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Reduction of convex optimization problem
Recall that the Convex Optimization Problem (C.O.P) is ti®iving:

min  fo(X)
sth fi(x) <0 Vi=1,....m
xeR"

where,fg, ..., fm: R" — R are convex functions.
This can be reduce to the decision problem, i.e, decide ifdhewing set is feasible (not

empty).

Qs = {xeR"fi(x) <OVi=1,...,mandfo(x) < 3}

Binary search
Supposé g < p* < Ug we can findp* (approximately) by binary search, i.e,

1. InitialiseL = Lg,U =Ug

2. Repeat
0:=U-L)/2
If Qs # 0 thenU =90
otherwiselL := 9

After k iterations L < p* <U andU — L = (Ug — Lg)/2X.

Now we need to show that we can solve the decision problemumsswe are given the fol-
lowing:

e Bounded closed convex détC R"
e L >0:vol(K)>L (K is full-dimensional)

e R>0:KC{xeR"||x|<R}



e We must be able to solve separation problem. The separatahen is the following:

For anyy € R" we must be able to decide whethet K ory ¢ K
and ify ¢ K return an hyperplane’ x = 8 such that’ < B,¥x < K andcTy > .

Definition 1. Theunitballin R"isB={xe R" | ||x|| <1}. Letf :R" - R": f(x) = Ax+b,A€
R" regular,b € R". Then the set

E(Ab) = f(B)
= {Ax+b|xeB}
= {yeR"[[A}y- )II }
{yeR”I(A‘(—)) Yy—b) <1}
= {yeR"|(y-b)T(A)TA(y—b) <1}

is termed arellipsoid

Note that(A—1)T A~ is a positive definite, symmetric matrix.
The volume of an ellipsoid is:

VoI(E(A, b)) = |det(A)| - vol(B) = |det(A)| - % (@) ?

n

where-. (29") 2 is an approximation of the volume of the unit ball.

The ellipsoid method

The goal for theEllipsoid methods to find a pointb € K. This is done as follows: One iteratively
computes ellipsoids that always contain the Kefully, such that the volume of the ellipsoids
decreases from iteration to iteration.

The inital ellipsoidE (A, b), is simply the ball of radiug, i.e,A:=RI,b=0.

(1) E(Ab) = {xe R" | [[x| <R}
(2) While vol(E(A,b) > L Do

(3) If be K then RETURND

(4) Compute separating hyperplatiex < 8
(i,e.c"x< BV¥xe K andc™b > )

(5) ComputeE(A, /) D E(A,b)n{x/cTx< B}
(6) UpdateE (A, b) := E(A,b)

In order to show that the ellipsoid method works, we musti@sthat vo(E (A, b')) is smaller than
vol(E(A,b)).



X1 >0

Figure 1: Unit ball and ellipsoié (A, b')

Theorem 2. For all E(A,b) ¢ R" and ce R"/{0} there is an ellipsoid
E(A,b') DE(Ab)N{x|c"x< c'b}
such that

! b 1
Without loss of generality we can suppose:
e b= 0 by applying a translation to the ellipsoid
e E(A b) =B by alinear transformation

e c=(-1,0,...,0) by rotation

Define i
U
0 /i : "0
E:=EA,b): = E LYt . |l
2 0
0 .. 0 /&

_ {x ER| A (x—Db)|]2 < 1}

2 2 2_
= {xI (%) ba—rtp) "+ TSP < 1

Lemma 3. One has B {x|x; > 0} C E and

vol(E) < e_Z(n—%H)
vol(B) —

w



Proof. Letx € R" with ||x|| < 1 andx; > 0. Now we have:
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Since f is convex, the maximum of (x;) for 0 < x; < 1 must be attained fox; € {0,1}. But
f(0)=1= f(1), hence indee® N {x|x; > 0} CE.
The ratio of the volumes is:

vol(E) n "2 \ 2
= detA)| = —|—5— 1
g el = 2 () a
n—-1
1 1 a
( n+1>< +n2—1> 2)
n—-1
< e Fll e2(n?-1) (3)
1 n-1 1
= @ nfie2n-1) — e 2(nt]) (4)

For inequality(3) we use 1+x < € Vx € R and for inequality4) we use(n® — 1) = (n+1)(n—
1). O

Lemma 4. Let0 < L < 1, the ellipsoid method finds a feasible point after at most3nZIn (%‘)
iterations.

Proof. After k:= 2(n+1)nin (2R) iterations, we have:

k
vol(E(A,b)) < R'vol(B) (e_Z(n+l))
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The last inequality comes froin< 1. 0J
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Application to Mean Variance Optimization

Let us now outline, how the Ellipsoid method can be used teesible Mean Variance Optimization
problem. The goalis to find a pointin

n n
K := {xe]R”| Zx. =1%>0Vi=1,....n, Z\xﬂg X Qx < 5}
= =

e As starting bounds for the binary search, we can chagse- 0,Up := max j Qjj.
e Including ball:R=1 (becaus& ; x = 1)

e The question is how find a hyperplane to sepayaeR” from K, if y ¢ K

If y <Oreturn’ >0"i.e,c:=—¢,B:=0

If ST yi > 1returns!, x <1%iec:=(1,...,1),8:=1

If 5.y <lreturn'y,x >1"1ie,c:=—(1,...,1),B:=-1

If yTQy > & return “(Qy) Tx < /3y Qy’

It is a separating hyperplane becay§®y > & = (Qy) 'y =y ' Qy > /dy' Qy.

andx'Qx < & = (Qy)'x = y"Qx < /yTQy-xTQx < 1/y'Qy- & using the Cauchy-
Schwarz inequality.

e UnfortunatelyK is not full-dimensional in this case, hence we can enl&r¢@the following
set with non-zero volume by relaxing the constraints:

n
Zﬁxi >r—g, XQx< 6+e}.

n
Ke := {xe R”|1—£ < Z\Xi <1l+¢g, %> —¢,
i=



