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The Steinitz Lemma (Steinitz 1913)

Let x1 xn Rm such that xi 1 for each i and i xi 0, then
there exists a permutation such that

k

i 1
x

i
m for each k

0 0

k · k1  2

k · k1  1

Mex CT-✗
A✗ =b

✗20
,
✗c-7h



Max CT. ✗
HEIM?? BERM

Ax=b

✗ 30 ,
✗c-2h

Def:_ Cycle of A : ✗ EZIO ,
✗ to S-H .

A-✗ =0

indecomposable if ✗ =/ Xrtxz for any cycles

Xp, Xz .

Thm Let ✗ c- 7210 be on indecomposable cycle of A .

Then 11×11
,
c- L€t☒ (m - ☐ 10cm )

, 1111-11- ED
.

°
Cycle ✗ , 11×11, =

k corresponds to sequence .

Astolat . . - t Clk =O where Ai is at. of A.

j - th col
. of A appears Xj times .

11 Aillcs ED

9

F reordering: s.tn
. 11 ☒ Apollo E M - D

i-n-m.is
-

- Only visits integer points .

- does not re - visit on integer paint .

→→%④ Upper bone
- Estimate 11×14 of * by the

nwmhoof.in#points(2.m.Dt1)M--illXl4-(2mDtn)M--(m.b/ 0cm)



IP Mex d. ✗

☒✗ =b unbounded ⇐, A has a cycle
✗20

Of positive
✗Exn

cost w.v.t.ci-✗



m
O m — A smaller Steinitz state space

c
T
x

A x b

x 0
x Zn

Assumption:

A b

y

x

y � x = ai

ci

2m ·�

I Let x be optimal solution
I Steinitz sequence:

a1 a1

x1 times

an an

xn times

b

I Can be re-arranged such that partial sums of
columns have 2m

I m
O m nodes

(m)Qmy

t
Qi, t . -.

- lot . - - =o

O-ob-m-btgcm.tn/.g(yfbFgstpaH.

i
ALC: I.g) iff \ :

(g-✗ 1 is at . 1.
,

-
.

:

of A
.



# integer pants

± ¢4m Dts /
m

= Cm - D)
0cm)

#N

H-Av f
"

# Noels to # cols
.

in

@a)
Olmi

⇒ Totolsi-zeofgroplis@n.D )°
'm )

I-beam : Ip hex E.✗

Ax=b
"Alls c- D

✗ 20
llblks E D

✗ C-72h
AfzM✗n

con be solved in time cnn.is/
0cm?



m
O m

b — A milder dependence on b

c
T
x

A x b

x 0
x Zn

Assumption: Only

A

I Let x be optimal solution with k x 1
I Steinitz sequence:

a1 b k a1 b k

x1 times

an b k an b k

x
n

times

I Can be re-arranged such that partial sums of
columns have distance 2m from
line-segment 0 b

I m
O m

b nodes

Theorem: IP can be solved in time m
O m

b .

2

=



De- Arrangement:

4-E) + § -E) t . - - t 4s - ÷ )=o
Steinitz

,

Ci # ad ofA

j it. . - ik
.to

11 E? Cri - ÷ . bks ± M.D

i-n.E.in.

c-
b

00

g-✗
we

. of

A

g

"

t
integer pants at distance E m-D from

lni -segment Tb
0

Compute longest pelts in graph.

E✗: # of integer posits. at distance Em-☐

from Ib in los- mom is Aborted by Cm .D)
°'m! 115112

.



Max CT.x
A c- do,

min

A-✗ =b

OEXEI
ME 2m (no repeated

✗ c- 72
"

cols . )

Ee.

Con be solved in time 2am"

Gtae: 2°'m '
!



Proximity bounds
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Lower bounds based on ETH

Exponential Time Hypothesis (ETH): There exists a constant 0
such that 3-SAT cannot be solved in time 2 n .

Theorem: For 0 1-matrices A, there is no 2o m m
n b

o m

algorithm for IP, unless the ETH is false.
(Knop, Pilipczuk, & Wrochna 2019)



IP with upper bounds on the variables
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Open problem
Is there an m

O m algorithm for IP with upper bounds on the
variables? Are there matching lower bounds.
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