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Recap

Lety?,...,y"1 be price relatives. The return of a portfolibe =N over time horizon [0T] is

T-1
[ [y%
t=0

A bestconstant-rebalanced portfolis a vectorx € =N attaining

1 T-1
min = —In
xe%N T ; (th)

Our goal is to prove the following theorem:

Theorem 1. One can compute an online strategy.x., xr_1 € =N such that

T-1
%Z (In(y'x") = In(y'x)) < 4p @
t=0

for any X € =N, wherep is a bound oré Vi, j,t.
J

Remark: The left-hand side of the inequality is referredaaserage regret Recall thatthe first
order condition of convexitis as follows:

Lemma 2. Suppose that fR" — R is differentiable and doif) € R" is convex. Then,
f is convexe= Yx,y e dom(f): f(y) > f(X)+(VF(x)" (y-x)

Note that the functiorf; : =N — R with f;(X) = —In(x"y!) is convex. For any e =N, setp as
IV (o < Maxy =2 p Vi, .t
J



Figure 1: lllustration of Lemma 1.2
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Online Portfolio Selection Using RWMA

Theorem 3. (Reinterpretation dfll) Let; f =N — R be convex and grentiable fort=0,..., T - 1.
One can computegp..., pr-1 € =N online such thayp* € =N,

15 In(N)
T Z [fi(pt) — fi(p")] < 4p — wherep > max ||V fi(X)lco
t=0 t, xexN

Proof. To obtain such a sequence, will will apply again the randeahiweighted majority algo-
rithm. We use the following setting: The pure portfolies...,ey are theN experts. At time
t

o p; € 2N is the distribution on expertd, ..., N} (induced by the exponential weights)

e As loss vector, we choogé = V fi(p;), whereV fi(py) € [-p. o] V.

Recall that
T-1 T-1
. pIn(N - - | |
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In our setting,
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Here we used inX) that% > —p and henceLZe% < 2ep. We obtain

E[L]-LI  pIn(N)
<
TS g T

We use this bound on the loss of the imaginery forecasterllasvia
T-1 T-1
1 o O%) 1 .
= ;(ft(pt)— fi(p) < ?;((Vft(pof(pt -p)
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E[L(] - L
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for somej. In (xx) we used the first order conditiof(y) > f(x) + (Vf(X))"(y- X) (and conse-
quently f(x) — f(y) < (VF(x))T (x—y)). Note that

E[L(] - L] _ pIn(N)
T = €T

if we choose: := */w- O

Rema@rk: A proof of the First-Order Condition can be found e.g. in tlk “Convex Optimiza-
tion“. L.

+ 3ep < 4pe

Suppose we have to solve:

miﬂ f(x) wheref : R" — R is convex and dferentiable
XeX

Use the setting from before with:= f vt =0,...,T - 1.

Theorem 4. With the RWMA, one can compute anezN such that
4p\2
f(x)—f(x)<sforall xezN with T = (Fp) In(N).

Proof. Use p; from theorem before withi (p;) minimal. m|

1Stephen P. Boyd, Lieven VandenbergBenvex OptimizationrCambridge University Press, p.69-70 (2004).



Mean Variance Portfolio Optimization

The following method is based on tlaéversification principleof Harry Markowitz4. Note that
Markowitz received the Nobel Prize in economics (1990).

Suppose thaN assets are availableR is return of asset R = Zi’i 1 RiX is return of portfolio
x e 2N, UsingR=1+r, (r being relative return) an@i’ilxiri is relative return of portfolio.

Basic notions of probability

e If xis a random variable over a finite probability space, tegpected valuef x, E[X] or X,
is defined a£[X] = 3j piX, wherep; is the probability ofx attaining the value;.

Linearity of expectation: )y are random variableg, 8 € R, thenE[aXx+BY = aE[X] +BE[Y].
Variance: Vakx) = E[(x— X)?] = E[x?] — E[X]%.

Standart deviationo(x) = vVar(x).
Example 5. Rolling a dice (x {1,...,6})

— E[x] =35
— E[x?] = (1/6)(1+4+ 9+ 16+ 25+ 36)
— Var[x] =2.29

Covariance:Cov(x,y) = E[(x—X)(y—Y)] = E[xy] — Xy.

Correlation: Corr(x,y) = p(x,y) = (crz&\;g&)) Observe thap(x,y)| < 1.

— uncorrelatedp(x,y) =0
— positively correlatedp(x,y) > 0
— negatively correlategp(x,y) <0

Variance of sumLet X1, ..., X, be random variables. Then
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2Markowitz, H., 1952. Portfolio selection. Journal of Ficarv, p.77-91.
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