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a b s t r a c t

We present results from an experimental and numerical investigation on the compression,
and consequent buckling, of a slender rod constrained inside a horizontal cylinder. An ex-
perimental model system is developed to systematically study the sequence of instabili-
ties from straight-to-sinusoidal and sinusoidal-to-helical configurations. We quantify the
associated buckling loads as a function of the radial clearance between the rod and cylindri-
cal constraint. These results are compared to existing theoretical predictions. While good
agreement is obtained for large values of the radial clearance, significant deviations are
found when the geometric imperfections of the setup are comparable to the radial clear-
ance. Due to this imperfection sensitivity, the critical buckling loads can be reduced sig-
nificantly by up to a factor of three. The findings from this model system can be applied
to practical applications across a range of length scales due to the geometric (rather than
material) nonlinearities involved in the deformations of rods.

© 2015 Elsevier Ltd. All rights reserved.
1. Introduction

Buckling of slender rodlike structures under lateral con-
finement can lead to complex geometric nonlinearities
and is ubiquitous in both natural and engineered settings,
across awide range of length scales. Examples includeDNA
packings inside viral capsules [1], silicon nanowires at-
tached to stretchable substrates [2], jamming of nanorods
confined inside a channel [3], coiling of rods onto rigid sur-
faces [4,5] plant roots penetrating into substrates that have
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a graded stiffness [6] and kilometer-long pipes inside of a
borehole in oil well operations [7,8].

In the context of drilling, the buckling of a rod inside
a vertical cylinder was first investigated by Lubinski et al.
[9,7], using equilibrium methods and neglecting the effect
of friction. For the case of an inclined, or horizontal, cylin-
drical constraint, past a first critical load, Ps, the rod takes
on a sinusoidal configuration, with a well defined wave-
length, λsc . Lateral deflections of the buckled rod are pe-
nalized by the combined effect of elastic and gravitational
potential energies, which makes higher buckling modes
more energetically favorable than the first mode. Follow-
ing energy methods, expressions for Ps and λsc were de-
rived by Paslay and Bogey [8] and Dawson and Paslay [10],
respectively. Further compression past a second critical
load, Ph, results in the rod transitioning into a helical
configuration. Chen et al. [11] obtained an expression for
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Fig. 1. Experimental apparatus. (a) Schematic diagram of the configurations of the Nitinol rod inside the horizontal constraining pipe for increasing load.
The initially straight rod (blue) first buckles into a sinusoidal configuration (green) withwavelength λ, and then into a helical configuration (red) with pitch
length p. The axial view (right) illustrates the radial clearance, 21r , between the rod and the pipe. (b) Side view photograph of the experiment: (1) linear
actuator, (2) load cells, (3) aluminum pins, (4) acrylic pipe, (5) Nitinol rod, (6) aluminum frame. The Nitinol rod and the acrylic pipe are both 3.095m long.
For clarity, the photograph has been truncated (marked with . . . ). (For interpretation of the references to color in this figure legend, the reader is referred
to the web version of this article.)
Ph that is, to date, still widely used, even if there is some
disagreement in the literature [12–15]. Within this helical
regime, Lubinski and Althouse [7] proposed a load–pitch
relationship and Mitchell [16] established that the normal
contact force between the helically buckled rod and the
cylindrical constraint is quadratically proportional to the
applied loads at the end boundaries of the rod. These main
results have also been ported to the application of coiled
tubing operations,wherein a pipe is injected into a horizon-
tal wellbore, with similar, albeit heterogeneous, behavior
observed. For more details on this application, see [17].

The preceding studies were performed under the sim-
plifying assumptions of frictionless rod–constraint inter-
action and perfect contact along its entire length. The role
of frictional drag on the end loads has been considered by
Wu and Juvkam-Wold [13], and the effect of end torque
has also been investigated [14,12,18]. Gao and Miska
[19,20] later obtained expressions for the critical sinu-
soidal and helical loads for the case when lateral friction
between the rod and constraint is considered. More re-
cently, Chen et al. [21–23] have taken into account the
contact loss between the rod and the constraint. Beyond
perfectly straight constraints, the buckling of a rod inside
a cylinder whose long axis has a constant curvature has
also been investigated [24,25]. Many studies include ex-
perimental confirmation of theoretical results [13,25–28]
for limited combinations of pipe and constraint diameters.
However, to date, there has been no systematic study that
combines experiments and numerics to explore how this
behavior depends on geometric and material parameters,
as well as test and validate existing theories, in detail.

Here, we perform a combined experimental and nu-
merical investigation of the buckling of a rod inside a
cylinder, over a wide range of radial clearances between
the rod and the constraint. Our precision experiments
are performed on a benchtop-scale apparatus, which al-
lows for the accurate control of the underlying parameters
and a detailed measurement of the mechanical response.
The numerical simulations use the Kirchhoff rod model
to solve for the dynamics of the cylindrically constrained
rod. A direct comparison between experiments and simu-
lations, with no fitting parameters, yields good agreement
in the force–displacement phenomenology and the fric-
tional drag characteristics, as well as on how the critical
loads for sinusoidal and helical buckling depend on radial
clearance. We also find that geometric imperfections of
the constraint, i.e. deviations from a perfectly straight pipe,
have significant effects on the critical loads compared to
theoretical predictions, and that they manifest differently
in the cases of sinusoidal and helical buckling.

Our paper is organized as follows. In Section 2, we
introduce the experimental apparatus and the correspond-
ing computational framework in Section 3. The com-
bined experimental and numerical results are presented
in Section 4, focusing on representative load–displacement
curves (Section 4.1), the dependence of the critical loads
on the governing parameters (Section 4.2) and the effect of
imperfection (Section 4.3). Finally, in Section 5we summa-
rize the main results of the paper, present conclusions and
provide a perspective for future work.

2. Experimental setup

In Fig. 1, we present a schematic and photograph of
our apparatus. The experiments consisted of compress-
ing a Nitinol rod inside an acrylic pipe (3.095 m long).
The pipe was set horizontal and mounted onto a stiff alu-
minum frame by five acrylic clamps that were spaced at
75 cm intervals. Seven different pipes with inner diame-
ters in the range Di = 3-19mm were used. Two Nitinol
rods were used with diameter d = 2r = {1.14, 1.60}mm
andYoung’smodulii E = {68.67±0.27, 68.05±0.15}GPa,
respectively. For both of these rods, the volumetric density
was ρ = 6539 ± 82 kg/m3, and the static and dynamic
coefficients of friction (between the outer surface of the
Nitinol rod and the inner surface of the acrylic constraining
pipe)wereµs = 0.45±0.07 andµd = 0.30±0.03, respec-
tively. Bothµs andµd weremeasured in the axial direction
of the rod/pipe and we assumed that the lateral coefficient
of friction was equal to the axial counterpart. The combi-
nation of the various acrylic pipes and rods resulted in 14
experimental radial clearances,1r , which refers to the rel-
ative confinement of the rod, as shown in Fig. 1(a).
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The rod was compressed from one of its ends, and
along the axial direction of the constraining pipe, by a
worm gear linear actuator controlled by a stepper mo-
tor, that provided horizontal travel with a maximum dis-
placement of 2 cm. The extremity of the rod near the
actuator is referred to as the input end and the other
as the output (dead) end. At the input end, a load cell
(22.2 N-capacity) was mounted between the linear actua-
tor and an aluminum pin that held the Nitinol rod concen-
trically within the constraining pipe. The rods used were
sufficiently long for the majority of their length to rest
along the bottom of the constraint at the beginning of a
test. The load cell measured the input load, Pin. The alu-
minum pin was machined to allow the end of the Nitinol
rod to rotate with three degrees of freedom while impos-
ing axial position by inserting the rod end into a small
(0.3mm-deep, 1.6mm-diameter) recess on the pin face. At
the output end, the rod was held by an identical aluminum
pin which attached to the rigid frame via another load cell,
that allowed for measuring the output load, Pout .

Each experimental run consisted of first positioning
the Nitinol rod inside the horizontal pipe and placing its
ends into the two pin recesses. At this stage, we ensured
that Pin and Pout were balanced to within 0.4N of each
other. Loading (compression) was then accomplished by
quasistatically increasing the position of the input end in
steps of 10µm,while recording both Pin and Pout . Note that,
during a run, Pout was always less than Pin due to frictional
losses between the rod and the pipe. Both the stepper
motor control and the data acquisition were computer
controlled using LabView. A run was stopped when either
the maximum travel (2 cm) of the input end was reached
or when the reaction load on either end reached 90%
of the capacity of the load cells. At the end of a run,
the system was unloaded by reverse-stepping the linear
actuator back to the original position. An experimental test
for specific values of the control parameters (e.g. rod or
pipe diameters) comprised five identical runs to confirm
reproducibility. At the end of each test, the Nitinol rod
and/or the acrylic pipe were changed for a new geometry,
and both the rod and pipewere cleanedwith a cotton cloth
prior to performing a new test.

3. Numerical framework

Our simulations use the shearable and extensible Kirch-
hoff rod model [29–33] to describe the elastic rod within
the cylindrical constraint. In this framework, the rod is
characterized by both its center line position r(s, t), and
amaterial triad d̂i(s, t) (i = 1, 2, 3) attached to every cross
section that follows the twist along the rod. The arc length
of the undeformed rod is s (with s = 0 at the input end,
where the rod is compressed), t is time, d̂1 and d̂2 lie on
the cross section planewhose unit normal is d̂3 (for further
details on the Kirchhoff rod formulation, see [34]). The four
remaining unknowns include the tensile and shear strains,
γ(s, t) (with γ3 = γ · d̂3 representing tensile strain), and
the bending and twisting strains, κ(s, t) (with κ3 = κ · d̂3
denoting the twisting strain). Note that the shear and ex-
tensional strains γ = ∂r/∂s− d̂3 can be non-zero since the
rod is not assumed to be inextensible nor unshearable. In
other words, d̂3 is not required to be tangent to the center-
line of the rod.

Under these assumptions, the governing equations of
the rod are the conservation of linear and angular momen-
tum, respectively,

∂(ρv)
∂t

=
∂ (Bγ)

∂s
+ Fext , (1)

∂(Iω)
∂t

=
∂ (Gκ)

∂s
+


γ + d̂3


× (Bγ)+ Qext , (2)

where ρ is the density, v = ∂r/∂t is the velocity, I is the
mass moment of inertia tensor, ω is the angular velocity
of the material triad, B = GAd̂1d̂1 + GAd̂2d̂2 + EAd̂3d̂3,
so that Bγ represents the internal elastic forces; and G =

EId̂1d̂1 + EId̂2d̂2 + GJd̂3d̂3, so that Gκ represents the in-
ternal elastic moments and torques. Here, E,G, A, I , and J
are Young’s modulus, shear modulus, cross-sectional area,
second moment of inertia, and polar moment of inertia,
respectively. Finally, Fext and Qext are the external applied
forces and moment per unit rod reference length.

In order to apply the above Kirchhoff model to our case
of a rod compressed inside a cylindrical constraint, we
need to consider the external forces andmoments, namely:
(i) gravity, (ii) normal contact force and (iii) friction exerted
by the cylindrical wall onto the rod. First, the gravitational
force per unit length is

Fgravity = ρgAêz, (3)

where ρ is the volumetric density of the rod, g is the accel-
eration due to gravity and êz points vertically downwards.

Second, when rod-channel contact occurs, the normal
contact force is in the radial direction of the constraint.
It consists of an elastic and an inelastic part Fcontact =

−(Nelastic +Ninelastic)n̂. The magnitude of the elastic contact
force per unit lengthNelastic can be determined by the radial
penetration, δ, of the rod into the constraint (if penetration
occurs):

δ = BNelastic


2
3

+ log


1r
BNelastic


+

Nelastic

k
, (4)

where B and k are two constants computed using the ge-
ometry of the rod and the constraint,1r is the radial clear-
ance of the rod inside the constraint. The expression for this
penetration comes from the Hertzian contact between two
cylindrical bodies plus the inherent compliance of the two
cross-sections. The magnitude of the inelastic part of the
contact force, Ninelastic , is determined by the radial velocity
of the rod vn at the point of contact:

Ninelastic = Cvn, (5)

where C is a constant computed using the coefficient of
restitution of the contact. Both the elastic and inelastic
parts of the contact force act normal to the inner surface
of the constraining pipe, if and only if, it is in contact with
the pipe wall. More information on the contact model can
be found in Refs. [35–38].

Finally, friction is assumed to obey Coulomb law

Ffriction ≤ −µ |Fcontact |
vcontact
|vcontact |

, (6)
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whereµ is the friction coefficient and vcontact is the portion
of the velocity vector of the contact point that is tangent
to the cylindrical constraint (perpendicular to n̂). It is
important to note that because friction acts on the surface
of the rod, instead of at its center, the moment, Qext =

rn̂ × Ffriction, emerges and must also be taken into account
(no other moments are considered). We also distinguish
between static and dynamic friction coefficients, both of
which were measured in the experiments. We realize
that the Coulomb friction law introduces hard non-linear
behavior at the onset of movement and at the onset
of stopping. This has been carefully addressed at every
integration time step by first solving the equations of
motion in the absence of friction. Then, based on the
predicted result without friction and predetermined limits
on friction effects over the time step, we introduce the
appropriate amount of change due to friction, so that the
result is consistent with the physical expectation.

Our simulations solve for the dynamics of the cylindri-
cally constrained Kirchhoff rodmodel described above, fol-
lowing an approach similar to that previously applied to
study the transient dynamics of drillstrings [36–38]. First,
the rod is discretized into segments, each of which is char-
acterized by its position and orientation. At each compu-
tational time step, the extension, bending, twisting, and
shear strains are computed for each segment using the
current position and orientation of the rod following the
Kirchhoff model described above. The stresses along the
rod are then computed from these strains, making use of
the constitutive law, for which we assume an isotropic lin-
ear elastic material. The validity of this assumption is sup-
ported by the fact that, given the slenderness of the rod, the
material strains remain small throughout the loading pro-
cess, despite the large displacements and rotations of the
rod. From these stresses, we calculate the internal forces
acting between neighboring segments that, combinedwith
the external forces (e.g., gravity and the normal/tangential
frictional contact forces with constraint), yield the total
force acting on each segment. The acceleration of the seg-
ments can then be determined and, subsequently, the po-
sitions updated for the next numerical time step using a
Newton–Raphson iteration scheme. The time step (dt =

1.6× 10−6 s) and segment length (L = 2.54mm) were se-
lected based on a convergence analysis.

4. Results

Having introduced our methodology and approach, we
proceed with the presentation of our combined exper-
imental and numerical results and a detailed compari-
son to existing theories. We focus on load–displacement
curves (Section 4.1), measure the critical buckling loads
(Section 4.2) and evaluate the importance of geomet-
ric imperfections in the buckling process of our system
(Section 4.3).

4.1. Load–displacement curves

In Fig. 2(a) we present a representative reaction load
versus displacement curve for a Nitinol rod (d = 1.14mm)
that is compressed axially inside a pipe with ID = 9.4mm
(1r = 4.1) for both experiments (solid symbols) and
simulations (hollow symbols). The reaction loads at the
input end, Pin (circles), and output end, Pout (triangles),
of the apparatus are recorded by the load cells on both
extremities (see Section 2). The two signals are similar up
to δ ≈ 2.5mm in the experimental data and δ ≈ 2mm in
the simulation, beyond which there is a growing load loss,
1P = Pin −Pout . This is due to the increasing frictional drag
between the rod and the surface of the constraining pipe. In
the simulations, there is a large peak just prior to sinusoidal
buckling, which we do not observe consistently in the
experiments. We attribute this difference to the fact that,
in the simulations, the rod is perfectly straight (with its
ends laying on the bottom of the constraining pipe), which
results in an overshooting of the critical buckling force; a
common issue in structural stability algorithms [39].

The region inside the dashed box of Fig. 2(a) is a zoom
of Fig. 2(b), in the range 0 < δ [m] < 0.004. The rod is ini-
tially straight and exhibits a reaction load that is both lin-
ear and stiff until the first (of two) buckling transitions into
the sinusoidal configuration at δs. After this point, there is
a dramatic drop in the slope of the P-δ curve. During this
sinusoidal regime, Pin and Pout remain similar indicating
that there is a nearly full load transfer from the input to
the output end. As the rod is compressed further, there is a
sudden drop in both Pin and Pout at δh, when the rod tran-
sitions from a sinusoidal into a helical configuration (ob-
served as the rod touches the top of the pipe) and momen-
tarily loses contact with the constraining cylinder during
the mode change. Beyond this point, we find synchronized
drops in Pin and Pout that corresponds to the formation of
new helical pitches. The helical configuration of the rod,
rather than being a uniform helix, contains a number of
regions where chirality inverts (known as perversions in
the literature of rods [40]), presumably due to the friction-
induced frustration of torsion along the length of the pipe.
Between δs and δh in the simulation data, we also observe
high variation in both Pin and Pout , whichwe attribute to the
propagation of elastic axial waves in the simulation, which
does not include material damping.

The growing separation between Pin and Pout (Fig. 2(a))
in the helical regime, past δh, is due to the increase in the
normal contact forcewith the constraint. This causes an in-
crease in frictional drag, which, when integrated over the
full length of the rod makes up for1P . In Fig. 2(c), we plot
1P versus δ for experiments (solid circles) and simulations
(hollow circles). We note that this plot is different from
previous work [13,26,27], which has plotted1P as a func-
tion of Pin. For imposed displacements below δ < δh, the
load loss is approximately constant and equal to the slid-
ing friction resistance; 1P ≈ µdmg , where m is the to-
tal mass of the rod. Past helical initiation, δ > δh, we find
that 1P ∼ δ2. This power-law behavior is robust across
all experimental tests with other values of d and 1r . The
quadratic dependence between end displacement and nor-
mal contact force (which, when combined with friction,
yields1P) has been predicted [7,16], even though the theo-
retical work assumed frictionless interactions between the
rod and the constraint. The 1P ∼ Wn ∼ δ2 behavior can
therefore be attributed to the nonlinear geometry of the
configuration, and the varying axial load in the rod (due to
frictional drag) does not affect the functional relationship
between displacement and normal contact force.
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a

b

c

Fig. 2. (a) Reaction force for experiments (solid symbols) and simulations (hollow symbols) at the input end, Pin (circles), and output end, Pout (triangles),
as a function of imposed displacement, δ, for a representative test (ID = 9.4mm, d = 1.14mm, 1r = 4.1mm). (b) Zoom of region inside the dashed box
in (a), over the range 0 < δ < 0.004. The critical indentations, δs and δh , and critical loads, Ps and Ph , for the transitions between the straight-to-sinusoidal
and sinusoidal-to-helical configurations, respectively, are marked in the plot for the experimental values. (c) Load loss between input and output ends,
1P = Pin − Pout , as a function of imposed displacement, δ, for experiments (solid symbols) and simulations (hollow symbols).
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b

Fig. 3. Normalized critical (a) sinusoidal and (b) helical buckling loads (P s and Ph , respectively) as a function of 1r . Experimental values are the mean
of five runs with error bars representing the standard deviation. These values are compared to theoretical predictions from the literature for the case of
frictionless (dashed line) and frictional (solid line) interactions between the rod and constraint [8,11].
4.2. Critical loads for sinusoidal and helical buckling

We now turn to studying the loads at which the
constrained rod configurations transition from straight to
sinusoidal, Ps, and from sinusoidal to helical, Ph. In the
previous section, we indicated how critical loads were
identified by critical points on the P-δ curves.Motivated by
results from the recent literature [8,11,19,20] (discussed in
more detail below), loads are normalized by 2

√
EIw (and

denoted by an overbar, e.g., P s = Ps/

2
√
EIw


), where EI

is the bending stiffness of the rod (I is the second moment
of inertia) andw = ρgπr2 is its weight per unit length.

In Fig. 3(a), (b), we plot the normalized sinusoidal and
helical buckling loads, P s and Ph, respectively, obtained
from experiments (solid symbols) and simulations (hol-
low symbols), as a function of 1r , for the two rods with
d = {1.14, 1.6}mm. We also compare the experimental
data with two different theoretical predictions from the
existing literature [8,11]. The simulation results are fur-
ther subdivided into results with perfectly axially straight
constraining cylinders (hollow circles and squares) and
those with geometric imperfections of the constraint that
match the experimentally measured values (hollow trian-
gles). The nature of these imperfections will be discussed
in detail in Section 4.3.

The first theory (dashed lines in Fig. 3(a), (b)) [8,11]
assumes a frictionless rod–constraint interaction and pro-
vides the following predictions for the normalized sinu-
soidal and helical buckling loads, respectively,

P s (µ = 0) =
Ps

2
√
EIw

=
1

√
1r
, (7)

Ph (µ = 0) =
Ph

2
√
EIw

=


2
1r
. (8)

The second theory (solid line in Fig. 3(a), (b)) does assume
lateral friction between the rod and the pipe, and adds
amplification factors ψ s

c and ψh
c to Eqs. (7) and (8), re-

spectively, that include the coefficient of dynamic friction,
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µd [19,20]:

ψ s
c =

q2

2


1 − 1.5a2


+

1
2q2


1 +

a2

8
+

8µd

πa


, (9)

ψh
c =

6
3 − πµd


(π + 2µd) (5 − πµd)

10π

1/4

, (10)

where q = 1 + 0.193µ2/3
d and a = 0.774µ1/3

d − 0.371µd.
For our measured value of µd = 0.30 ± 0.03 and pinned–
pinned boundary conditions, ψ s

c = 1.67 and ψh
c = 2.44.

In Fig. 3(a), (b) we plot (solid lines):

P s (µ = µd) =
Ps

2
√
EIw

=
ψ s

c
√
1r
, (11)

Ph (µ = µd) =
Ph

2
√
EIw

=
ψh

c
√
1r
. (12)

The two experimental datasets (d = {1.14, 1.6}mm)
collapse onto a single curve, for both P s and Ph, which sup-
ports the chosen normalization. For large values of the ra-
dial clearances, these experimental results for P s and Ph
agree particularly well with Eqs. (11) and (12), which both
included frictional interaction. For the tighter clearances,
however, there is a pronounced disagreement and the fric-
tional theory significantly overpredicts the experimental
data (∼50% for P s and ∼100% for Ph). Simulation data
for perfectly straight clearances show a similar collapse,
and agree well with Eqs. (11) and (12) over all clearances,
with critical forces slightly higher than those predicted. On
the other hand, when geometric imperfections of the con-
straint are included in the simulations (tomatch the exper-
iments), significant discrepancies with the predictions are
found, similarly to the experimental results. The role of the
geometrical imperfections of the setup in affecting theme-
chanical response of our system will be discussed in more
detail, below, in Section 4.3.

4.3. Effect of imperfections

As described in Section 2, the acrylic pipe used in our
experimental apparatus was mounted horizontally to a
rigid aluminum frame at discrete points set 75 cm apart
(see Fig. 1). These unsupported segments can sag under
their own weight. Assuming clamped–clamped boundary
conditions, the maximum deflection due to self-weight at
the mid-span is [41]

ςmax =
wL2

384EI
(13)

where L is the unsupported length of the pipe between
clamps, w = 1195 kg/m3 is weight per unit length of
the glass pipe, E = 2.2GPa is its Young’s modulus and
I = π/64(D4

o − D4
i ) is the area moment of inertia of the

pipe (which we vary for pipes with different outer and
inner diameters, Do and Di, respectively). For convenience,
we define the dimensionless maximum deflection, η =

ςmax/1r such that η = 0 corresponds to the pipe being
perfectly straight and η > 1 to a deflection that is larger
than the radial clearance. In Fig. 4, we plot η versus 1r
for all the acrylic pipes used in our experiments, and for
the two cases of d = {1.15, 1.6}mm. Note that η & 1 for
the two tightest clearances, the third tightest clearance has
η ≈ 0.4 and η ≤ 0.05 for1r & 4mm.

We revisit the critical buckling loads plotted in Fig. 3(a),
(b) that showed disagreement between experimental
results and frictional theory at lower clearances, which we
now understand as having larger values of η. As noted,
across the whole range of 1r , simulations for a straight
constraint follow Eq. (12), whereas the simulations with a
geometrically imperfect pipe follow the experimentsmore
closely.

We further evaluate the deviations of the experimental
and simulated (including sag) data from Eq. (12) by
quantifying the following normalized differences between
the theoretical prediction with friction from Eqs. (11)
and (12), [Ps]th and [Ph]th, and the observed experimental
and simulated results, [Ps]obs and [Ph]obs, for the critical
buckling loads for the onset of the sinusoidal and buckling
configuration, respectively,

χ s
≡

[Ps]th − [Ps]obs
[Ps]obs

, (14)

χ s
≡

[Ph]th − [Ph]obs
[Ph]obs

. (15)

These can be regarded as knockdown factors, as often
referred to in buckling analysis, with χ = 0 indicating
perfect agreement between experiments and theory.

In Fig. 5(a) and (b), we present χ s and χh versus η, for
the two rods with d = {1.14, 1.6} mm. As discussed in
Section 4.2, the simulations do not exhibit the same de-
gree of reduction in critical loads at small clearances (large
η) as in the experiments; there is significant scatter in the
simulation results of Fig. 5(a) and (b). For the experimental
results, however, the knockdown factor is approximately
linearwith imperfection size. Negative values ofχ s,h corre-
spond to observed measurements greater than theoretical
predictions. It is interesting to note that for the case of χh,
there is a threshold of η ∼ 0.4, below which the system is
insensitive to imperfections. This indicates that there is a
range, 0 < η . 0.4, over which the system is tolerant to
the size of the imperfections on the constraining geometry,
where the idealized frictional theory [19]mentioned above
is applicable. Beyond this range, however, reductions in the
critical conditions for the onset of helical buckling can be
significant, by as much as 300% (see Fig. 5).

5. Conclusions

We have studied the problem of buckling of a cylindri-
cally constrained rod under compression, through a com-
bination of precision model experiments and simulations,
finding good agreement between the two, with no fitting
physical parameters. These results were also compared to
existing theoretical predictions that describe the data well
for the larger radial clearances, but significant discrep-
ancies were found for tighter clearances. Exploring these
differences led to the recognition of the nontrivial role
of geometric imperfections of the horizontal constraint,
notably the sag that was present in the unsupported
spans of the smaller-diameter pipes. We found that the
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Fig. 4. Normalized maximum sag in the constraint, η, as a function of the radial clearance,1r , for all the experimental runs.
a

b

Fig. 5. Experimental deviation from theoretical prediction for critical (a) sinusoidal and (b) helical buckling load (χ s and χh , respectively) as a function of
constraint imperfection size, η. We note an approximately linear relationship between χ s and η in (a), but an apparent critical value of η (0.4 < ηc < 1)
in (b) below which χh remains relatively unaffected.
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knockdown factor that reconciles our results with existing
theory increased with the size of the imperfection (com-
pared to the radial clearance). For the onset of the helical
configuration, however, there was a critical threshold be-
low which the system is insensitive to imperfections. This
finding should be particularly relevant for coiled-tubing
operations in horizontal wellbores with an intrinsic tortu-
osity, where there is a timely need to extend reach [42]. To
the best of our knowledge, the importance of this knock-
down (and the existence of a threshold) has not previously
been reported in the literature for the context of coiled-
tubing operations. Future work should focus on exploring
this imperfection-dependence for differentwavelengths of
imperfection size, aswell as imperfections not alignedwith
the direction of gravity. The prominence of geometry in
this problem (instead of material effects) in dictating the
nonlinear behavior of cylindrically constrained rods allows
for the same mechanical framework to be relevant to both
the benchtop and oilfield scales. However, a detailed scal-
ing analysis that quantitatively establishes a bridge be-
tween the lab and the field scales is yet to be developed
and we believe that this is another important direction for
future work.
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