
HW Puzzles: Week 5 (Extremal Graph Theory problems)

October 8, 2026

Puzzle 1. What is the maximum number of edges in a graph on n vertices that does
not contain a cycle of length 5?

Puzzle 2. What is the numximum number of edges in a graph on n vertices that does
not contain k pairwise disjoint edges (a matching of size k)?

Puzzle 3. Show that the number of edges in a graph on n vertices that does not
contain the graph of the three dimensional cube as a subgraph is O(n8/5). By the way,
it is still open whether the best bound should be O(n3/2).

Puzzle 4. Let G be a graph with n vertices and e edges such that e >> n3/2. Give
a lower bound in terms of n and e for how many different cycles of length 4 G must
contain. Can you show it is best possible?

Puzzle 5. Let H be the graph of 9 vertices and 12 edges that looks like the 3 × 3
integer grid with all the natural grid edges.

Show that Ex(H,n) = O(n3/2).
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