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Reduction of convex optimization problem

Recall that the Convex Optimization Problem (C.O.P) is the following:

min f0(x)
s:th fi(x)� 0 8i = 1; : : : ;m

x2 Rn

where, f0; : : : ; fm : Rn ! R are convex functions.
This can be reduce to the decision problem, i.e, decide if thefollowing set is feasible (not

empty).

Qδ := fx2 Rnj fi(x)� 0 8i = 1; : : : ;m and f0(x)� δg
Binary search

SupposeL0 � p� �U0 we can findp� (approximately) by binary search, i.e,

1. InitialiseL = L0;U =U0

2. Repeat
δ := (U�L)=2
If Qδ 6= /0 thenU := δ
otherwiseL := δ

After k iterations,L� p� �U andU�L = (U0�L0)=2k.

Now we need to show that we can solve the decision problem. Assume, we are given the fol-
lowing:� Bounded closed convex setK � Rn� L > 0 : vol(K)� L (K is full-dimensional)� R> 0 : K � fx2 Rn j kxk � Rg

1



� We must be able to solve separation problem. The separation problem is the following:

For anyy2 Rn we must be able to decide whethery2 K or y =2 K
and ify =2 K return an hyperplanecTx= β such thatcT � β ;8x2 K andcTy> β .

Definition 1. Theunit ball in Rn is B= fx2 Rn j kxk � 1g. Let f : Rn ! Rn : f (x) = Ax+b;A2Rnn regular,b2 Rn. Then the set

E(A;b) = f (B)= fAx+bjx2 Bg= fy2 Rn j kA�1(y�b)k2� 1g= fy2 Rn j (A�1(y�b)T)A�1(y�b)� 1g= fy2 Rn j (y�b)T(A�1)TA�1(y�b)� 1g
is termed anellipsoid.

Note that(A�1)TA�1 is a positive definite, symmetric matrix.
The volume of an ellipsoid is:

vol(E(A;b)) = jdet(A)j �vol(B)�= jdet(A)j � 1
πn

�
2eπ
n

� n
2

where 1
πn(2eπ

n ) n
2 is an approximation of the volume of the unit ball.

The ellipsoid method

The goal for theEllipsoid methodis to find a pointb2 K. This is done as follows: One iteratively
computes ellipsoids that always contain the setK fully, such that the volume of the ellipsoids
decreases from iteration to iteration.

The inital ellipsoidE(A;b), is simply the ball of radiusR, i.e,A := RI;b= 0.

(1) E(A;b) = fx2 Rn j kxk � Rg
(2) While vol(E(A;b)� L Do

(3) If b2 K then RETURNb

(4) Compute separating hyperplanecTx� β
(i.e. cTx� β 8x2 K andcTb> β )

(5) ComputeE(A0;b0)� E(A;b)\fxjcTx� βg
(6) UpdateE(A;b) := E(A0;b0)

In order to show that the ellipsoid method works, we must assure that vol(E(A0;b0)) is smaller than
vol(E(A;b)).
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x1 � 0

Figure 1: Unit ball and ellipsoidE(A0;b0)
Theorem 2. For all E(A;b)� Rn and c2 Rn=f0g there is an ellipsoid

E(A0;b0)� E(A;b)\fxjcTx� cTbg
such that

vol(E(A0;b0))
vol(E(A;b)) � e

� 1
2(n+1)

Without loss of generality we can suppose:� b= 0 by applying a translation to the ellipsoid� E(A;b) = B by a linear transformation� c= (�1;0; : : : ;0) by rotation

Define

E := E(A0;b0) : = E
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x2 R j kA0�1(x�b)k2� 1

o= n
x j �n+1
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n2 ∑n

i=2x2
i � 1

o
Lemma 3. One has B\fxjx1� 0g � E and

vol(E)
vol(B) � e

� 1
2(n+1)
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Proof. Let x2 Rn with kxk � 1 andx1 � 0. Now we have:kA0�1(x�b)k2 = �
n+1

n

�2�
x1� 1

n+1

�2+ n2�1
n

n

∑
i=2

x2
i| {z }�1�x2

1�  �
n+1

n

�2� n2�1
n

!
x2

1� 2
n+1

�
n+1

n

�2
!

x1+ �n+1
n

�2 1(n+1)2 + n2�1
n2

!= 2n+2
n2 x2

1� 2n+2
n2 x1+1=: f (x1)

Since f is convex, the maximum off (x1) for 0� x1 � 1 must be attained forx1 2 f0;1g. But
f (0) = 1= f (1), hence indeedB\fxjx1 � 0g � E.
The ratio of the volumes is:

vol(E)
vol(B) = kdet(A0)k = n

n+1

�
n2

n2�1

� n�1
2

(1)= �
1� 1

n+1

��
1+ 1

n2�1

� n�1
2

(2)� e� 1
n+1 e

n�1
2(n2�1) (3)= e� 1

n+1 e
n�1

2(n�1) = e
� 1

2(n+1) (4)

For inequality(3) we use 1+ x� ex 8x2 R and for inequality(4) we use(n2�1) = (n+1)(n�
1).
Lemma 4. Let 0� L � 1, the ellipsoid method finds a feasible point after at most k= 3n2 ln

�
2k
L

�
iterations.

Proof. After k := 2(n+1)nln
�2R

L

�
iterations, we have:

vol(E(A;b)) � Rnvol(B)| {z }�2n

�
e
� 1

2(n+1)�k� (2R)n�e� 1
2(n+1)�k� (2R)ne�nln( 2R

L )= (2R)n Ln(2R)n � L

The last inequality comes fromL� 1.
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Application to Mean Variance Optimization

Let us now outline, how the Ellipsoid method can be used to solve the Mean Variance Optimization
problem. The goal is to find a point in

K := nx2 Rnj n

∑
i=1

xi = 1;xi � 0;8i = 1; : : : ;n; n

∑
i=1

xi r̄ i � r;xTQx� δ
o� As starting bounds for the binary search, we can chooseL0 := 0;U0 := maxi; j Qi j .� Including ball:R= 1 (because∑n

i=1xi = 1)� The question is how find a hyperplane to separatey2 Rn from K, if y =2 K

– If yi < 0 return “xi � 0”,i.e, c :=�ei ;β := 0

– If ∑n
i=1yi > 1 return “∑n

i=1xi � 1”, i.e, c := (1; : : : ;1);β := 1

– If ∑n
i=1yi < 1 return “∑n

i=1xi � 1”, i.e, c :=�(1; : : : ;1);β :=�1

– If yTQy> δ return “(Qy)Tx�pδyTQy”
It is a separating hyperplane becauseyTQy> δ ) (Qy)Ty= yTQy>pδyTQy.
andxTQx� δ ) (Qy)Tx= yTQx�pyTQy�xTQx�pyTQy�δ using the Cauchy-
Schwarz inequality.� Unfortunately,K is not full-dimensional in this case, hence we can enlargeK to the following

set with non-zero volume by relaxing the constraints:

Kε := nx2 Rnj1� ε � n

∑
i=1

xi � 1+ εi; xi ��ε; n

∑
i=1

r̄ ixi > r� ε; xTQx� δ + ε
o:
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