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S1 Experiment setup

Fabricating matrices with different stiffness

For the fabrication of the elastomeric matrix surrounding the Nitinol rod, we used PDMS (Syl-
gard 184 from Dow Corning Inc.). This product comes in two parts, a curing agent and a base
agent, that we have to mix prior curing. Curing of the PDMS was performed using a convection
oven at a low temperature of T'= 40 ° C for 24 hours ensuring a negligible thermal dilatation of
the molds and PDMS and thus stress free samples after curing. The Dow Corning recommanda-
tion is to use a base/cure ratio in weight of 10:1, which produce an elastomer of Young modulus
of 2100 kPa after curing. By varying the base/cure ratio from 80:1 to 10:1 and thus changing the
amount of cross linkers, one can vary the Young modulus of the elastomeric sample, typically
from 1 kPa to 2.1 MPa.

To measure the elastic modulus, we casted a small cylinder sample (2 ¢cm long and 2.6
cm in diameter) along with each PDMS matrix using the same mixture and protocol. These
small cylinders were then tested under compression using a Zwick material testing machine. By
importing the displacement and force measurements and using a linear elastic model, we deduced
the Young modulus for each or the elastomeric matrices. Due to the geometry of our test, i.e.
the barreling of the sample cylinder when compressed, a correction factor on the inferred Young
modulus had to be taken into account [1]. These measurements of the elastic modulus as a
function of ratio base/cure agent are represented on Fig. S1 along with other results taken from
the literature [2, 3, 4, 5].
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Figure S1: Elastic modulus of Polydimethylsiloxane Dow Corning Sylgard 184 as a function of
the ratio of base agent on cure agent. Measurements on our samples are represented using full
disk symbol along with other measurements form the literature [2, 3, 4, 5].

Sample parameters

We made a total of 15 samples in this study. The parameters for all the samples and their
cross-sectional buckling shapes at compressive strain € = 3% are shown in Tab. S1.
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Table S1: Parameters characterizing all the 15 samples. d,. is diameter of the rod; F, is the
Young’s modulus of the rod; F,, is the Young’s modulus of the matrix; L, is the length of the rod;
Smax is the maximum applied displacement during the test; E,,,L*/(E,I,) is the dimensionless
matrix stiffness, I, = wd}/64 being the second moment of inertia of the rod cross section. In

the last column a cross sectional view of the buckled sample at ¢ = 3% is shown.

Name dy E, E, L, Omax EmLﬁ /E, I, | Buckled shape
[pm] [GPal [kPa] [m] | [mm] [109] € =3%

S26 | 203 | 59.23+0.07 | 3250+ 0.69 | 0.041 | 2 0.0190 e
$25 | 254 | 67.01+£0.69 | 32.59+0.69 | 0.055 | 2.5 | 0.0213
S15 | 254 | 67.01+0.69 | 29.45+0.50 | 0.097 | 4 0.19 % g
S24 | 203 | 59.23+0.07 | 13.85+0.33 | 0.098 | 5 0.26 o
S8 | 254 | 67.01+0.69 | 66.73+0.96 | 0.099 | 5 0.47
S17 | 203 | 59.23+0.07 | 32.85+0.54 | 0.097 | 3 0.59
S23 | 152 | 67.95+£0.77 | 13.85+0.33 | 0.097 | 7 0.69
S21 | 203 | 59.23+0.07 | 49.63+0.67 | 0.097 | 4 0.89
S14 | 152 | 67.95+0.77 | 29.45+0.50 | 0.097 | 4 1.46
S7 | 152 | 67.95+£0.77 | 59.96 £0.78 | 0.094 | 4 2.63
$22 | 100 | 64.24+0.24 | 13.85+0.33 | 0.097 | 9 3.89
S16 | 100 | 64.24+0.24 | 32.85+0.54 | 0.097 | 9 9.22
S20 | 100 | 64.24+0.24 | 49.63+0.67 | 0.097 | 6 13.93
SI8 | 50.8 | 60.93+1.26 | 10.05+0.32 | 0.097 | 5 44.68
S13 | 50.8 | 60.93+1.26 | 29.45+ 0.50 P9.097 | 5 130.87 g




S2 Computing the minimum area ellipse that encloses the cross-
sectional view of the buckled rod

To better characterize the buckling shape, for each sample we computed the minimum area
ellipse that encloses the cross-sectional view of the buckled rod at a given level of applied
compressive strain e. First, to facilitate the analysis, we rigidly rotated the rod using Principal
Component Analysis (PCA) [6, 7] and aligned the major lateral buckling direction with the y
axis (the matrix central axis was aligned with z). Then, we focused on the lateral y — z plane
and computed the ellipse with the smallest possible area that encloses all points [y;, z;] along
the rod (note that to eliminate boundary effects, we only focused on points of the rod away
from the boundaries and neglected those within 1/6 of its length from both ends). Therefore,
denoting with a and b the major and minor axes of the ellipse, we required

2

a—;—l—b—; <1, forall i=1,2,3,---N (S1)

2 y;

Therefore, for a given a value of b the lower bound for the area of the ellipse S = mab was
obtained as

so that

S = mab > max S — (S3)
o\ y/1/b% = 22 /bt

Finally, we determined numerically the minor axis b that minimizes the area,

Smin = min | max S . (S4)
oLt 10— 220

Two examples of minimum area ellipses (black dashed line) obtained for samples #7 and #18
together with the trace of rod coordinates (red line) are shown in Fig. S2A and B . Note that the
aspect ratio of the ellipse (i.e., the ratio between the minor and major axes b/a) characterizes
whether the buckling shape is 2D or 3D: A flat ellipse with a small b/a value indicates an in-plane
buckling shape, while a more circular one with b/a — 1 indicates a 3D buckling shape.

S3 Buckling analysis using the Winkler foundation model

While in the main text we focus on the results of the buckling analysis, here we present the
details of the analysis.

To understand and quantify the conditions leading to 2D and 3D buckling configurations,
we adopt the Winkler foundation model and simplify the matrix as an array of springs with
stiffness K acting only in radial direction. Consequently, assuming small strain and moderate
rotation, the governing equation for the embedded elastic rod is given by

oY 9*Y
where F.I, is the bending stiffness of the rod, F' is the applied compressive force and Y and
S denote the lateral displacement and the arc length of the rod, respectively. By introducing
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Figure S2: Two examples of minimum area ellipses (dashed black lines) that enclose the cross-
sectional view of the buckled rod (red traces).

the normalized displacement, y = Y/L,, and arc length, s = S/L,, Eq. (S5) can be rewritten in

dimensionless form as o1 o2
Yy Yy
@+W2f@+ﬂ4k‘y:0, (S6)

where f = FL?/(7*E.I,) and k = K L}/(7*E,I,) are the dimensionless compressive force and
spring constant, respectively.

To solve for the critical force f.,, one needs to specify boundary conditions. Here, we consider
two types of boundary conditions: (Case A) both ends are free to rotate; (Case B) both ends
are fixed.

Case A: Both ends are free-to-rotate

When both ends of the rod are free to rotate,
y(0) =y(1) =0, y"(0) =y"(1) =0 (S7)
where ()’ = 9(-)/0s. For this case, the solution of Eq. (S6) takes the form
y(s) = A sin(nmws), (S8)
where n is an integer. Substitution of Eq. (S8) into Eq. (S6) yields
Anirtsin(nrs) — An’zt f sin(nrws) + Antksin(nms) = 0, (S9)

which can be simplified as

nt—n’f +k=0. (S10)
Therefore, non-trivial solutions to Eq. (S6) exist when
k + n*

f=tu= A0 (s11)

where f, denotes the compressive force f, required to trigger the n-th mode. Since during
loading the mode associated to the lowest f, emerges and grows, the critical buckling force for
the system is given by

fcr = min (TL2 + :;) . (S12)

n=1,2,

S4



Case B: both ends are fixed
When both ends of the rod are fixed

y(0) =y(1) =0, ¥'(0) =y'(1) =0, (513)
and the form of solution to Eq. (S6) is found by examining the roots of its characteristic equation
ot + 7 fa® + ik = 0. (S14)

Note that the form of the solution depends on the sign of f* — 4k.

1. For f?> — 4k > 0, Eq. (S14) has four imaginary roots,

o=+ Fr 24k, B==+"T1\/f— /2 4k (S15)
V2 V2
Therefore, the general solution to Eq. (S6) is given by
y(s) = Arsin(as) + Ag cos(as) + Az sin(Ss) + Ay cos(Bs), (S16)

so that
Y (s) = Ajacos(as) — Asasin(as) + Az cos(Bs) — Ayfsin(Bs) (S17)

where A1, As, A3, Ay are arbitrary constants which are determined by imposing the bound-
ary conditions. Substitution of Eqgs. (S16) and (S17) into the boundary conditions (S13),

yields
As+A,=0
Aloz + A3B =0
Ay sin(a) + Ag cos(a) + Assin(f) + Agcos(B) =0
Ajacos(a) — Asasin(a) + Az cos(f) — AsfBsin(f) =0 (S18)

which can be written as Ka = 0, where K is a coefficient matrix and a = (Ay, Az, A3, A4)7.
Generally, the matrix K is not singular and only the trivial solution a = 0 exists. However,
for certain values of f, K becomes singular (i.e. det(K) = 0) and in that case a non-zero
solution is found, indicating the occurrence of buckling. Note that in this case explicit
formulae for the critical force cannot be obtained and buckling is detected numerically by
finding the values of f for which det(K) = 0.

2. If f2 — 4k =0, the roots of Eq. (S14) are given by
o = +irk!/4, (S19)
and the solution of Eq. (S6) takes the form
y(s) = Ay sin(as) + Agssin(as) + Ag cos(as) + Ags cos(as), (520)
so that

y'(s) = Ajacos(as) + As(sin(as) + as cos(as))

—Agasin(as) + Ayg(cos(as) — assin(as)) (521)
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Substitution of Egs. (S20) and (S21) into the boundary conditions (S13), yields

A3 =0
Aja+A44=0
A sin(a) + Az sin(a) + Az cos(a) + Ag cos(a) =0 (S22)

Ajaccos(a) + Az (sin(a) + a cos(a))
—Aszasin(a) + Aa(cos(a) — asin(a)) =0

which admit only trivial solution a = 0, since f in this case has a fixed value (i.e. f = 2\/%)
and cannot vary.

3. For f2 — 4k < 0, Eq. (S14) has four complex roots
o = 7kY* (£ cos 0 £ isind), (S23)

_ 1 - f?
0= 3 [71' - arcsm( 1- 4]{:)] (S24)

. Therefore, the general solution of Eq. (S6) has the form

where

y(s) = Ajexp(ys)sin(f8s) + Az exp(ys) cos(Bs)

+ Az exp(—s) sin(Bs) + Aq exp(—ys) cos(fs), (525)

so that

y'(s) = Ajexp(ys)(ysin(Bs) + Bcos(Bs)) + Az exp(ys)(y cos(Bs) — Bsin(Bs))
+Az exp(—ys)(—ysin(fs) + [ cos(Bs)) — Agexp(—7s)(y cos(Bs) + Fsin(fs)),

(S26)
where v = mk'/* cos§ and 8 = wk'/*sin 0. Finally, the boundary conditions require that
Ay + A4 =0
A1+ Ay + A3 — Ayy =0
Aj exp(y)sin(B) + Az exp(7y) cos(f8)+ (27)

Az exp(—7) sin(f) + A exp(—7) cos(8) = 0
Ay exp(y)(ysin(B) + B cos(B)) + Az exp(7)(7y cos(B) — Bsin())
+Az exp(—7)(=ysin(B) + B cos(B)) + Asexp(—7) (=7 cos(5) — Bsin(f)) = 0,

which can be rewritten as Ka = 0, and the non-zero solution, if exists, is detected by
setting det(K) = 0.

S4 Winkler foundation model: Relation between the spring
stiffness K and the matrix shear modulus G,,

In our analysis we adopted the Winkler foundation model and simplified the matrix as an array of
springs with stiffness K acting only in radial direction. Therefore, to make a connection between
the prediction of the analytical model and the experimental results a relation between the spring
stiffness K and the matrix shear modulus G,, = E,,/[2(1 4 vy,)] needs to be established. For an
elastic rod of radius r, and length L, buckled into mode n it has been shown that K is related
to G, and v, as [8, 9]

167G (1 — vp)

K =
23 — dvn) Ko (nmfs ) + nr ek (e )

; (528)
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where Ky(-) and Kj(-) are the modified bessel function of second kind.
It is worth noting that for slender rods, for which /L, — 0, Eq. (S28) significantly simplifies,
since

Tr Ty
li —K — =1 S29
Tr/grn—)l) " L, ! <n7T L, > ( )
and
. Tr
1 K — | = . S30
rT/ng—ﬂ) 0 <n7r L'r> +00 (S30)

Therefore, when 7,/L, — 0 the second term of the denominator in Eq. (S28) can be neglected,

so that
167G (1 — v)

K= , (S31)
2(3 — dvn) Ko (mrz—)
Furthermore, we note that for slender rods
In (%)
lim —— =1, (S32)
re/Le=0 [, (mr%)
and or
r
lim 1 ~) - K — | =1.72195 S33
rr/lLI:lao . (nn> 0 (mTLT> ’ (533)
so that Eq. (S31) can be rewritten as
1 m(1 —vm,
K = 167Gm(l = V) when 7,./L, — 0. (S34)
23 —4vp,)In <7217£:)
Finally, for the case of rods embedded in soft, elastomeric matrices v,,;, = 0.5, so that
4Gy,
K= ACm_ hen ry /Ly 0, (S35)

()

which has been recently used to study buckling of confined microtubules [10].

S5 Relation between A\, K and G,, from Eq. (6)

Although both Egs. (S28) and (S35) (corresponding to Egs. (6) and (7) in the main text)
indicate that the spring stiffness K depends not only on shear modulus of the matrix G,,, but
also on the mode wavelength, A = 2L,/n, in the main text we showed for Eq. (7) that a
unique relation between A, GG, and K can be established by calculating the mode number that
minimize the critical force f, (i.e. calculating n for which df,/0n = 0). A similar procedure
can be followed to determine the relation between A, G,, and K also when Eq. (6) is used:

1. Eq. (6) is substituted into Eq. (3), yielding

foem2y By Enle 8 L (S36)
" n? E.I, 3m® n2?(2Ko(nnr,/Ly) +nwry /L, - Ki(nory/Ly))’

where, for the sake of simplicity, we assume v,,, = 0.5.
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2. The mode number that minimize the critical force f,, is calculated by requiring 9 f,,/On = 0,

EnL} 8 n(2Kynr,/Ly + nry /Ly Ky + nwry /Lo K{7re /Ly) + 2(2Ko + nary /LK)

BT, 30 n3(2Ko + nrry /Ly K1)2 =0
(S37)
where Ko = Ko(nnr,/L,) and K1 = Ki(nwr,/L,). Note that n = 2L, /A, so that Eq. (S37)
can be rewritten in terms of A as
L\* (Ko + mrp /X - K1)? 1 E,L
<)\> L. /r.(2K}mry /Ly + Kimry /Ly + 270 /X - K - 7re /L) + (2Ko + 270, /X - Ky) 2473 B I,

(S38)
3. The wavelength A is solved numerically from Eq. (S38);

4. Eq. (6) now provides a unique relation between K and G, since A is known.

S6 An alternative approach for the buckling analysis: the en-
ergy approach

In the main text, we used the Winkler foundation model to study analytically the stability
of a thin and stiff beam supported by a softer elastic substrate. Following this approach, the
interaction between the rod and substrate is simplified as an array of springs with stiffness K
acting solely in radial direction, so that the differential equation governing the problem can be
easily established and directly solved. However, it is important to highlight the fact the stability
analysis can be alternatively conducted by minimizing the total elastic energy of the system
[11, 12, 13, 14]. In the following, we study the stability of a rod embedded in a softer matrix
using the energy approach and demonstrate that this analysis yields the same results presented
in the main text.
We start by constructing the total elastic energy of the system (per unit length), IT;,

ot = Ubending + Ustretching + Uinte'ractiona (839)

where Upending and Usretching are the bending and stretching energy per unit length of the rod,
respectively, and Ujpteraction denotes the interaction energy between the substrate and the matrix
energy per unit length. As typically done [11, 12, 13, 14], we choose the von Karman formulation
to describe Upendging and Usiretching- Therefore, denoting with e the applied compressive strain
and assuming the buckling mode to be described by a sinusoidal curve, w = Asin(nwz/L,), we
get

1 Lr 1 nm\?
endin, = 7E7~Ir " 2d = *ETITAZ E— 4
Ubending oL /O (W) dz = 7 7 ) (S40)
1 Lo 1, 2 1 1 o (nm 217
Ustretching = TLTETST o u + 5(71} ) dz = iErST —€ + EA L—r , (841)

where S, is the cross-sectional area of the rod and u and w denote the axial and lateral compo-
nents of its displacement, respectively.

Finally, we need to specify a form for the interaction energy between the rod and the matrix.
Here, as for the Winkler foundation model, we simplified the matrix as an array of springs with
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stiffness K acting solely in radial direction, so that

1 (b

1
Uinteraction = TLT KdeZC = ZK AQ- (842)

0
Note that the spring constant K is not an arbitrary constant. In fact, rigorous expressions for
K have been established by modeling the matrix as infinite elastic solid, using the classic theory
of elasticity and accounting for the radius of the rod [8].

To determine the critical force Fi,, we now substitute Eqs. (S40), (S41) and (S42) into
Eq. (S39), and minimize II;,; with respect to A, obtaining

1 nr\* 1 1, (nr)?
*ETITA e +*E7‘Sr,‘ —6+1A f

2
nmw 1
Al — —KA= 4
2 L, 2 <Lr ) + 2 0, (543)
from which the amplitude of the mode A can be solved as

AL% nr\* nm\? nm\?
—— | K—-E .| +— ) +ESe|—+— , if E.Sel— ) >K+FE.I
A— E.S, (nm) L, L, ,
2 4
nm nm
if E.S, K+ EBE.L | — | .
0, i Sre <Lr) < K+ (Lr>

(S44)
The compressive strain required to trigger the n-th mode, €,, can be then obtained taking the
limit for A — 0 in (S44), yielding

I (nm\* K [(L;\°
L - S45
n S, <Lr> + E.S, (mr) ’ (545)
so that the force required to trigger the n-th mode is given by
nm\? L.\ ?
F, = E,Sye, = E, I, (L> + K <m> : (S46)
T

At this point we want to highlight the fact that, when normalized, the expression for the critical
force given by Eq. (S46) is identical to that reported in Eq. (4) of the main text, confirming
the fact that the stability analysis reported in the main text and the one based on the energy
approach are equivalent.

The critical mode can then be determined upon calculation of the mode number n that min-
imizes F), (i.e. determining the values of n for which 0F,,/On = 0). In particular, minimization
of F,, using Eq. (S46) yields,

2 2
n L, 10K L,
E, I, <L> ~-K <m> +55 =0 (S47)

which reduces to the expression reported in Eq. (9) of the main text when the expression for
K provided by Eq. (S35) is substituted in, further demonstrating that the energy approach
converges to the exact same results obtained by solving directly the differential equations.
Finally, we want to highlight the fact that, although in literature different forms for the
interaction energy Ujperaction have been used [11, 12, 13, 14], the reported results closely resemble
those derived above. To demonstrate this important point, we follow Jiang et al. [13] and
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construct Ujpteraction Dy superposition of a series of solutions for point loads in the (semi-)
infinite 3D space !, yielding
352 nwr
Uinteraction = m |:3 - 27 —2In < L T>:| ) (848)

r

where v = 0.577 is the Euler’s constant and 3 is given by

lA2 nm\? a(n 2 (549)
N\, 4\ )

Substitution of Eq. (S48) into Eq. (S39), and minimization of Il;,; with respect to A results
in the following prediction for the wave number n (see Eq. (32) in [13])

4
6 =-E.IA (T) - E, Sy

r

EL\Y* [16m[1 —y —n(nr,)] | M
. _ 67l —~v —In(nr,)] ’ (S50)
Gm [3—2y—2In(nr,)]?
where Gy, = Ep,/(2(1 + vyy,)) is the initial shear modulus of the matrix. Noting for an incom-
pressible matrix (i.e. v, = 0.5)
E,
Gy = —2, S51
: (551)
and that
In(nr,) =In(27) — In(A/ry), (S52)
A = 27 /n being the wavelength, Eq. (S50) can be rewritten as
(A/L)*In(A/rp) + 1 — vy —In(27)] 373 ($53)

2In(\/r,) +3 -2y —2In(2m)]2

where n = (E,,L%)/(E,I,) is the dimensionless matrix stiffness. Furthermore, as noted by the
authors in [13], for a wide range of values of E,, Eq. (S53) can be simplified to

A
7= 34 8 )5 = 6.62n7 /1, (S54)
T
The equation above has exactly the same structure as Eq. (10) in the main text
A —1/4
— = S55
LT» a’r/ Y ( )

where the prefactor « is found to lie within 6.71 < a < 7.04 depending on the values of A/r,.
Finally, it is worth noting that if we take the limit for A\/r, — 400, Eq. (S53) and Eq. (9) in
the main text yield exactly the same expression for the wavelength .

S7 Discrete elastic rod simulations

In Tab. S2 we summarize all parameters used in the 22 discrete elastic rod simulations we
performed and the corresponding results. In all the simulations we considered a rod with length
L, = 9.7cm, diameter d, = 100um, density p = 6500kg/m?3, Young’s modulus E, = 64.24GPa
and Poisson’s ratio v = 0.5. We discretized the rod into 203 segments with nv = 204 nodes.
The simulations were performed with control displacement boundary conditions, where one end
of the rod was pined and the other end was displaced at a constant rate of v, = 0.05mm/s.

!Note that the interaction energy constructed in this way does not account for the radius of the rod.

S10



Table S2: BASim parameters and results. For each simulation, the dimensionless contact spring
constant kqim, the predicted buckling mode, the measured b/a for the minimum area ellipse, and
also the buckled configurations are reported.

Simulation Parameters
p = 6500kg/m?>; L, = 9.7cm; d, = 100um; E, = 64.24GPa; G, = 21.41GPa; v = 0.5;
nv=204; v, = 0.05mm/s.
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Simulation Parameters

p = 6500kg/m>; L, = 9.7cm; d, = 100um; E, = 64.24GPa; G, = 21.41GPa; v = 0.5;
nv=204; v, = 0.05mm/s.
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