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Exercise 1: (Multiple Choice, points{−1,0,1} each)
No justifications needed. Mark ’yes’ or ’no’.Wrong answers cause negative points!
Total number of points achieved cannot be negative.

a) Let P = {x ∈ R
n : Ax ≤ b} be a polyhedron withA ∈ R

m×n
,b ∈ Rm and

A′x ≤ b′ a subsystem ofAx ≤ b.
ThenF = {x ∈ R

n : A′x = b′} is a face ofP.

◦ yes ◦ no

b) If Ax ≤ b is TDI, then the systemAx ≤ b,ax ≤ β is also TDI. ◦ yes ◦ no

c) In an undirected graph, the maximum cardinality of a matching equals the
minimum cardinality of a vertex cover.

◦ yes ◦ no

d) The rank function of a matroid is submodular. ◦ yes ◦ no

e) LetE 6= /0 be a finite set and letI = 2E be its power set. Then(E,I ) is a
matroid.

◦ yes ◦ no

f) Let P ⊆ R
n be an integral polyhedron with non-empty interior. Then

vol(P) ≥ 1
n! .

◦ yes ◦ no

g) A digraph contains an arborescence if and only if there exists a node from
which all other nodes are reachable.

◦ yes ◦ no

h) Finding a maximum weight matching in a graph is inNP. ◦ yes ◦ no

1



Exercise 2: (10 points)
The problem WEIGHTED EDGE COVER is defined as follows: Given a graphG = (V,E), a weight function
on the edgesc : E → R

+, find a minimum weight setS ⊆ E of edges such that every vertexv ∈ V is an
endpoint of an edge inS.

1. Give an algorithm that solves the uniform problem, i.e.c ≡ 1, in polynomial time.

2. Show that the following algorithm is not optimal for the general problem:
Compute a minimum weight maximum matchingM in G. For every vertexv not covered byM, add
the edge with least cost adjacent tov to M. ReturnM.

3. Give an algorithm that solves the general problem in polynomial time.

Hint: Use the following construction: create a copyG′ of G. Set all edge weights to zero inG′. Let Ĝ
be the disjoint union ofG′ andG. Add an edge toĜ between a vertexv from G and its copyv′ from
G′ and set its weight to the minimum weight of all incident edgesat v in G.
Continue using matching techniques inĜ.

Solution:

Use reverse side if you need more space

2



Exercise 3: (8 points)
Show the following:
A faceF of P = {x ∈ R

n : Ax ≤ b} is inclusion-wise minimal if and only if it is of the formF = {x ∈ R
n |

A′x = b′} for some subsystemA′x ≤ b′ of Ax ≤ b.

Solution:

Use reverse side if you need more space
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Exercise 4: (6 points)
Let G = (V,E) be a (undirected) graph.

Suppose that we have an oracle that decides whether a given graph contains a perfect matching.
Design an algorithm that finds a maximum matching inG usingO(|V |+ |E|) calls to the oracle.

Solution:

Use reverse side if you need more space
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Exercise 5: (8 points)
Compute a minimum weight arborescence rooted atr in the following digraph.
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Prove the optimality of your solution!

Solution:

Use reverse side if you need more space
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Exercise 6: (8 points)
The problem 2-SAT is defined as follows:
Given a setX of variables and a collectionZ of clauses over X, each containing 2 literals. IsZ satisfiable?

Show that 2-SAT can be solved in polynomial time.

Hint: Consider the following digraph. The nodes are the literals over X and there an arc(λ1,λ2) if and only
if the clause{λ 1,λ2} is a member ofZ .

Solution:

Use reverse side if you need more space
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Exercise 7: (8 points)
Consider the following computational problems on undirected graphs:

Independent-Set := {〈G,k〉 | G contains a stable set of sizek}

Clique := {〈G,k〉 | G contains a clique of sizek}

Half-Clique := {〈G〉 | G = (V,E) contains a clique of size
|V |

2
, |V | is even}

Prove that Independent-Set polynomially transforms to Clique, and Clique polynomially transforms to
Half-Clique.

Solution:

Use reverse side if you need more space
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