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A B S T R A C T

We perform a probabilistic investigation on the effect of systematically removing imperfections on the buckling
behavior of pressurized thin, elastic, hemispherical shells containing a distribution of defects. We employ finite
element simulations, which were previously validated against experiments, to assess the maximum buckling
pressure, as measured by the knockdown factor, of these multi-defect shells. Specifically, we remove fractions of
either the least or the most severe imperfections to quantify their influence on the buckling onset. We consider
shells with a random distribution of defects whose mean amplitude and standard deviation are systematically
explored while, for simplicity, fixing the width of the defect to a characteristic value. Our primary finding is
that the most severe imperfection of a multi-defect shell dictates its buckling onset. Notably, shells containing
a single imperfection corresponding to the maximum amplitude (the most severe) defect of shells with a
distribution of imperfections exhibit an identical knockdown factor to the latter case. Our results suggest a
simplified approach to studying the buckling of more realistic multi-defect shells, once their most severe defect
has been identified, using a well-characterized single-defect description, akin to the weakest-link setting in
extreme-value probabilistic problems.
. Introduction

Shell structures have a wide range of applications in civil and
erospace engineering (Hoff, 1966; Godoy, 2016; Ferretto et al., 2023)
nd bio-engineering (Lidmar et al., 2003; Yin et al., 2008; Katifori et al.,
010). Despite their long-recognized benefits for load-bearing capacity
nd high enclosing volumes, thin shells are prone to catastrophic
ailure through sub-critical buckling (Pearson and Delatte, 2006). The
eminal work by Koiter (1945) proposed a foundational theory of
lastic stability to analyze the post-buckling behavior of these struc-
ures. However, classical theoretical predictions (Zoelly, 1915) for the
uckling onset systematically overestimate actual measurements. This
ismatch prompts the introduction of the knockdown factor, 𝜅 ≤

; the ratio between the actual critical buckling pressure of realistic
mperfect shells and the equivalent theoretical prediction for perfect
nes. The imperfection sensitivity of shells (Von Karman and Tsien,
939; Von Karman et al., 1940; Hutchinson et al., 1970), arising
rom variations in thickness and loading or the presence of geomet-
ic defects, poses a significant challenge in designing and accurately
redicting their buckling behavior. To reconcile theory with practice
n engineering applications requiring lightweight yet strong structures,
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advanced design and analysis techniques are essential for optimizing
knockdown factors while minimizing mass and striving for buckling-
induced functionalities (Reis, 2015; Shim et al., 2012; Terwagne et al.,
2014; Yang et al., 2024).

Past research on shell buckling has historically been driven by
theoretical and computational efforts (Bijlaard and Gallagher, 1960;
Hutchinson et al., 1971; Budiansky and Hutchinson, 1972; Hutchinson,
2016), with experimental work often taking a second stage. Recent
experimental advancements have revitalized the field, thanks to a
rapid and precise coating technique (Lee et al., 2016a) to produce
nearly uniform thickness. These shells exhibit lower susceptibility to
buckling under pressure than previous fabrication methods, such as
metal spinning (Kaplan and Fung, 1954; Homewood et al., 1961)
or plastic vacuum drawing (Seaman, 1961). Even more importantly,
this experimental technique can be adapted to producing shells with
meticulously designed imperfections (Lee et al., 2016b; Abbasi et al.,
2021; Yan et al., 2021). Subsequent studies have primarily focused
on single imperfections localized at the shell pole via experiments
and numerical simulations, including constant thickness geometrical
imperfections, such as dimples (Thompson et al., 2017; López Jiménez
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et al., 2017; Marthelot et al., 2017), and bumps (Abbasi et al., 2023),
or thickness variations (Yan et al., 2020).

Extending beyond the single-defect case, Derveni et al. (2023a)
xplored the effect of interactions between defects by investigating

spherical shells with two imperfections and unveiled a defect-defect
nteraction regime. Within this interaction regime, the knockdown fac-

tor can be either enhanced or reduced, the extent of which is dictated
by the critical buckling wavelength of the shell (Hutchinson, 1967).
Past the threshold separation for this interaction, the buckling capacity
of two-defect shells closely resembled that of equivalent single-defect
shells, suggesting the dominance of their strongest defect. Two-defect
cylindrical shells have also been previously investigated (Wullschleger,
2006; Fan, 2019).

Developing shells that are less susceptible to buckling requires
precision manufacturing. Carlson et al. (1967) advanced the produc-
tion of metallic spherical shells through electroforming, significantly
improving specimen quality via a chemical polishing treatment. Testing
these spheres revealed a remarkable increase in the knockdown factor
from 𝜅 ≈ 0.05 to 𝜅 ≈ 0.86 as severe defects were progressively
eliminated. However, this technique also had limitations: it could not
systematically vary the distribution of imperfections and was time-
consuming. There is a need for novel techniques to investigate more
realistic shells with a well-defined distribution of imperfections.

The buckling of cylindrical shells with multiple imperfections has
been tackled with various probabilistic methods, such as modified
truncated hierarchy (Amazigo, 1969) or Monte Carlo (Elishakoff and

rbocz, 1982, 1985). However, considerably less attention has been
iven to spherical multi-defect shells. Recently, Derveni et al. (2023b)
xamined the case of spherical shells with a random distribution of
eometric imperfections on the surface of the shells. That work demon-

strated that when the amplitude of the defects is sampled from a log-
ormal distribution, the resulting knockdown factor can be described
sing a 3-parameter Weibull distribution. This observation categorized
hell buckling as part of a broader group of statistical phenomena
nown as extreme-value statistics (Jayatilaka and Trustrum, 1977; Le
t al., 2015). Subsequent stochastic analyses through the weakest-link
odel (Baizhikova et al., 2024) provided a novel theoretical framework

or systematically reevaluating defect severity more efficiently and
ffectively than the experiments mentioned above by Carlson et al.

(1967). Quantifying how removing specific localized defects influences
buckling strength in multi-defect shells is yet to be fully addressed.

Here, we investigate how the buckling strength, as measured by the
nockdown factor, of a hemispherical shell containing a distribution of
efects is modified by the systematic removal of localized imperfections
n order of severity. We seek to establish the relationship between
he knockdown factor and the maximum amplitude defect. We will

build upon previous numerical studies by Derveni et al. (2023a,b) and
provide context for the landmark experiments of Carlson et al. (1967).
Finite element simulations for multi-defect shells will be compared
to equivalent single-defect shells containing the most severe (i.e., the
worst) defect sampled from the distribution. Our main finding is that the
imperfection with the largest amplitude dictates the buckling response,
and upon its removal, the knockdown factor increases. This finding
provides conclusive quantitative evidence of the significance (observed
and studied widely in past literature) of the most severe defect in
governing shell buckling and, moreover, in generating stronger shells
upon controlled defect removal.

Our paper is organized as follows. First, in Section 2, we define
the research problem at hand. Next, in Section 3, we describe the
methodology of our simulations based on the Finite Element Method
FEM). In Section 4, we present FEM results on the knockdown factor

statistics. Results from a systematic exploration of removing increasing
fractions of defects from small-to-large amplitudes are presented in
Section 5 and from large-to-small in Section 6. Comparisons of the
uckling strength of these multi-defect shells with single-defect shells

are provided in Section 7, while a discussion on shells with interacting
defects is presented in Section 8. Finally, in Section 9, we summarize
the conclusions of our work and offer suggestions for future research.
2

k

Fig. 1. Knockdown factor, 𝜅, versus normalized defect amplitude, 𝛿, for a shell with a
ingle defect at its pole. The black line presents FEM data that was validated previously

against experiments (Lee et al., 2016b) for 𝜆 = 1. The boxed gray region corresponds
o the plateau knockdown factor, 𝜅p. Inset: Schematic diagram of the axisymmetric
eometry of this single-defect shell, labeled with the relevant geometric quantities.

2. Problem definition

We consider a shell geometry identical to that of Derveni et al.
(2023b), which is summarized next for completeness. Specifically, our
investigation focuses on thin, elastic, hemispherical shells of radius,
𝑅 = 25.4 mm, and thickness, 𝑡 = 0.23 mm, containing multiple
localized geometric imperfections (𝑁 ≫ 1) distributed randomly on
their surfaces. The hemispherical shells are clamped at their equator.
The radius-to-thickness ratio is 𝜂 = 𝑅∕𝑡 = 110. These specific values of 𝑅
and 𝑡 were chosen to match and build upon a series of past studies (Lee
et al., 2016b; Marthelot et al., 2017; Yan et al., 2020; Abbasi et al.,
2021; Derveni et al., 2023a,b), involving a combination of experiments
and FEM simulations, with different 𝑅∕𝑡 values having been explored
by López Jiménez et al. (2017), and Derveni et al. (2023a).

Figs. 1 and 2 show representative shells with 𝑁 = 1 and 𝑁 ≫
1 defects, respectively, all shaped as Gaussian dimples with a radial
deviation of:

𝑤𝑖(𝛼) = −𝛿𝑖𝑒−(𝛼∕𝛼0)
2
, (1)

where the subscript 𝑖 refers to each imperfection of amplitude 𝛿𝑖 and
half-angular width 𝛼0, and the variable 𝛼 is the local angular distance
(spherical coordinate) from the center of the imperfection. Similarly to
previous studies on shells with a single defect at the pole (Lee et al.,
2016b; López Jiménez et al., 2017), throughout the manuscript, we use
the following standard dimensionless variables when referring to the
mplitude, 𝛿𝑖 = 𝛿𝑖∕𝑡, and width, 𝜆 = [12(1 − 𝜈2)]1∕4 (𝑅∕𝑡)1∕2 𝛼0 (Kaplan

and Fung, 1954) of each defect (𝜈 is the Poisson’s ratio).
The imperfect shells are pressurized until buckling at the maximum

pressure, 𝑝max. As customary in the literature (Seide et al., 1960;
Peterson et al., 1968), we quantify the buckling strength of the imperfect
shell by the knockdown factor,

𝜅 =
𝑝max
𝑝c

, (2)

where 𝑝c = 2𝐸 𝜂−2∕
√

3(1 − 𝜈2) is the classic theoretical prediction
or the buckling pressure of the corresponding perfect shell geome-

try (Zoelly, 1915).
In Fig. 1, we present a representative curve obtained from FEM

simulations for the knockdown factor, 𝜅, versus the normalized defect
amplitude, 𝛿, for a shell containing a single defect of dimensionless
width 𝜆 = 1; see schematic diagram in the figure inset. These data were
reproduced from Derveni et al. (2023b), where they were validated
against experimental results from Lee et al. (2016b). For large values
of 𝛿, 𝜅 reaches a constant plateau, 𝜅p = 0.45. The single-defect curve
will become important later in our manuscript when interpreting the
nockdown factor results for shells with multiple defects.
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Fig. 2. Problem definition and reference geometry of shells containing multiple defects. (a) 2D schematic of a hemispherical shell defining all the relevant geometric variables. (b)
Probability density function, 𝑓 (𝛿𝑖), of lognormally distributed defects with the defect amplitude, 𝛿𝑖, as the random variable. (c) 3D representation of a shell with 𝜑min = 25◦ , 𝛿 = 2.0
and 𝛥𝛿 = 1.0; the colorbar indicates radial deviation from a perfect shell, 𝑤. (d, e) Top views in the 𝑥 − 𝑧 plane of a series of shells: defects are systematically removed from
each shell from (d) small-to-large defect amplitude, 𝜁<, or (e) large-to-small defect amplitude, 𝜁>. Selected cases of a removal fractions 𝜁< = 𝜁> = {0.2, 0.4, 0.6, 0.8} are presented
as examples. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
Next, we describe the case of imperfect shells containing a dis-
tribution of localized defects, the central focus of the present study,
following a geometry and construction identical to that introduced
in Derveni et al. (2023b); see Fig. 2(a). Each of the 𝑖th defect is
located at 𝛽𝑖 and 𝜃𝑖, the global zenith (polar) and azimuthal spherical
coordinates, respectively. The defects are distributed randomly in a
spherical cap within 𝛽 = 60◦ so as to avoid boundary effects near
the clamped equator. Moreover, the center-to-center angular separation
between two adjacent defects, 𝜑, is enforced to have a minimum value
of 𝜑min to prevent overlapping and defect-defect interactions (Derveni
et al., 2023a). The amplitude of each 𝑖th imperfection is sampled from
a lognormal distribution (with a mean amplitude ⟨𝛿⟩ and standard
deviation 𝛥𝛿) given by the probability density function (PDF):

𝑓 (𝛿𝑖) = 1

𝛿𝑖𝜎
√

2𝜋
exp

(

−
(ln 𝛿𝑖 − 𝜇)2

2𝜎2

)

, (3)

where 𝜇 and 𝜎 define the mean defect amplitude,

⟨𝛿⟩ = exp
(

𝜇 + 𝜎2

2

)

, (4)

and its standard deviation,

𝛥𝛿 =
{

[

exp(𝜎2) − 1] exp (2𝜇 + 𝜎2
)

}1∕2
. (5)

In Fig. 2(b), we provide an example of 𝑓 (𝛿𝑖) for a representative shell
design using Eq. (3) to seed the defects. Throughout, we will enforce
that the minimum angular separation between two neighboring defects
is 𝜑min = 25◦ to avoid defect-defect interactions (Derveni et al., 2023a).
To clarify, Derveni et al. (2023a) extensively investigated the regimes of
interacting versus non-interacting defects, but only for shells containing
two defects. The conditions separating the two regimes (non-interacting
vs. interacting) are set by a length scale related to the theoretical
3

buckling wavelength, 𝑙𝑐 (Hutchinson, 1967); additional details on these
previous findings will be reviewed in Section 3. To assess whether
similar conclusions can be extended from the two-defect case (Derveni
et al., 2023a) to multi-defect shells, the present study will focus first,
and primarily, on the non-interacting regime, but some results for
shells with interacting defects will also be presented and discussed in
Section 8. Fig. 2(c) presents an example for a specific shell design with
(⟨𝛿⟩, 𝛥𝛿) = (2.0, 1.0).

Our previous studies Derveni et al. (2023a,b) indicated that, in the
absence of defect interactions, the most severe imperfection governs the
buckling of spherical shells. However, those studies were not systematic
in exploring the geometric parameter space. Furthermore, we did not
directly measure the magnitude of the most severe defect in each shell,
𝛿max (i.e., the maximum amplitude randomly sampled from 𝑓 (𝛿𝑖)), nor
did we quantify its effect on the knockdown factor.

In the present study, we will generate multi-defect shell designs with
geometric parameters (⟨𝛿⟩, 𝛥𝛿) and systematically remove fractions of
imperfections 𝜁∈[0.1, 0.9] based on their amplitudes by excluding either
(i) the least severe defects (see Fig. 2d), or (ii) the most severe defects
(see Fig. 2e). We will then conduct FEM simulations on these designs
to compute the corresponding knockdown factors. Hereon, when we
refer to the defect removal fraction, we will use the notation 𝜁< and
𝜁> for small-to-large and large-to-small defect removal, respectively. In
Figs. 2(d,e), for both cases of increasing 𝜁< or 𝜁>, we show (𝑥-𝑧 plane)
the initial geometry of shells in a sequence of defect removal fractions
of {𝜁<, 𝜁>} = {0.2, 0.4, 0.6, 0.8}, with the colorbar representing the
radial deflection, 𝑤, away from the perfect spherical geometry.

In Fig. 3, we present results for a single shell realization (𝑛 =
1) for the two defect-removal scenarios mentioned above: either in-
creasing 𝜁> or 𝜁<. This specific example with defects characterized
by (⟨𝛿⟩, 𝛥𝛿) = (0.5, 1.0), involves a shell containing 𝑁 = 13 defects
(when 𝜁 ). Fig. 3(a) shows 𝑁 decreasing linearly as 𝜁> or 𝜁< increase,
0.0
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Fig. 3. Representative (input) design parameters (a,b) and measured (output) knock-
down factor (c) for a single realization (𝑛 = 1) of a multi-defect shell with (𝛿 , 𝛥𝛿) =
(0.5, 1.0). (a) Number of defects, 𝑁 , versus defect removal fraction, 𝜁 , for 𝜑min = 25◦;
insets show top views of the shell for selected defect removal fractions; large-to-small,
𝜁>, or small-to-large, 𝜁<. (b) Maximum amplitude, 𝛿max, versus 𝜁> or 𝜁<. (c) Knockdown
factor, 𝜅, versus 𝜁> or 𝜁<.

reaching 𝑁 = 1 when {𝜁>, 𝜁<} = 0.9. Various insets provide top-view
visualizations of the corresponding shells. In Fig. 3(b), we then plot
the maximum defect amplitude, 𝛿max, for each of the configurations in
panel (a). We find that 𝛿max decreases as 𝜁> increases (closed symbols)
but remains constant with 𝜁< (open symbols). Next, in Fig. 3(c), we plot
the knockdown factor for the shells characterized in panels (a) and (b);
the filled and open circle symbols represent the 𝜁> and 𝜁< data sets,
respectively, with qualitatively distinct behavior between the two cases.
The knockdown factor of these shells increases from 𝜅 = 0.44 at 𝜁> = 0
to 𝜅 = 0.93 at 𝜁> = 0.9, whereas 𝜅 remains constant across the full 𝜁<
range. Also, in light of Fig. 3(b), these results suggest that 𝜅 is related
to 𝛿max, motivating a more comprehensive exploration of the parameter
space.

The above results on the dependence of 𝜅 on 𝛿max for a single realiza-
tion of an imperfect shell lead us to establish the two central questions
we seek to address: How does the gradual removal of imperfections in a
multi-defect hemispherical shell affect the statistics of the knockdown factor?
What is the role of the most severe imperfection in setting the buckling
strength?
4

3. Methodology: FEM simulations

We utilized a computational pipeline based on the Finite Element
Method (FEM), implemented in the commercial software ABAQUS/
Standard (ABAQUS, 2019). These FEM simulations were adapted from
our previous work Derveni et al. (2023b,a), where we validated them
against physical experiments (Derveni et al., 2023b), and are summa-
rized next for completeness.

We modeled 3D hemispherical shells using S4R shell elements with
reduced integration points. First, we generated perfect hemispherical
shells and then introduced imperfections according to Eq. (1) through
nodal displacements based on various sets of geometric parameters
(⟨𝛿⟩, 𝛥𝛿 , 𝜆, 𝜑min). Each quarter of the shell was discretized with 150
elements in both the meridional and azimuthal directions, resulting in
a total of 67 500 elements in the full hemisphere.

The FEM simulations used a static Riks solver, selecting an initial
arc length increment of 0.1, a minimum increment of 10−5, and a
maximum increment size of 0.5. Clamped boundary conditions were
imposed at the shell equator, and uniform live pressure was applied
to its outer surface. The radius-to-thickness ratio was kept fixed at
𝜂 = 𝑅∕𝑡 = 110 (by fixing the radius and thickness of the shell to
𝑅 = 25.4 mm and 𝑡 = 0.23 mm, respectively). The material was assumed
to be a neo-Hookean solid with a Young’s modulus of 𝐸 = 1.26 MPa,
and a Poisson’s ratio of 𝜈 = 0.5 (assuming incompressibility), so as
to represent vinylpolysiloxane (VPS-32, Elite Double 32, Zhermack),
consistently with previous experiments (Lee et al., 2016b; Marthelot
et al., 2017; Derveni et al., 2023a). Geometric nonlinearities were taken
into account throughout the simulations.

We explored the geometric parameter space within the following
ranges: the lognormal-distributed defects (cf. Eq. (3)) had a mean
amplitude of ⟨𝛿⟩ = {0.5, 1, 2}, with a standard deviation of 𝛥𝛿 =
{0.1, 0.5, 1}, and the defect-removal fractions were 𝜁>∈[0.0, 0.9] or
𝜁<∈[0.0, 0.9], in steps of 0.1. The defects had a fixed normalized width
of 𝜆 = 1 and were distributed with a minimum angular separation, 𝜑min.
We will focus primarily on the case of non-interacting defects when
𝜑min = 25◦ but, in Section 8, we will also present some results for the
case of interacting defects when 𝜑min = 10◦. To clarify, the threshold
for non-interacting defects is set by the critical buckling wavelength
𝑙c = 2𝜋[12(1 − 𝜈2)]−1∕4

√

𝑅𝑡 (Hutchinson, 1967), which can be readily
turned from an arclength separation to an angular separation through
𝑙c∕𝑅. For the non-interacting case, we selected 𝜑min = 25◦, which
extends beyond the interaction regime threshold for our shells with
√

𝑅𝑡 = 2.417, as extensively studied by Derveni et al. (2023a). In this
case, defects are considered independent, as their edge or core does not
overlap. For each set of (input) geometric parameters, we generated 𝑛 =
100 realizations of statistically equivalent shell designs and analyzed
the (output) buckling statistics, as measured by the knockdown factor.

4. Knockdown factor probability density functions

We start by examining the buckling statistics of shells containing
lognormally distributed imperfections, similar to Derveni et al. (2023b).
In this previous work, we found that the statistics of the knockdown
factor was described by a 3-parameter Weibull probability density
function (PDF) (Weibull, 1951). Now, we will focus on the systematic
removal of increasing fractions of imperfections in our multi-defect
shells, from the smallest to the largest, and vice versa. Instead of
analyzing the full Weibull statistics, we will focus on measuring the
mean, ⟨𝜅⟩, and standard deviation, 𝛥𝜅, from the histograms of 𝜅, each
with 𝑛 = 100 realizations.

In Fig. 4, we present the FEM-computed statistical results for the
knockdown factor of imperfect shells with (⟨𝛿⟩, 𝛥𝛿) = (2.0, 1.0); panel
(a) for the small-to-large (𝜁<) case and panel (b) for the large-to-small
(𝜁>) case. In both panels, the histograms correspond to the FEM data,
and the colorbar represents the removal-fraction values. In Fig. 4(a),
as increasing fractions of the least severe imperfections are removed,
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Fig. 4. Probability density functions (PDFs), 𝑓 (𝜅), of the knockdown factor, 𝜅, for
imperfect shell with (⟨𝛿⟩, 𝛥𝛿) = (2.0, 1.0) for several cases of (a) small-to-large defect
removal fractions, 𝜁<, and (b) large-to-small defect removal fractions, 𝜁>. The colored
histograms represent the FEM data for different values of 𝜁< and 𝜁> (see adjacent color
ars). The vertical dashed lines indicate the minimum knockdown factor, 𝜅min, of each
efect removal scenario. (For interpretation of the references to color in this figure
egend, the reader is referred to the web version of this article.)

𝑓 (𝜅<) become slightly narrower, but the changes in 𝑓 (𝜅<) are relatively
small. These results suggest that the small-to-large removal fraction,
𝜁<, does not have a strong effect in modifying the knockdown factor
statistics. By contrast, in Fig. 4(b), when pruning the most severe
imperfections with increasing 𝜁>, we find that the PDFs 𝑓 (𝜅>) broaden
considerably, shift toward higher values of 𝜅>, and the minimum
knockdown factor 𝜅min (left-tail cut off of the histograms depicted by
the dashed vertical dashed lines) also increases progressively with 𝜁>;
the shells become stronger to buckling with increased 𝜁>. These results
suggest that the knockdown factor statistics are strongly affected by the
most severe defects (those with the largest amplitudes), which are pro-
gressively removed with increasing 𝜁>. These findings also point to a
possible relationship, which we will investigate later in this manuscript,
between the minimum knockdown factor value, 𝜅min and the plateau
values, 𝜅p, in the 𝜅(𝛿) curve, for the single-defect case presented Fig. 1.

The probabilistic knockdown-factor data in Fig. 4 are for a specific,
lbeit representative, imperfect shell with (⟨𝛿⟩, 𝛥𝛿) = (2.0, 1.0), where

defect amplitude is sampled mostly from values corresponding to the
plateau of the single-defect case (see Fig. 1). Next, in Sections 5 and 6,
we will further investigate the effect of small-to-large (𝜁<) and large-
to-small (𝜁>) defect removal, over a wider range of the geometric
parameter space.

5. Removal of defects: Small-to-large

In this section, we explore the effect of systematically removing
ncreasing fractions of the less severe defects (small-to-large amplitudes)

with 𝜁<∈[0.0, 0.9] on the mean knockdown factor, ⟨𝜅⟩<, of several
multi-defect shells designs.

In Fig. 5, we plot ⟨𝜅⟩< as a function of 𝜁< for shells with ⟨𝛿⟩ =
{0.5, 1, 2} and 𝛥𝛿 = {0.1, 0.5, 1}. The error bars represent the standard
deviation of the knockdown factor for the ensemble of 𝑛 = 100
realizations, each with the same design parameters. These error bars
are relatively small; comparable or smaller than the size of the symbols
in the plot. For all designs considered, we find that ⟨𝜅⟩< remains
approximately constant across the full range of 𝜁<, indicating that
emoving any fraction of the smaller defects has a negligible effect (at

most an increase of a few percent) on the buckling strength of these
ulti-defect shells.
5

Fig. 5. Mean knockdown factor, ⟨𝜅⟩<, versus the small-to-large defect removal fraction,
<, for shells with 𝛿 = {0.5, 1.0, 2.0} and 𝛥𝛿 = {0.1, 0.5, 1.0}. The error bars correspond
o the standard deviation of 𝜅< from 𝑛 = 100 statistically identical shell realizations.
he horizontal dashed lines correspond to the plateau knockdown factor, 𝜅p.

6. Removal of defects: large-to-small

We now shift to the other scenario, where we systematically re-
move increasing fractions of the most severe defects (large-to-small
amplitudes), 𝜁>.

In Fig. 6(a1, a2, a3), we present the PDFs, 𝑓 (𝛿), with 𝛥𝛿 = {0.1, 0.5,
.0}, respectively, used as input to generate the imperfect shell de-
igns. The distinct line types represent different mean amplitudes (see
egend), with corresponding markers denoting their positions atop the
DFs. As 𝛥𝛿 increases, there is an increasing probability of sampling

higher-amplitude defects from the right tail of 𝑓 (𝛿), as evidenced by
he increasingly broader spread of the PDFs in Figs. 6(a1, a2, a3).

With the input designs described in the previous paragraph, in
Figs. 6(b1, b2, b3), we now present the corresponding output results
or the FEM-computed mean knockdown factors as a function of the
ean amplitude, ⟨𝛿⟩, for different 𝛥𝛿. In these plots, both the marker

size and their color (see the adjacent color bar) represent the removal
fraction 𝜁>. The black solid line, which is the same in the three panels,
corresponds to the equivalent single-defect curve for 𝜆 = 1 (Lee et al.,
2016b; Derveni et al., 2023b) that was already reproduced in Fig. 1. In
Fig. 6(b1), ⟨𝜅⟩> exhibits no increase when ⟨𝛿⟩ is within the plateau of
the single curve, but a 19% increase is observed for ⟨𝛿⟩ = 0.5. A more
ronounced effect is found for higher values of 𝛥𝛿 in Figs. 6(b2, b3),

where an increase of up to 72% and 85% is observed for 𝛥𝛿 = 0.5 (panel
2) and 𝛥𝛿 = 1.0 (panel b3), respectively.

In Fig. 6(c1, c2, c3), we replot the same datasets in panels (b1, b2,
3), this time with ⟨𝜅⟩> as a function of 𝜁>. The error bars represent the
tandard deviation of 𝜅> obtained from 𝑛 = 100 statistically identical
ealizations. For shell designs with ⟨𝛿⟩ = 2.0, which is decidedly
ithin the knockdown factor plateau region, ⟨𝜅⟩> remains constant
ith 𝜁> for all values of 𝛥𝛿 explored (each in the three panels). By

contrast, for ⟨𝛿⟩ = {0.5, 1.0}, which are before or near the onset of
he plateau, respectively, there is a greater increase of ⟨𝜅⟩>, and its

standard deviation, with 𝜁>, especially for 𝛥𝛿 = 0.5 and 𝛥𝛿 = 1.0. For
xample, in Fig. 6(c3), when ⟨𝛿⟩ = 0.5, the mean knockdown factor can
ncrease by as much as 85%, from ⟨𝜅⟩> = 0.46 to ⟨𝜅⟩> = 0.85, when
> = 0.9 of the largest defects are removed.

The main finding emerging from Fig. 6 is consistent with our
prior observations in Derveni et al. (2023a,b), and also analogous
to Carlson’s experimental work (Carlson et al., 1967): the buckling
strength of multi-defect shells is governed by the most severe defects.
In our present study, where we are now addressing this problem more
omprehensively, we observe that the increase in the knockdown factor
s highly influenced by the design parameters of the input distribution

of the defect amplitude (⟨𝛿⟩, 𝛥𝛿). The enhancement of the buckling
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Fig. 6. Knockdown factor (𝜅>) statistics versus the large-to-small defect removal fraction, 𝜁>, for multi-defect designs characterized by 𝛿 = {0.5, 1.0, 2.0} (different line types; see
egend) and 𝛥𝛿 = {0.1, 0.5, 1.0}, in panels (abc1), (abc2), and (abc3), respectively. (a) Input probability density function (PDF), 𝑓 (𝛿), of defect amplitude, 𝛿, used to design the
ulti-defect shells. The markers denote the mean defect amplitude ⟨𝛿⟩, which is traced by a dashed line to the respective panels, (b1), (b2), and (b2). (b) Mean knockdown factor,
𝜅⟩>, versus mean defect amplitude, ⟨𝛿⟩, for various defect-removal fractions, 𝜁> ∈ [0, 0.9]. The cases with different 𝜁> are denoted by markers of increased size and color (see

the adjacent colorbar). The marker symbols refer to different values of ⟨𝛿⟩, as indicated in the legends of panels (a). The solid black line corresponds to the knockdown factor
s. defect amplitude (with 𝜆 = 1) for the single-defect case (Lee et al., 2016b), also reproduced in Fig. 1. (c) Mean knockdown factor, ⟨𝜅⟩>, versus 𝜁>; the error bars denote the
tandard deviation of 𝜅> for 𝑛 = 100 repetitions. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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strength, as the most severe defects are increasingly removed, is partic-
ularly remarkable for design distributions with lower mean amplitudes
and higher standard deviation of the defect amplitude, as seen in the
specific case with ⟨𝛿⟩ = 0.5 and 𝛥𝛿 = 1.0 in Fig. 6(c3).

7. Comparison with single-defect shells

In this Section, we seek to gain additional insight into the results
from Section 6 by comparing multi-defect shells to their single-defect
hells counterparts, focusing on cases where the single defect’s ampli-

tude matches the maximum (worst) defect in the multi-defect shells
characterized above.

In Fig. 7, we plot the knockdown factor 𝜅> of a single realiza-
tion (𝑛 = 1) of a multi-defect shell, whose worst defect has an am-
litude of 𝛿max, as a function of the knockdown factor, 𝜅w, of the

equivalent single-defect shell, whose defect amplitude is also 𝛿max;
ee the 3D visualizations underneath the plot that are representa-
ive of each case. In that plot, we superpose data for various defect
emoval fractions, 𝜁> (see color bar), and various geometric param-
ters (⟨𝛿⟩, 𝛥𝛿); see different symbols in the legend. We find that

all the data points collapse onto the 𝜅> = 𝜅𝑤 (black) line, con-
firming that the worst defect with 𝛿 fully governs the buckling
6

max
strength of these multi-defect shells. Note that no data is found to
the left of the vertical dashed line (in the gray region), which cor-
responds to the onset of the plateau of the single-defect case (cf.
Fig. 1).

Building on the above results for an individual (𝑛 = 1) realization,
e proceed by providing evidence that the worst defects also govern

the knockdown factor statistics for statistical ensembles with many
realizations (𝑛 = 100). In Fig. 8(a, b), we characterize the design (input)
parameters for multi-defect shells as functions of the defect removal
fraction, 𝜁>, specifically: the average number of defects ⟨𝑁⟩ in panel
(a) and the amplitude of the worst defect, 𝛿wor st from the entire sample
f 𝑛 = 100 realizations in panel (b). Unsurprisingly, we find that ⟨𝑁⟩

ecays linearly with 𝜁>, from ⟨𝑁⟩ ≈ 14 at 𝜁> = 0 to ⟨𝑁⟩ = 1 at
> = 0.9. Next, in Fig. 8(b), we identify the amplitude of the worst
efect, 𝛿wor st , from the entire statistical sample, and plot it as a function
f 𝜁>. Three data sets with ⟨𝛿⟩ = {0.5, 1.0, 2.0} are considered (see
egend). We find that for higher ⟨𝛿⟩ the most severe defect is still

sampled from the knockdown factor plateau (above the dashed line)
ven for high 𝜁>. By contrast, for smaller ⟨𝛿⟩, the amplitude of the

worst defect decreases much more significantly with 𝜁>; some of the
points are in the region outside the knockdown factor plateau (below
the dashed line). The semi-logarithmic plot in the inset of Fig. 8(b)
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Fig. 7. Knockdown factors, 𝜅>, for a single realization (𝑛 = 1) of a shell containing
multiple defects versus the knockdown factor, 𝜅𝑤, of the equivalent shell with only one
defect of the worst amplitude from the multi-defect shell. The color map corresponds to
various defect removal fractions, 𝜁>, and the symbols (see legend) to various geometric
parameters (⟨𝛿⟩, 𝛥𝛿). The black solid line represents 𝜅> = 𝜅𝑤, and the gray shaded
region threshold corresponds to the plateau region, 𝜅p, of the single-defect curve.
Underneath the plot, we show two 3D representations of imperfect shells, one for the
multi-defect case with 𝜁> = 0 (left) and the other for the equivalent single-defect case.
In both, the location of the worst defect, with 𝛿max, is indicated. (For interpretation of
the references to color in this figure legend, the reader is referred to the web version
of this article.)

enables a clearer visualization of the data above/below the dashed line
(inside/outside the knockdown factor plateau).

We will now further explore the dominance of the worst (most
severe) defect on the buckling of the multi-defect shells characterized
above, seeking to establish a connection to the single-defect case in
Fig. 1. To do so, we first need to be able to interpolate the data in
Fig. 1, for any defect amplitude, by introducing the empirical function:

𝜅𝛿wor st = 𝜅p + 𝑎 exp−𝑏𝛿wor st , (6)

where 𝜅𝑝 is the knockdown factor in the plateau of the single-defect
curve (see Fig. 1), 𝑎 and 𝑏 are fitting parameters, and the 𝛿 of the
single-defect case will be interpreted as, and replaced by, 𝛿wor st in the
multi-defect case. Fitting Eq. (6) to the single-defect data in Fig. 1 yields
𝑎 = 0.490 ± 0.003 and 𝑏 = 3.87 ± 0.03. In Fig. 8(c), we reproduce the single-
defect data (black solid line), to which we juxtapose the fit to Eq. (6)
(red dashed line). Also, in that plot, we superpose the interpolated
values for 𝜅𝛿wor st obtained from Eq. (6) for the specific values of 𝛿wor st
obtained in Fig. 8(b), focusing, for clarity, on all three examined data
sets with ⟨𝛿⟩ = {0.5, 1.0, 2.0}. The agreement between the individual
data points, the red dashed line (fit), and the black solid line conveys
the accuracy of the interpolation, which we will use next.

Let us now revisit the data in Fig. 7, which were computed for a
single realization (𝑛 = 1), and attempt to relate it to the statistical case
of many (𝑛 = 100) realizations. For simplicity, we focus on the repre-
sentative case of shells with 𝛥𝛿 = 1. First, for this statistical ensemble
(with a given input design of ⟨𝛿⟩), we identify the defect with maximum
amplitude, the worst defect, 𝛿wor st , amongst all of the 100 realizations,
which was already plotted in Fig. 8(b). The worst defect, which can
be sample-size dependent, will allow for statistically rationalizing the
dominance of the most severe imperfection on shell buckling behavior.
Then, we construct a single-defect shell with an imperfection of this
amplitude, 𝛿wor st , and perform an FEM simulation to compute the
corresponding knockdown factor, 𝜅∗

w. Under the interpretation that the
worst defect governs the buckling strength of multiple defects holds, we
expect that 𝜅∗ for this single-defect shell should mimic the minimum
7

w

Fig. 8. Statistics of the design (input) parameters of multi-defect shells (𝑛 = 100
realizations) and comparison with single-defect cases. (a) Average number of defects,
⟨𝑁⟩, vs. defect removal fraction, 𝜁>; the error bar refers to the standard deviation of 𝑁 .
(b) Amplitude of the worst defect, 𝛿wor st , from the entire sample of 𝑛 = 100 realizations,
for three data sets with ⟨𝛿⟩ = {0.5, 1.0, 2.0}. (c) Fit of Eq. (6) (red dashed line) to the
single-defect curve (black solid line). The symbols correspond to the interpolation of the
knockdown factor 𝜅𝛿wor st by substituting 𝛿wor st from panel (b) into Eq. (6). The colorbar
represents the defect removal fraction. The standard deviation of the defect amplitude
is fixed at 𝛥𝛿 = 1.0. (For interpretation of the references to color in this figure legend,
the reader is referred to the web version of this article.)

knockdown factor 𝜅∗
min (statistically the most critical case for design

considerations) extracted from the statistical ensemble obtained with
the same input parameters; see Fig. 4 and Section 4. In Fig. 9, we plot
the comparison between 𝜅∗

min and 𝜅∗
w, with the black line representing

𝜅∗
min = 𝜅∗

w. We find that all the data with ⟨𝛿⟩ = {0.5, 1.0, 2.0} (indicated,
respectively, by the different solid symbols: circles, diamonds, and
squares) and in the range of removal fractions 𝜁>∈[0.1, 0.9] (indicated
by the marker size) collapse onto the 𝜅∗

min = 𝜅∗
w line, within deviations

below 4%. This collapse evidences that, despite the random distribution
of imperfections for these shells, the most critical (i.e., the lowest)
knockdown factor can be accurately predicted by identifying the most
severe (i.e., the worst) geometric defect of largest amplitude.
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Fig. 9. Minimum knockdown factor, 𝜅∗
min, vs. the knockdown factor 𝜅∗

w or 𝜅𝛿wor st arising,
respectively, from single-defect FEM simulations with the worst amplitude from 𝑛 = 100
realizations or through interpolation using Eq. (6). The size of the markers represents
the defect removal fraction, 𝜁>, and the black solid line represents 𝜅∗

min = 𝜅∗
𝑤 or

𝜅∗
min = 𝜅𝛿wor st . The gray shaded region threshold corresponds to 𝜅p of the plateau in

the single-defect 𝜅(𝛿) curve.

In Fig. 9, we also compare the minimum knockdown factor with
the interpolated 𝜅𝛿wor st values obtained from Eq. (6), which are plotted
as the open markers (stars, crosses, plus signs). Here, we know the
worst defect (i.e., of maximum amplitude) from the statistical ensemble,
enabling us to predict the knockdown factor from the fitted single-
defect curve. These data collapse onto the black line (𝜅∗

min = 𝜅𝛿wor st ), and
also align with the FEM-computed data (closed symbols). With these
observations, we arrive at the main finding from the present study: the
knockdown factor of hemispherical shells containing a distribution of
defects can be predicted by identifying the worst (largest-amplitude)
defect and interpolating (or computing) the buckling strength for a shell
containing a single defect at its pole, of that amplitude.

8. Multi-defect shells with defect-defect interactions

Having focused on non-interacting defects, we will now consider
shells with a distribution of interacting defects. A minimum angular
separation of 𝜑min = 10◦, below the interaction threshold (Derveni
et al., 2023a), is used. Fig. 10(a) shows radial deflection profiles
for two adjacent defects at 𝜑min = 10◦, including an example with
identical defects (𝛿1=𝛿2=1.5) and an example with different defects
(𝛿1=1.0, 𝛿2=1.5). We recall that, in our problem, the defect amplitude
is treated as a random variable. The chosen 𝜑min limits interactions to
the defect edges, preventing overlap, as illustrated in Fig. 10(a).

In Fig. 10(b), we present the knockdown factor of the single real-
ization for a shell containing multiple interacting defects, 𝜅>, plotted
against the knockdown factor of an equivalent single-defect shell with
an imperfection of maximum amplitude, 𝜅w, as previously done in
Fig. 7. Similar to non-interacting defects, 𝜅> aligns mostly with 𝜅w but
shows slightly greater deviations from 𝜅> = 𝜅w (the solid line in the
plot) due to defect interactions (Derveni et al., 2023a). For 𝜁 > 0.5,
where most defects are removed, and the remaining ones are well-
separated, the buckling behavior approximates that of single-defect
shells. Deviations from 𝜅> = 𝜅w can reach up to 24%, particularly for
larger ⟨𝛿⟩ = 2.0. We currently have no rational argument to comment
on these deviations compared to the case of non-interacting defects, but
we believe that this problem of interacting defects is worthy of future
investigation.
8

Fig. 10. Multi-defect shells containing interacting defects. (a) Radial deflection profiles
of shells with two adjacent identical (𝛿1=𝛿2=1.5) or different (𝛿1=1.0, 𝛿2=1.5) defects
located at an angular separation of 𝜑(1,2)=10◦. (b) Knockdown factors, 𝜅>, for a shell
with multiple defects with 𝜑min = 10◦ compared to 𝜅𝑤 for the equivalent shell with only
the worst defect. The color map indicates defect removal 𝜁>, and symbols represent
geometric parameters (⟨𝛿⟩, 𝛥𝛿). The black line denotes 𝜅> = 𝜅𝑤, and the gray region
marks the plateau 𝜅p. (For interpretation of the references to color in this figure legend,
the reader is referred to the web version of this article.)

9. Conclusions

We employed FEM simulations, which were validated previously
against experiments, to investigate the buckling strength of elastic
hemispherical shells containing a random distribution of imperfections,
focusing on the effect of the systematic removal of these defects.
Specifically, we examined two scenarios: (a) removing defects from
small-to-large amplitude, with removal fraction 𝜁<, and (b) removing
defects from large-to-small, with removal fraction 𝜁>. We considered
statistical ensembles (each comprising 𝑛 = 100 realizations) of multi-
defect shells over a range of design (input) parameters, with non-
interacting defects whose amplitudes were sampled from a lognormal
distribution with a set mean and standard deviation, and with a nor-
malized width of 𝜆 = 1. We compared the buckling strength, measured
by the knockdown factor obtained through FEM simulations, of these
multi-defect shells with that of an equivalent shell containing a single
defect of amplitude corresponding to the worst (of largest amplitude,
𝛿wor st) measured in the multi-defect case. Furthermore, we computed a
knockdown factor by interpolating an empirical fitting, Eq. (6), of the
single-defect curve (Lee et al., 2016b) and substituting 𝛿 with 𝛿wor st .

We found that the most severe defect governs the buckling strength
of spherical shells containing multiple imperfections, and upon its
removal, the shells exhibit an increased knockdown factor by up to
0.85. By contrast, removing the least severe defects had a negligible
effect (less than 4%) on the knockdown factor. Our systematic results
highlight the dominance of the most severe defect, as evidenced by
the fact that the knockdown factor of multiple-defect shells was nearly
identical to the knockdown factor of an equivalent shell containing a
single defect of amplitude corresponding to the worst defect with 𝛿wor st
of the multi-defect distribution; the single-defect knockdown factor was
computed both by FEM simulations and interpolated through Eq. (6).
These findings demonstrate that accurate estimation of the knockdown
factors of more realistic shells with random, albeit non-interacting,
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imperfections can be obtained from the equivalent single-defect case,
hose buckling strength can even be characterized in detail, a priori, for

interpolation. It is important to note that in the current design of shells
containing lognormally distributed defects, the worst defect depends on
the number 𝑁 of defects in the shell (sampled from the distribution);
this is a topic that deserves further investigation in future work.

Whereas the importance of the most severe defect (imperfection sen-
sitivity) of shell buckling has long been recognized in the literature, our
study is the first, to the best of our knowledge, to provide a quantitative
and systematic exploration of this phenomenon within a probabilistic
framework for multi-defect shells, and with a wide exploration of the
geometric design space. Our results also suggest a qualitative analogy
to the seminal experiments by Carlson et al. (1967) on imperfect
metallic spherical shells, whose defects were progressively polished
chemically. Carlson demonstrated that, through increased polishing,
the knockdown factor of his shells could be increased from 𝜅 ≈ 0.05
o ≈ 0.86. Remarkably, in our systematic investigation using FEM
imulations, we showed that the knockdown of our multi-defect shells

could also be increased, from 𝜅 ≈ 0.46 to ≈ 0.85, by removing increasing
fractions (𝜁>) of imperfection with large-to-small amplitudes. We can-
not establish a direct quantitative parallel between Carlson’s work and
ours since the experimental techniques at the time did now allow for a
detailed characterization of how the chemical polishing smoothed out
the defects. Still, our detailed and systematic numerical study provides
additional support to his pioneering experimental observations that the
severity of imperfections highly influences the buckling of spherical
shells. As a caveat, it is also important to note that the physical shells
in Carlson’s study had a radius-to-thickness ratio from 𝑅∕𝑡 = 1570 to
2120, whereas we focused on 𝑅∕𝑡 = 110. As studied by López Jiménez
et al. (2017), the dependence of the knockdown factor on geometric
parameters of the defect tends to become general and independent of
𝑅∕𝑡, as long as it is sufficiently large. Still, future studies should explore
a wider range of 𝑅∕𝑡 values to further attest to the generality of the
present results.

Our findings should open new avenues in the design of stronger
spherical shells by calling for the control, or even removal, of the size
f their most severe imperfection. Importantly, our work also suggests
hat the buckling strength of shells with a distribution of defects can be
ccurately predicted by performing a full scan (for example, through
rofilometry or X-ray tomography) to identify the properties of the

most severe defect based solely on geometry, followed by conducting an
EM simulation with that single defect. Future research should address
he extent of applicability of this approach to more complex imperfec-
ion scenarios, including through-thickness or material imperfections,
nteracting defects, and other shell geometries, including shallow and
ylindrical shells. Given that the buckling behavior of cylindrical shells
or negatively curved shells) can differ both qualitatively and quantita-
ively from that of spherical shells, it is particularly timely to embark on
 research program to study the probabilistic buckling of multi-defect
on-spherical shells.
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