Polyhedra

In this chapter we give definitions and fundamental facts about polyhedra. An
excellent reference for this topic is the book by Schrijver [1l]. A polyhedron P is a set

of vectors of the form
P={xeR"| Ax < b},

for some matrix A € R™*" and some vector b € R™. We write P = P(A,b). The
polyhedron is rational if both A and b can be chosen to be rational.

We review some notation. Let X C R” be a set of n-dimensional vectors. The
linear hull, affine hull and convex hull of X are defined as follows:

linhull(A) ={Ayxg + -+ At | £ 0, (1)
X1, X €EX, Aq,..., At € IR}

affhull(A) :{A1x1 oA | > 1, )

t
X1,...,X € X, Z/\l‘zl, A1,...,/\tE]R}
i=1

conv(A) :{A1x1 +ooHMx [ >, 3)

t
X1,...,x € X, Z/\l‘ =1, A,..., At E]Rz()}
i=1

For xg € R" and X,Y C R", we denote
X+Y={x+y|lxeX yeY}
xo+X={xo+x]|xeX}

Proposition 1. Let X C R" and xo € X. Then

aff.hull(X) = x + linhull(X — xp).

Proof. One has x € aff.hull(X) if and only if x = Agxg + A1x1 + - - - + Apx; for some
X1,...,X € X (t > 0) such that Zzt':o A; = 1. Then

X = x9+ )\o(XQ — XQ) + Al(xl - XQ) +---+ At(xt — xo)
= Xxgo + Al(xl — XQ) + - +/\t(xt — xo).
This shows the claim. O



A finite set V' C IR" is called affinely independent if for each v € V, one has
v ¢ affhull(V \ {v}). Thisis equivalent to (V —v) \ {0} being linearly independent
for each v € V. The dimension of V is the size of the largest subset of V which is
affinely independent.

Aninequality a"x < Bis called an implicit equality of Ax < bif each x* € P(A,D)
satisfies a'x* = B. We denote the subsystem consisting of implicit equalities of
Ax < bby A7x < b~ and the subsystem consisting of the other inequalities by
ASx < b=. An inequality is redundant if its removal from Ax < b does not change
the set of feasible solution of Ax < b.

Lemma 2. There exists an x € P(A,b) with ASx < b=.

Proof. Suppose that the inequalities in ASx < b= are
mx < By, ..., apx < Py

Foreach 1 <i < k there exists an x; € P with ajx; < B;. Then the point

1
xz%(ler"'-ka)

is a point of P(A, b) satisfying ASx < b=. O
Lemma 3. Let Ax < b be a system of linear inequalities. One has
affthull(P(A, b)) ={xeR" | A7x=b"}={xeR"|A™x <D™ }.

Proof. Let x1,...,x; € P(A,b) and suppose that a'x < B is an implicit equality.
Then since a'x; = B, one has

Therefore the inclusions C follow.

Suppose now that x satisfies A=x < b=. Let x; € P(A,b) with ASx; < b=. If
xo = x1 then xp € P(A,b) C affhull(P(A,b)). Otherwise the line segment between
xp and x; contains more than one point in P and thus x; € aff.hull(P). O

Decomposition theorem for polyhedra

A nonempty set C C R" is a cone if Ax + py € C for each x,y € Cand A, u € Rxo.
A cone C is polyhedral if
C={xeR"| Ax <0}.

A cone generated by vectors xq,...,x, € R" is a set of the form

m
C= {Z/\ixi ‘ A G]Rzo,l.: 1,...,71’1}.
i=1



A point

3

X = Az-xl-, )LiERZQ,izl,...,m

Il
—_

is called a conic combination of xi1,...,xn. The set of conic combinations of X is
denoted by cone(X).

Theorem 4 (Farkas-Minkowsi-Weyl theorem). A convex cone is polyhedral if and only
if it is finitely generated.

Proof. Suppose thatay,...,a, span R" and consider the cone
m
C= {Zmai A >0,i= 1m}
i=1
Suppose that b ¢ C holds. Then the linear program
min{0"x | (ay,...,4,)x =b, x > 0}
does not have a feasible solution. Its dual is
max{b'y | A'y <0},

with A = (ay,...,a,). The dual program is feasible and, by the duality theorem,
unbounded.
This shows that there exists a y* € R" with

b'y* >0,

ajy* <0 foreachi=1,...,m.

Suppose that the columns of A which correspond to inequalities in A™y < 0 that
are satisfied by y* with equality have rank strictly smaller than n — 1. Denote these
columns by a;, ..., a;. Then there exists a nonzero vector v which is orthogonal to
each of these columns and to b, i.e.,

a}jv:O foreachj=1,...,k
b'v =0.
There also exists a column a* of A which is not in the set {a;,...,a; } such that

(a*)™ > 0, since the columns of A span R". Therefore there exists an ¢ > 0 such
that

(i) A"(y*+e-0) <0;

(ii) the subspace generated by the columns of A which correspond to inequalities
of A"y < 0 which are satisfied by y* + € - v with equality strictly contains
lin.hull(ay,, ..., a;).



Notice that we have b"y* = b"(y* +€-v) > 0.

Continuing this way, we obtain a solution of the form y* + u of A’y < 0 such
that one has n — 1 linearly independent columns of A whose corresponding in-
equality in A"y < 0 are satisfied with equality. Thus we see that each b which does
not belong to C can be separated from C with an inequality of the form c'y < 0
which is uniquely (up to scaling) defined by n — 1 linearly independent vectors
from the setay, ..., a,. This shows that C is polyhedral.

Suppose now that ay,...,a, do not span R". Then there exist linearly inde-
pendent vectors dy, ..., dy such that each d; is orthogonal to each of the ay,...,a;,
and ay,...,am, d1,...,dx span R". The cone generated by ay,...,ay, d1,...,d; is
polyhedral and thus of the form Ax < 0 with some matrix A € R™*". Suppose
that

linhull(ay, ..., a,) = {x € R" | Ux = 0}.

Now
C={xeR"| Ax <0, Ux =0}
and C is polyhedral.
Now suppose that
C={xeR"|ax<0,...,a,x <0}
The cone

m
cone(ay, ..., ay) = {Z)\iai |A;>0,i= 1,...,m}
i—1

is polyhedral and thus of the form
cone(ay, ..., ay) = {x € R" | bjx <0, ..., byx < 0}.

Clearly cone(by, ..., bx) C C, since bja; < 0. Suppose that y € C\ cone(by, ..., by).
Then, since cone(by, ..., by) is polyhedral, there exists a w € R" with

w'y >0

w'h; <0 foreachi=1,...,k.

From the latter we conclude that w € cone(ay,...,a,). Sincey € C and w €
cone(ay, ..., ay), we conclude that w'y < 0. O

A set of vectors Q = conv(X), where X C IR" is finite, is called a polytope.

Theorem 5 (Decomposition theorem for polyhedra). A set P C IR" is a polyhedron if
and only if P = Q + C for some polytope Q and a polyhedral cone C.

Proof. Suppose P = {x € R" | Ax < b} is a polyhedron. The polyhedral cone

{(3) ] x €R", A € Rsp; Ax — Ab < 0} @)

is generated by finitely many vectors ( ;fi ), i =1,...,m. By scaling with a positive

number we may assume that each A; € {0,1}. Let Q be the convex hull of the x;
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with A; = 1 and let C be the cone generated by the x; with A; = 0. A point x € R"
isin P if and only if (] ) belongs to @) and thus if and only if

(1) €cone {(3}), -, ()}

Therefore P = Q + C.

Suppose now that P = Q + C for some polytope Q and a polyhedral cone C
with Q = conv(xy, ..., x,) and C = cone(yy, ..., y:). A vector x is in P if and only
if

(P)econe{(}),....C9),. (%), -, (%)} (5)
By Theorem @ the cone in @) is equal to

{(X) | Ax=Ab <0} (6)

for some matrix A and vector b. Thus x¢ € P if and only if Axp < b and thus Pisa
polyhedron. O

p conv(Q) cone(C)

Figure 1: A polyhedron and its decomposition into Q and C

Let P = {x € R" | Ax < b}. The characteristic cone of P is
char.cone(P) ={y |y+x € Pforallx € P} = {y | Ay < 0}.
One has

(i) y € char.cone(P) if and only if there exists an x € P such that x + Ay € P for
allA > 0;

(ii) P+ char.cone(P) = P;
(iii) P is bounded if and only if char.cone(P) = {0};
(iv) if the decomposition of P is P = Q + C, then C = char.cone(P).

The linearity space of P is defined as char.cone(P) N (— char.cone(P)). A polyhe-
dron is pointed, if its lineality space is {0}.

Exercise 1. Each nonempty polyhedron P C R" can be represented as P = L 4+ Q,
where L C R" is a linear space and Q C R" is a pointed polyhedron.



Faces

An inequality ¢'x < ¢ is called valid for P if each x € P satisfies c'x < 4. If in
addition {x | c"x = 0} NP # @, then c'x < § is a supporting inequality and ¢"'x = ¢
is a supporting hyperplane.

A set F C R" is called a face of P if there exists a valid inequality c'x < § for P
with F = PN {x|c'x =4}

Lemma 6. Let F # @ be a nonempty face of P, then F = {x € P | A'lx = V'} fora
subsystem A'x < b’ of Ax < b.

Proof. Suppose that F = {x € P | A'’x = V'}. Consider the vector ¢’ = 1"A’ and
6 =1"0. The inequality ¢"x < ¢ is valid for P. It is satisfied with equality by each
x € F. If X’ € P\ F, then there exists an inequality a"x < in A’x < b’ such that
a'x’ < B and consequently ¢"x’ < ¢.

On the other hand, if ¢*x < § defines the face F, then ¢f = ATA and § = ATb with
A € RZ,. Let A’'x < b be the subsystem of Ax < b which corresponds to strictly
positive entries in Ax < b. Onehas F = {x € P | A’x = V'}. O

Exercise 2. Let A € R"*" and b € R™ and consider the polyhedron P = P(A,b).
Show that dim(P) = n — rank(A~)

A facet of P is an inclusion-wise maximal face F of P with F # P. An inequality
a'x < B of Ax < bis called redundant if P(A,b) = P(A’,V’), where A’x < V' is the
system stemming from Ax < b by deletinga'x < . A system Ax < bis irredundant
if Ax < b does not contain a redundant inequality.

Lemma 7. Let Ax < b be an irredundant system. Then F is a facet of P if and only if F
has the form
F={xeP|a'x=p}

for an inequality a’x < B of ASx < b=.

Proof. Let F be a facet of P. Then F = {x € P | ¢"x = ¢} for a valid inequality
c'x < 6 of P. There exists a A € R”, with ¢’ = A"A and 6§ = A'b. There exists an
inequality a"x < B of A=x < b= whose corresponding entry in A is strictly positive.
Clearly F C {x € P | a"x = B} C P. Since F is an inclusion-wise maximal face, one
has F = {x € P | a"x = B}.

Let F be of the form F = {x € P | a"x = B} for an inequality a’x < B in
ASx < b=. Clearly F # @, since the system Ax < b is irredundant. If F is not
a facet, then F C F/ = {x € P | a""x = B’} with another inequality a"'x < g
of ASx < b=. Let x* € R" be a point with a"x* > B, which satisfies all other
inequalities in Ax < b. Such an x* exists, since Ax < b is irredundant. Let ¥ € P
with AS% < b=. There exists a point X on the line-segment ¥x* with a'x = B. This
point is then also in F/ and thus a""x = B’ follows. This shows that a"x* > B’ and
thus a'x < B can be removed from the system. This is a contradiction to Ax < b
being irredundant. O



Lemma 8. A face F of P(A,b) is inclusion-wise minimal if and only if it is of the form
F={x e R"| A'x =V} for some subsystem A'x < b’ of Ax <b.

Proof. Let F be a minimal face of P and let A’x < V' be the subsystem of inequalities
of Ax <bwithF={x € P| A'x =1'}. Suppose that F C {x e R" | A’x =V'} and
let x; € R"\ Psatisfy A’x; = b’ and x, € F. There exists “a first” inequality a"x < j
of Ax < b which is “hit” by the line-segment x,x7. Let x* = X;x7 N (a"x = B). Then
x* € Fand thus FN (a"x = B) # @. But F D FN (a"x = ) since a’x < B is not an
inequality of A’x < '. This is a contradiction to the minimality of F.

Suppose that FisafacewithF = {x e R" | A/x =V} = {x e P | A'lx =1’}
for a subsystem A'x < b of Ax < b. Suppose that there exists a face F of P with
@®CcFECF. By Lemma@F = {x e P| Alx=0',A*x = b*}, where A*x < b*isa
sub-system of Ax < b which contains an inequality a'x <  such that there exists
an x1,x2 € Fwitha"™ < Band a’x, < B. The line ¢(x1,x2) = {x1 + A(x2 — x1) |
A € R} is contained in F but is not contained in a’x < B. This shows that F is not
contained in P which is a contradiction. O

We say that a polyhedron contains a line £(x1, x2) with x1 # x; € Pif £(xq,x2) =
{x1 +A(x2 —x1) | A € R} C P. A vertex of P is a 0-dimensional face of P. An edge
of P is a 1-dimensional face of P.

Exercise 3.

i) Show that the dimension of each minimal face of a polyhedron P is equal to
n —rank(A).

if) Show that a polyhedron has a vertex if and only if the polyhedron does not
contain a line.

The simplex method walks from vertex to vertex along edges of a polyhedron
with vertices.

Integral polyhedra

A rational polyhedron P is called integral if each minimal face of P contains an
integer point.

Theorem 9. Let P = {x € R" | Ax < b} be a rational nonemty polyhedron with vertices.
P is integral if and only if for all integral vectors ¢ € Z" with max{c'x | x € P} < o0
one has max{c'x | x € P} € Z.

Proof. Let P be integral and ¢ € Z" with max{c'x | x € P} = § < oo. Since the face
F = {x € P| ¢"x = ¢} contains an integer point it follows that ¢ € Z.

On the other hand let x* be a vertex of P and assume that x* (i) ¢ Z. There exists
a subsystem A'x < b’ of Ax < b with A’ € R"*", A nonsingular and A'x* = 1'.
Let ay,...,a, be the columns of A’. Since A’ is invertible, there exists an integer
vector ¢ € cone(ay, ..., a,) N Z" such that c £ e; € cone(ay,...,a,). The point x*
maximizes both c'x and (c + ¢;)"x. Clearly not both numbers c'x* and (c + ¢;)"x*
can be integral, which is a contradiction. O



Lemma 10. Let A € Z"*" be an integral and invertible matrix. One has A~1b € Z" for
each b € Z" if and only if det(A) = £1.

Proof. Recall Cramers rule which says A~' = 1/ det(A)A, where A is the adjoint
matrix of A. Clearly A is integral. If det(A) = +1, then A~ is an integer matrix.

If A~'b is integral for each b € Z", then A~! is an integer matrix. We have
1 = det(A- A1) = det(A) - det(A~!). Since A and A~! are integral it follows
that det(A) and det(A~!) are integers. The only divisors of one in the integers are
+1. O

A matrix A € Z"™*" with m < n is called unimodular if each n X n sub-matrix
has determinant 0, £-1.

Theorem 11. Let A € Z™*" be an integral matrix of full row-rank. The polyhedron
defined by Ax = b, x > 0 is integral for each b € Z™ if and only if A is unimodular.

Proof. Suppose that A is unimodular and b is integral. The polyhedron P = {x €
R" | Ax = b, x > 0} does not contain a line and thus has vertices. A vertex x* is
of the form xj; = Aglb and x% = 0, where B C {1,...,n} is a basis. Since Ap is
unimodular one has x* € Z".

If A is not unimodular, then there exists a basis B with det(Ap) # 1. By
Lemma[IQthere exists an integral b € Z" with (Ap) b ¢ Z™. Let A be the maximal
absolute value of a component of A;'b. Then v’ = [A]Ag1 + b is an integral vector
with Az’ = [A]1+ Ag'b > 0and A;'0' ¢ Z™. The polyhedron P = {x € R" |
Ax =1, x > 0} has thus a fractional (non-integer) vertex. O

An integral matrix A € {0,£1}"*" is called totally unimodular if each of its
square sub-matrices has determinant 0, +1.

Theorem 12 (Hoffman-Kruskal Theorem). Let A € Z™*" be an integral matrix. The
polyhedron P = {x € R" | Ax < b, x > 0} is integral for each integral b € Z™ if and
only if A is totally unimodular.

Proof. The polyhedron P = {x € R" | Ax < b, x > 0} is integral if and only if the
polyhedron Q = {z € R"*" | (A|l)z = b, z > 0} is integral. The assertion thus
follows from Theorem [Tl O

Exercise 4. In this exercise you can assume that a linear program max{c"x | Ax <
b} can be solved in polynomial time. Suppose that P(A, b) has vertices and that the
linear program is bounded. Show how to compute an optimal vertex solution of the
linear program in polynomial time.

If an integral polyhedron has vertices, then an optimal vertex solution of a linear
program over this polyhedron is integral.
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Bipartite matching

An undirected graph G = (V,E) is a tuple, where V is a finite set and E is a set of
unordered pairs of V. The set V is called nodes and the set E are the edges of G. We
write v in short for the edge {1, v} C V. The graph is bipartite, if V has a partition
into sets A and B such that each edge uv satisfiesu € A and v € B.

A matching in G is a subset M C E such that e; Nex = @ holds for each e; #
e € M. Letc : E — R be a weight function. The weight of a matching is defined
as c(M) = Y ,cpm c(e). The weighted matching problem is defined as follows: Given a
graph G = (V,E) and edge-weights ¢ : E — R, compute a matching M of G with
¢(M) maximal.

We introduce decision variables x(e) for each edge e € E. We want to model the
characteristic vectors Y™ € {0,1}F of matchings, where

1 ifee M,
xM(e) = .
0 ifeé& M.

This is achieved with the following set of constraints.

Z x(e) <1 foreachv € V, (7)
e€d(v)

x(e) >0  foreache € E.

Clearly, the set of vectors x € ZF which satisfy the system () are exactly the char-
acteristic vectors of matchings of G. The matrix A € {0,1}V*F which is defined

as
1 if

A(U,e): Hoce,

0 ifode

is called node-edge incidence matrix of G.
Lemma 13. If G is bipartite, the node-edge incidence matrix of G is totally unimodular.

Lemma [[3 implies that each vertex of the polytope P defined by the inequali-
ties (@ is integral. Thus an optimal vertex of the linear program max{c'x | x € P}
corresponds to a maximum weight matching.

Proof of Lemma[[3 Let G = (V, E) be a bipartite graph with bi-partition V = V; U
V.

Let A’ be a k x k sub-matrix of A. We are interested in the determinant of A.
Clearly, we can assume that A does not contain a column which contains only one 1,
since we simply consider the sub-matrix A” of A’, which emerges from developing
the determinant of A’ along this column. The determinant of A’ would be +1 -
det(A”).

Thus we can assume that each column contains exactly two ones. Now we can
order the rows of A’ such that the first rows correspond to vertices of V5 and then



follow the rows corresponding to vertices in V. This re-ordering only affects the
sign of the determinant. By summing up the rows of A’ in V; we obtain exactly
the same row-vector as we get by summing up the rows of A’ corresponding to V5.
This shows that det(A") = 0. O

Network flows

Let G = (V, A) be a directed graph. Recall the definition of a flow vector f € RA4.
The node-edge incidence matrix of a directed graph is a matrix A € {0, £1}V*F with

1 if v is the starting-node of g,
A(v,a) =< —1 if vis the end-node of g, (8)
0 otherwise.

A feasible flow f in G with capacities u and in-out-flow b is then a solution
f € R4 to the system
Af =0, 0<f<u.

Lemma 14. The node-edge incidence matrix A of a directed graph is totally unimodular.

Proof. Let A’ be a k x k submatrix of A. Again, we can assume that in each column
we have exactly one 1 and one —1. Otherwise, we expand the determinant along
a column which does not have this property. But then, the A is singular, since
adding up all rows of A’ yields the 0-vector. O

A consequence is that, if the vector b and the capacities u are integral and an op-
timal flow exists, then there exists an integral optimal flow. We have seen that this
follows from the cycle-cancelling algorithm, but total unimodularity gives another
simple and elegant proof of this fact.

Further applications of polyhedra theory

Doubly stochastic matrices

A matrix A € R"*" is doubly stochastic if it satisfies the following linear constraints
n
ZA(i,j)zl forj=1,...,n,
i=1

n
A, j) =1 fori=1,...,n, 9)
=1

]
AGi,j)>0  forijj=1,...,n.

A permutation matrix is a matrix which contains exactly one 1 per row and column,
where the other entries are all 0.

Theorem 15. A matrix A € R™*" is doubly stochastic if and only if A is a convex combi-
nation of permutation matrices.

10



Proof. Since a permutation matrix satisfies the constraints (@), then so does a convex
combination of these constraints.

For the converse, it is enough to show that each vertex of the polytope defined
by the system (@) is integral and thus a permutation matrix. However, the matrix
defining the system (@) is the node-edge incidence matrix of the complete bipartite
graph having 2n vertices. Since such a matrix is totally unimodular, the theorem
follows. O
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