Goals

Goals
o Recap: s — t-flows, s — t-cuts, weak duality

o Ford-Fulkerson algorithm

e Strong duality: Max-Flow-Min-Cut-Theorem

@ Edmonds-Karp algorithm

@ Application: Scheduling on Uniform Parallel Machines
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Recap: s — t-flows

Network: Digraph D = (V, A) with capacity function u: A — R>o.
Fors,t € V, an s — t-flow in D is a function f : A — R>q such that

Y fa)= ) f(a), forallveV—{st}.

acgdout(v) acdin(v)

f is feasible , if f(a) < u(e) for all a € A.

The value of f is

value(f Z f(a Z f(a

agdout(s) acdin(s)

)
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Recap: s — t-flows

Example:

Maximum s — t-flow problem

Find a feasible s — t-flow of maximum value.
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Recap: s — t-cuts

D=(V,A), u: A—Rxo
e UCV: ¢ (U):={(u,v) €A : uelU, v¢ U}isacut.
o Ifse U, t¢ U: §°*(U)is an s — t-cut .
o Capacity : u(6°*(V)) 1= 3_ jegoue(y) u(a)-

Minimum s — t-cut problem
Find an s — t cut 6°“*(U) such that u(6°“*(U)) is minimal.

Theorem (Weak duality)
Let f be a feasible s — t-flow and let §°“*(U) be an s — t-cut, then

value(f) < u(8°t(U)).




Computing max flows: Ford-Fulkerson algorithm

Informal idea: While there is an s — t-path with “positive capacity” in
the graph, send as much flow as possible along the path.

1
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Residual graphs

For an arc a = (u,v) € A, let a1 denote the arc (v, u).
Wilog.: a1 ¢ A.

let f:A—Randu:A— Rsyogwith0<f <uw.
Define

Ari={a : acAf(a)<u(a)}u{a! : ac A f(a) >0}

Df = (V, Af) is the residual graph of f.
Define residual capacities

u(a)—f(a), ifacA

CA R>o, a) =
ur : Ar = Rzo, ur(a) {f(a)7 if a~! € A.
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Ford-Fulkerson algorithm

@ An undirected path is a sequence P = (vp, a1, V1, .-, Vim—1, 3m, Vm)
such that a; € A and a; = (vj_1, v;) or a; = (vj, vj_1) for each
i=1,...,m.

@ Every directed path P in Dr yields an undirected path in D.
o Define P € {0, £1}4 as

1, if P traverses a,
xP(a) = { =1, if P traverses a1,
0, if P traverses neither a nor a— .
1. function FORD-FULKERSON(D = (V, A), u)
2 f 0.
3 while 3 s — t-path P in Dr do
4 e «— min{ur(a) : a€ P}.
5: f—f4+e- X'D.
6 end while
7 return f.
8: end function
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Ford-Fulkerson: Correctness

1. function FORD-FULKERSON(D = (V, A), u)
2 f 0.

3 while 3 s — t-path P in Dr do

4 e «— min{ur(a) : a€ P}.

5: fe—f+e-xP.

6 end while

7 return f.

8: end function

Theorem
The output f of FF is a flow. J

Theorem
If u is integer, then the output f of FF is integer. J




Strong duality

Recall: D= (V,A), u: A— Rxq, f flow, UC V
o excess(U) := 3 cginquy F(a) = 2 sesom(uy (@)
o excesse(U) =) oy excesse(v).
o Ar:={a : ac Af(a)<u(a)yuf{a?l : ac A f(a) >0}

Theorem (Max-Flow-Min-Cut-Theorem)

The maximum value of a feasible s — t-flow is equal to the minimum
capacity of an s — t-cut.

Corollary

FF computes a maximum s — t-flow. If u is integer, there is an integer
max flow.




Running time

1. function FORD-FULKERSON(D = (V, A), u)
2: f—0.

3 while 3 s — t-path P in Dr do
4 e «— min{ur(a) : a€ P}.
5: f—f+e-x".

6: end while

7 return f.

8: end function

e Each iteration takes time O(|A|) (using e.g. Breadth-First search).
@ How many iterations?
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Emonds-Karp: Max-Flow in polynomial time

Theorem

If we choose in each iteration a shortest s — t-path in D¢ as a flow
augmenting path, the number of iterations is at most |V| - |A|.

e Digraph D = (V,A), s,t e V
@ u(D) is length of a shortest path from s to t.

@ a(D) is the set of arcs contained in at least one shortest s — t-path.

Lemma

Let D = (V,A) be a digraph and s,t € V. Define D' := (V,AU«a(D)71).
Then (D) = u(D'") and a(D) = a(D").

Corollary

A maximum s — t-flow an be found in time O(|V| - |A]?).
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Scheduling on Uniform Parallel Machines

The setting
@ n jobs, job j characterized by
> processing time p;,
> release time r;,
> deadline d;.

M identical machines.

Each machine can process only one job at a time.

Each job requires a total processing time p; between release time r;
and deadline d;.
Preemption allowed, i.e. processing of a job can be interrupted and
continued later.

Scheduling problem

Find a feasible schedule that meets all constraints or assert that no such
schedule exists.
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Scheduling on Uniform Parallel Machines

Example:
Job (j) | 1 2 3 4
pj 1512521136
r 3 1 3 5
d; 5 4 7 9

Feasible schedule on 2 processors:

Py

P,

1 2 3 4 5 6 7 8 9 10

What does this have to do with Max-Flows?
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Scheduling on Uniform Parallel Machines

@ Sort the release times and deadlines ascending. Let t1,..., tx be the
sorted sequence. (In our example: 13457 9)

@ Split the time horizon into disjoint intervals, i.e. define intervals
T, = [t,', t,'+1) fori=1,...,k.
(In our example we have T1 = [1,3), T> = [3,4), T3 = [4,5),
T4 =[5,7), Te =[7,9)).

@ Construct a network as follows:

Insert a node j for each job j =1,...,n.

Insert a node T; for each interval T;, i=1,..., k— 1.

Add an arc (j, T;) for each job j such that T; C [r;, d;] of capacity | T;|.
Add a node s and arcs (s, ) for each job j, of capacity p;.

Add a node t and arcs (T, t) for each interval i, of capacity M - | T;|.

v

v vy vYyYy

Theorem
There is a feasible schedule for the scheduling problem if and only if there
is a flow of value 3°7_; p;.
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