms: p(Ω) = c0 + c2Ω

2 (dashed and dot-
dashed curves in Fig. 2A and fig. S2 C). We note that although the 
fitted curves give a good estimation of the location of the switching 
curves, selected orbits near these curves may trigger switching. Nev-
ertheless, the selected orbits presented in this paper were repeated 

Table 1. Parameters of the mbits in systems I and II. The length L, in-plane thickness h, and out-of-plane width b have an experimental uncertainty of 
±0.1 mm . The radial position R of the beams has an uncertainty of ±1 mm . The uncertainties in compression ε and angle θ are, respectively, ±0.001 and ±0.5◦.

System I System II

mbit 1 2 1 2 3 4 5

﻿L (mm) 80 80 80 80 80 80 80

﻿h (mm) 1.9 1.9 1.6 1.9 2.1 2.3 2.6

﻿b (mm) 8.0 8.0 8.0 8.0 8.0 8.0 8.0

﻿R (mm) 150 150 150 150 150 150 150

  ε    (−) 0.050 0.015 0.015 0.026 0.037 0.055 0.060

  θ    (°) −4.5 4.5 4.5 1.5 0.0 4.5 7.5
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five times and consistently demonstrated the reported switching be-
havior. A comprehensive characterization of the switching-curves is 
available in (45).

Reduced-order model
Computational spring model
In parallel with the experiments, we use a reduced-order model to 
guide the rational design of the mbits switching curves. This model has 
a configuration analogous to a von Mises truss (29–31), comprising 
a central point (mass m, position r ) connected via two linear springs 
(spring constant k, rest length l0 ) with end points r

s1
 and r

s2
 (Fig. 3B). 

We take r
s1
= (1 − ε)[sin(θ), cos(θ)] , and r

s2
= −r

s1
 , to ensure bista-

bility for ε > 0 . Similar to experiments, the tilt angle θ and compressive 
strain ε are the key design parameters. A total of four forces act on 
the central mass: First, the two springs give rise to the two forces 
Fsi = k

�
‖Δrsi‖− l0

�
Δrsi ∕ ‖Δrsi ‖ , where Δrsi = r − rsi . Second, rota-

tion gives rise to the centrifugal force FΩ = −m Ω × [Ω ×
(
r + Rey

)
] 

and Euler force FE = −m Ω̇ ×
(
r + Rey

)
 , where R is the distance be-

tween the center of rotation and the position of the point mass r at rest, 
when 

(
Ω, Ω̇

)
= (0, 0) . We determine the equilibrium position(s) of the 

mass for a given angular velocity Ω and acceleration Ω̇ by numerically 
solving the force balance using gradient descent. To find the transition 
curve of the reduced-order model, we determine the monostable and 
bistable regions of each truss.

Orbit selection
Realizing selected orbits
A target orbit can be described as [Ω(τ), Ω̇(τ)] , where τ is a pseudo-
time. Such an orbit can be realized if and only if one can find a map-
ping between physical time t and τ , such that

Since τ is a monotonically increasing function of the physical 
time t, this equation implies the directionality constraint on each 
orbit, i.e., dΩ(τ)∕dτ has the same sign as Ω̇(τ) . To construct a spe-
cific orbit, we start from a given discrete sequence of points in the (
Ω, Ω̇

)
-plane, i.e., [Ω(τ), Ω̇(τ)] , and define τ as the trajectory index 

τ = (0,1,2, …) ⋅Δτ . We then use Eq. 1 to find Δt(τ)

and map the trajectory index τ to real time as t(τ) =
∑τ

0
Δt(τ) . This 

procedure yields a time-parametrized angular velocity profile Ω(t) 
that matches the selected orbit in [Ω(τ), Ω̇(τ)]-space and can be used 
as input for angular velocity–controlled experiments.

Supplementary Materials
The PDF file includes:
Figs. S1 to S4
Legends for movies S1 to S4

Other Supplementary Material for this manuscript includes the following:
Movies S1 to S4
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