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1 Introduction

Beginning in the 1940s, linear programming has been developed as a powerful tool
for modelling and solving real world optimization problems [Dan63][Chv83]. Quot-
ing [MG07], a linear program is the problem of maximizing a given linear function over
the set of all vectors that satisfy a given system of linear equations and inequalities. Such
vectors are called feasible solutions. Every linear program can be transformed to the
form

max cT x

s.t. Ax ≤ b

where c ∈Rd defines the linear objective function and the matrix A ∈Rn×d and the vec-
tor b ∈ Rn describe the set of feasible solutions in Rd . The inequality Ax ≤ b is a short-
hand for the system of linear inequalities ai x ≤ bi , i = 1. . .n, where a1, . . . , an are the
rows of A. It follows that the set of feasible solutions is a polyhedron P in d-dimensional
space. If none of the inequalities ai x ≤ bi are redundant and P is full dimensional, the
polyhedron P has n facets. If P has vertices, at least one of its vertices is an optimal
solution to the linear program.

The simplex method, developed by George Dantzig, was the first algorithm for solving
linear programs. It works by starting at an arbitrary vertex of P and then successively
moving to a neighbouring vertex that is better with respect to the objective function.
The simplex method has found an optimal solution when it can no longer find a better
neighbouring vertex. Thus one can think of the simplex method as performing a walk
on the graph of the polyhedron. This is a great simplification of how the simplex method
works in practice, but it is sufficient for our purposes. The obvious question one should
ask is whether the simplex method is efficient.

The common answer in the literature is that the simplex method works well in prac-
tice, but the question of whether its worst case running time can be bounded by a poly-
nomial in n and d is still open. The underlying problem is that the number of vertices
of the polyhedron described by Ax ≤ b cannot be bounded by a polynomial in n and d ,
so one cannot efficiently obtain an explicit description of the polyhedral graph. In fact,
the number of vertices can be on the order of nbd/2c, for example when the polyhedron
is the polar of a cyclic polytopes [Gal63]. Of course, the worst case running time of the
simplex method could still be small despite this fact. Furthermore, it would be interest-
ing to know why the simplex method works so well in practice despite its bad worst case
behaviour. These questions have lead to some interesting developments. For exam-
ple, it has been shown that the expected running time of certain variants of the simplex
method is small when the polyhedron given by A and b is taken from some particu-
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1 Introduction

lar random distributions [AKS87][Bor87]. Even better, the expected running time of a
variant of the simplex method is polynomial in the worst case if a small random pertur-
bation of the input is allowed [ST04][Ver06].

We also want to understand the theoretical limits of the simplex method. Even if the
simplex method were somehow able to always pick the best possible neighbouring ver-
tex, its efficiency is limited by the structure of the graph of the polyhedron. In particular,
the diameter of this graph yields an immediate lower bound for the running time of the
simplex method.1 Therefore, we are interested in the maximum diameter ∆U (d ,n) of a
d-dimensional polyhedron with n facets.

In 1957, Warren M. Hirsch conjectured that ∆U (d ,n) is bounded from above by n −
d [Dan63, p. 160]. This so called Hirsch conjecture was shown to be false for unbounded
polyhedra. The lower bound of ∆U (d ,n) ≥ n −d +min{bd

4 c,bn−d
4 c} given in [KW67] is

larger than n −d , though still linear. The Hirsch conjecture is true for all bounded poly-
hedra of dimension d ≤ 5 [KW67].

A number of related conjectures have been published, corresponding to the various
ways in which researchers have attempted to attack the Hirsch conjecture. The d-step
conjecture, also due to Hirsch, states that∆U (d ,2d) ≤ d . The nonrevisiting path conjec-
ture by Klee and Wolfe [Kle66][Hol03] states that any two vertices of a polyhedron can be
connected by a path that never reenters a facet it has previously left. These conjectures
are all equivalent in some sense [KK87]. Unfortunately, despite the great variety of tech-
niques that have been used, settling the bounded Hirsch conjecture seems as elusive as
ever.

Given the apparent difficulty of the problem, it is natural to attempt to prove weaker
statements. On the one hand, researchers have investigated special classes of poly-
hedra. For example, the Hirsch conjecture is true for 0/1-polytopes [Nad89] and cer-
tain transportation polytopes [BR93]. Kalai has found a polynomial upper bound on
the diameter of polytopes with a maximal number of vertices such as the polar poly-
topes of cyclic polytopes [Kal91]. For this thesis, however, I have restricted myself to
the more general theory. Larman proved that ∆U (d ,n) ≤ 2d−3n for d ≥ 2 [Lar70], im-
proving an earlier result due to Klee which was published in [Grü67, chapter 16]. Kalai
found the first subexponential upper bound [Kal92] and subsequently improved it to
∆U (d ,n) ≤ nlogd+2 with a surprisingly simple proof in [KK92].

The interesting thing about these general upper bounds is that they do not use the
full geometry of the problem. In fact, as I will show in this thesis, these upper bounds
hold in much more general settings. Analyzing the diameter of polyhedra in abstract
settings is not a new idea. Adler and Dantzig have done this very explicitly in [AD74]
and Kalai also mentions a combinatorial abstraction in [Kal92]. I was able to show that
the general upper bounds cited above hold in an abstract setting in which a superlinear
lower bound on the diameter exists.

There are bounds on the diameter of polyhedra that cannot be translated into this ab-
stract setting. For example, the bound in the case where d ≤ 5 can be proven in Adler’s
abstraction but fails in the new abstractions I present in this thesis. Furthermore, results

1This is true as long as the choice of initial vertex does not depend on the objective function.
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1.1 About this thesis

for specific classes of polyhedra do not necessarily translate into such abstract frame-
works. It is unclear whether Kalai’s polynomial upper bound on the diameter of polyhe-
dra with a maximum number of vertices [Kal91] can be translated, for example. Thus it
becomes interesting to figure out which additional aspects of the geometry of polyhedra
these results use, but this is beyond the scope of my thesis.

Finally, it is important to note that the algorithmic side of linear programming has
also been investigated from such an abstract perspective. Sharir and Welzl [SW92] de-
scribed an algorithm for linear programming that can be understood in an abstract
framework. Matousek [Mat94] proved that their analysis was essentially tight within the
abstract framework, while Gärtner proved in [Gä98] that the analysis can be improved
if the geometry of linear programs is used in addition to the properties of the abstract
framework. It is an interesting question whether one can find a useful relationship be-
tween this abstract framework and the abstractions I present in this thesis.

1.1 About this thesis

As often seems to be the case in mathematics, this thesis is largely written backwards.
After all, I do not want to bore you with the details of how I ended up with my results, fas-
cinating though those details may be for myself. Instead, I simply want to present the re-
sults to you. Thus, after an introductory chapter on notation which you should feel free
to skip if you are familiar with the subject,2 I will immediately present the definitions of
the combinatorial abstractions that I feel are relevant and interesting in chapter 3. Of
course, I will also give you an idea of why I feel that these abstractions are relevant and
interesting and I will establish some basic relationships between them. You will also
find the proofs for upper bounds on the diameter in this chapter.

Then, in chapter 4, I will make a detour to combinatorial designs that might at first
seem completely unmotivated, but remember that large parts of this thesis are written
backwards. In fact, that chapter will introduce a new problem of combinatorial design,
the problem of finding families of disjoint coverings, which will play a central role in
chapter 5. In that chapter, I will tell you how to construct objects of superlinear diameter
in certain combinatorial abstractions, which reinforces the point that those abstractions
really are interesting. Being so interesting, they tempted me to investigate a number of
special cases, my results concerning one of which are presented in chapter 6.

Once you have read everything before it, chapter 7 will hopefully give you a nice feel-
ing of closure despite containing little additional information. Of course, you might
choose to read only chapter 7 and ignore the rest, but besides being less interesting that
would only reinforce certain demotivating stereotypes, so please don’t.

2But do not hesitate to go back to the sections on multisets and set families if you get lost in the details of
later chapters. The proofs are quite dense at times (you should have seen the early versions!), and those
sections in chapter 2 are supposed to help.
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1 Introduction
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2 Notation and basic facts

In this chapter, I will give a quick introduction to the basic objects which are used
throughout this thesis. I assume that the reader is familiar with basic mathematical
notation.

Furthermore, I assume that the reader is familiar with basic notions of linear alge-
bra, geometry (such as linear maps, affine maps, closed and open sets), and modular
arithmetic. As a shorthand, I denote by Zn = Z/nZ= {0,1, . . . ,n −1} the ring of integers
modulo n. For the purpose of this text, the natural numbersN include the number zero,
that is

N= {0,1,2,3, . . .}

Given a set F , the power set of F is written as 2F . For a natural number d ,
(F

d

)
is the set

of d-element subsets of F .

2.1 Multisets

Informally, a multiset is a collection of objects where – unlike in a set – each object may
appear more than once. I only consider finite multisets, that is multisets that contain
a finite number of objects and each object appears only a finite number of times in a
multiset.

Sometimes, it is instructive to think of a multiset as a vector of natural numbers where
each component of the vector indicates the number of appearances of one object. With
this in mind, the following definition and notation makes sense.

Definition 2.1.1. Let F be a finite, non-empty set. The setNF is the set of finite multisets
over the groundset F . Formally, the set NF is the appropriate set of tuples containing
natural numbers or the set of functions f : F →N.

Let v ∈ NF . Then for all a ∈ F we denote by va the a-th component of the vector v or,
equivalently, the multiplicity of a in v, i.e. the number of times that the object a appears
in the multiset v.

I will use curly braces for enumerative definitions of multisets, e.g. {�,4,�} denotes a
multiset containing two squares and one triangle. There is potential for confusion with
normal sets here, so I have taken care to ensure that the meaning of such a definition is
clear from the context. Sometimes, I have taken the liberty of leaving out curly braces
in examples so as to make them easier to read. As an example, �4� means the same
thing as {�,�,4} in an appropriate context. The order of elements is irrelevant.

Since multisets will usually play the role of vertices in this text, I have chosen to use
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2 Notation and basic facts

lowercase letters u, v , and so on for variables that contain multisets. Elements of multi-
sets will usually be denoted with lowercase letters a, b, and so on.

Example 2.1.2. Let F = {�,4,♦,♥} be a groundset. The multiset v := {�,♦,♥,♦,♦} over
the groundset F can be understood as a collection of objects and as a vector containing
multiplicities.

�
♦

♦♦

♥

� × 1
4 × 0
♦ × 3
♥ × 1

v =


1
0
3
1

 ∈NF

When we understand v as a vector in this sense, we can refer to its components. For
example, we have v♦ = 3 and v4 = 0.

Of course, one can perform the usual set theoretic operations with multisets, though
some care must be taken to ensure the operations do the right thing in the face of mul-
tiplicities.

Definition 2.1.3. Let u and v be multisets over a common groundset F .

a) The cardinality |u| is the number of objects in u. Formally, |u| =∑
a∈F ua .

b) We say that u is a subset of v, denoted u ⊆ v, if ua ≤ va for all a ∈ F .

c) The union u ∪ v is defined by (u ∪ v)a = ua + va for all a ∈ F . One can say that the
union of multisets is always a disjoint union.

d) The intersection u ∩ v is defined by (u ∩ v)a = min{ua , va} for all a ∈ F .

e) Suppose u ⊆ v. Then the set difference v \u is defined by (v \u)a = va−ua for all a ∈ F .
The expression v \ u is undefined if u * v.

f) The set

((
F
k

))
:= {v ∈NF | |v | = k} is the set of k-element multisets over F .

The definitions given here are for multisets over a common groundset, but this is not
a limitation in any way. After all, given groundsets F ⊂G any multiset v over F is also a
multiset over G in a straightforward way.

When I use multisets as index sets in summations, multiple appearances of objects
should be taken into account. Formally, given a multiset v over a groundset F and an
expression f (a) I set

∑
a∈v f (a) := ∑

a∈F va f (a). This will be used in chapter 6 where I
consider multisets containing natural numbers.

Example 2.1.4. Let F = {0,1,2,3} ⊂ N and let v = {2,2,3} ∈ NF be a multiset. Then∑
a∈v a = 2+2+3 = 7.

6



2.2 Families of sets

2.2 Families of sets

In the constructions of chapters 4 and 5 we will often have to deal with subsets of a
groundset X that arises from the disjoint union of smaller groundsets X j .

Definition 2.2.1. Let d ≥ 1. Let (X1, . . . , Xd ) be a tuple of disjoint sets and set X := X1∪. . .∪
Xd . Furthermore, let M ⊆ X . Then M is called a (v1, . . . , vd )-set with respect to (X1, . . . , Xd )
if |M ∩ X j | = v j for all 1 ≤ j ≤ d. In short and when the X j are clear from the context, M
is simply called a v-set.

You can interpret v both as a vector with d components over the natural numbers and
as a multiset over the groundset {1, . . . ,d}. This is not an accident.

Example 2.2.2. Suppose we have a tuple (X1, X2, X3) of disjoint sets with |X j | = 4 for all
j . Furthermore, let v := (3,2,0)T . The picture visualizes the elements of X = X1∪X2∪X3

as points. One possible v-set M is shown as well.

X1

X2

X3

M

Note how v can also be interpreted as the multiset {1,1,1,2,2}. If you project M onto a
vertical line, you can intuitively identify this projection with the multiset v .

Setting F := {1, . . . ,d}, his last observation leads to the definition of the projection
functionπ : 2X →NF whereπ(M) = v if and only if M is a v-set with respect to (X1, . . . , Xd ).
One can easily verify that π is well-defined.

Definition 2.2.3. Let X and Y be disjoint groundsets and let F ⊆ 2X and G ⊆ 2Y be col-
lections of subsets of X and Y , respectively. Then the unordered product F ⊗G is defined
by F ⊗G := {u ∪ v | u ∈F , v ∈G }.

Example 2.2.4. Let X = {1,2,3,4} and Y = {�,4,♦}. Furthermore, let

F = {{1,2}, {1,3}, {2,4}}

G = {{�}, {♦}}

Then the unordered product is obtained by combining every element of F with every
element of G .

F ⊗G = {{1,2,�}, {1,2,♦}, {1,3,�}, {1,3,♦}, {2,4,�}, {2,4,♦}}

Since reading all those curly braces can become a bit awkward I will often omit the in-
nermost curly braces in future examples. I would then write the line above as:

F ⊗G = {12�,12♦,13�,13♦,24�,24♦}

7



2 Notation and basic facts

The definition of unordered products extends quite naturally to unordered products
of arbitrarily many collections of subsets. So given disjoint groundsets X1,. . . ,Xd and
collections F1,. . . ,Fd with F j ⊆ 2X j for all j , we have

F :=
d⊗

j=1
F j =

{
d⋃

j=1
u j | u j ∈F j

}

Suppose the subsets contained in each F j are of uniform cardinality, that is for all j
there exists a number v j such that |u| = v j for all u ∈F j . Then every subset u ∈F is a v-
set with respect to (X1, . . . , Xd ). I will use this “recipe” extensively to construct collections
of v-sets.

2.3 Graphs and matchings

Definition 2.3.1. An (undirected) graph is a pair G = (V ,E), where V is a nonempty, finite
set of vertices and E ⊆ (V

2

)
is a set of edges. Two vertices u, v ∈ V are called adjacent if

they are connected by an edge in the graph, that is {u, v} ∈ E.
A path in G is a sequence P = (v0, v1, . . . , vk ) of vertices such that v j and v j+1 are adja-

cent for all 0 ≤ j < k. The number k is called the length of P.
The distance d(u, v) between two vertices u, v ∈ V is the length of a shortest path con-

necting u and v, or ∞ if no such path exists. The diameter diam(G) of a graph is the
maximum distance between any pair of vertices, i.e. diam(G) := maxu,v∈V d(u, v).

Example 2.3.2. The following is a formal and a visual representation of a graph G =
(V ,E) which happens to be the graph of a 3-dimensional cube.

V := {0,1,2,3,4,5,6,7}

E := {{0,1}, {0,2}, {0,4}, {1,3}, {1,5}, {2,3},

{2,6}, {3,7}, {4,5}, {4,6}, {5,7}, {6,7}}

0 1

2 3

4 5

6 7

The diameter of G is 3.

In chapter 4, we will use bipartite graphs for some constructions.

8



2.3 Graphs and matchings

Definition 2.3.3. A graph G = (U ∪V ,E) is called bipartite if U and V are disjoint and
all edges of G connect a vertex in U with a vertex in V , that is all e ∈ E are of the form
e = {u, v} where u ∈U and v ∈V .

A subset M ⊆ E of edges is called a matching (in G) if all edges in M are disjoint, that
is every vertex has at most one incident edge in M. A matching is called U -perfect if for
every vertex u ∈U there is an edge in M incident to U .

Example 2.3.4. The following pictures show, from left to right, a bipartite graph G =
(U ∪V ,E), the graph G and a subset of edges that is a matching in G , the graph G and a
subset of edges that is not a matching, and the graph G and a subset of edges that is a
U -perfect matching.

u1

u2

u3

u4

v1

v2

v3

v4

v5

graph G

u1

u2

u3

u4

v1

v2

v3

v4

v5

matching

u1

u2

u3

u4

v1

v2

v3

v4

v5

not a matching

u1

u2

u3

u4

v1

v2

v3

v4

v5

U -perfect matching

Let A ⊆ U be a set of vertices. The neighbourhood of A, denoted by N (A), is the set
of vertices that are neighbours of vertices in A. In other words, N (A) contains those
vertices that are connected to a vertex in A by an edge of the graph.

The following theorem due to Hall [Hal35], which was originally a statement about
set systems and representatives, gives a useful criterion for the existence of U -perfect
matchings which we will use in chapter 4 for some lower bound constructions.

Theorem 2.3.5 (Marriage Theorem). Let G = (U ∪V ,E) be a bipartite graph. Then there
exists a U -perfect matching in G if and only if for every A ⊆U , |N (A)| ≥ |A|.
Proof. See [Die00, theorem 2.1.2] for three (!) very different proofs.

Example 2.3.6. Consider the bipartite graph in the following picture.

u1

u2

u3

u4

v1

v2

v3

v4

graph G

u1

u2

u3

u4

v1

v2

v3

v4

A and N (A)
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2 Notation and basic facts

The neighbourhood of A = {u1,u2,u3} contains only the vertices v2 and v4. Therefore,
there is no U -perfect matching in this graph.

2.4 Polyhedra and polytopes

In this section, I will list the usual definitions and some basic results about polyhedra
that are relevant for my work. My notation and terminology follows [Zie95]. I would also
like to refer the reader there for proofs of the cited results.

Definition 2.4.1. A set P ⊂ Rd ′
is called a polyhedron if it is the intersection of finitely

many halfspaces. It is called a polytope if it is bounded. The dimension of P is the di-
mension of the smallest affine space that contains it.

Note that the dimension of a polyhedron P ⊂ Rd ′
may be smaller than d ′. For exam-

ple, a 2-dimensional polyhedron (a polygon) can live in a 3-dimensional space. How-
ever, I will usually assume that polyhedra are full-dimensional. This is without loss of
generality because you can simply restrict your attention to the appropriate affine sub-
space.

Definition 2.4.2. Let P ⊂ Rd ′
be a d-dimensional polyhedron. Let a ∈ R1×d ′

and b ∈ R
such that P lies on one side of the hyperplane defined by ax = b, say ax ≤ b for all x ∈ P.
Then the intersection

P ∩ {x ∈Rd ′ |ax = b}

is called a face of P.
0-dimensional faces are called vertices, 1-dimensional faces are called edges, and (d −

1)-dimensional faces are called facets of P.

Note that the empty set and P itself are also faces of P , because the definition allows
a = 0. Furthermore, faces of P are polyhedra.

Definition 2.4.3. A polyhedron is called pointed if it has a vertex.

All polytopes are pointed. However, polyhedra in general need not be pointed. To
see this, simply extrude an unbounded polyhedron in an additional dimension as in
the picture below – just imagine that the polyhedron stretches out into infinity in both
directions indicated by the arrow.

The smallest proper faces of this polyhedron are lines. I will only concern myself with
pointed polyhedra, because the following definitions do not make sense otherwise.

10



2.4 Polyhedra and polytopes

Definition 2.4.4. Let P ⊂ Rd ′
be a pointed polyhedron. The graph of P is the graph

G(P ) := (V (P ),E(P )), where:

V (P ) := {x | {x} is a vertex or 0-face of P }

E(P ) := {{x, y} | the line segment [x, y] is an edge or 1-face of P }

The diameter diam(P ) of P is the diameter of G(P ). Given a fixed dimension d and num-
ber of facets n, we define ∆B (d ,n) to be the maximum diameter of a d-dimensional poly-
tope with n facets. Similarly, we define ∆U (d ,n) to be the maximum diameter of a d-
dimensional polyhedron with n facets.1

In more general theory, G(P ) is also called the 1-skeleton of P as it describes the com-
binatorial structure of all 1-dimensional and all lower-dimensional faces of P . If F is a
face of P , then G(F ) is a subgraph of G(P ) in a natural way. G(P ) is always connected
and ∆U (d ,n) and ∆B (d ,n) are finite.

1 The B stands for “bounded” while the U stands for “unbounded”.
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2 Notation and basic facts
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3 Combinatorial abstractions for the

diameter problem

In this chapter, I will review combinatorial abstractions that have been used in the
past to study the diameter problem. I will introduce abstract polyhedral graphs and
blueprints and I will show how they are related to the previously known abstractions.
Finally, I will quickly review the upper bounds for general dimension and how they can
be proved in the setting of abstract polyhedral graphs and blueprints.

3.1 Ultraconnected families of d-sets and abstract

polytopes

Adler and Dantzig were the first to study the diameter of polytopes using a combina-
torial abstraction, which they called abstract polytope [AD74]. Kalai mentions an ab-
straction which he calls ultraconnected families of d-sets in [Kal92]. He states that his
upper bounds have essentially been found in this abstract context which turns out to be
a relaxation of abstract polytopes.

Definition 3.1.1. Let 1 ≤ d ≤ n be integers. Let F be a set of n symbols and let V be a
family of d-subsets of F . We call the elements of V vertices. We say that u, v ∈ V are
adjacent if |u ∩ v | = d −1. This defines a graph structure on V which is implied when we
use terminology from graph theory in relation to V . For example, diam(V ) is the diameter
of the implied graph. We say that V is ultraconnected if for every pair u, v ∈ V there is a
path from u to v such that (u ∩ v) ⊆ w for every vertex w on the path. We also call d the
dimension of V .

Intuitively, the symbols in the set F correspond to the facets of a convex polyhedron.
The vertices V correspond to the vertices of a (pointed) convex polyhedron. More gen-
erally, a subset of symbols corresponds to the intersection of the corresponding facets
of a polyhedron or, equivalently, to a face of the polyhedron. This should also explain
the motivation for the definition of adjacency: Two vertices are adjacent if they lie in
a common edge, and an edge is the intersection of d − 1 facets. This intuition will be
justified further by actual proofs in section 3.4. For the time being, I will appeal to the
reader’s ability to generalize the following example.

Remark 3.1.2. I will always assume 1 ≤ d ≤ n throughout the rest of the text.
I decided to deviate from Kalai’s terminology where I felt it made sense. For exam-

ple, Kalai calls the elements of F vertices, which is inconsistent with the terminology
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3 Combinatorial abstractions for the diameter problem

used by Adler for abstract polytopes. Calling the elements of F “vertices” could also be
confusing, as they are in fact related to the facets of polyhedra and not to their vertices.

Example 3.1.3. Consider the following 3-dimensional prism.

Suppose the top and bottom facets are labelled T and B , respectively, while the three
side facets are labelled from 1 to 3, giving us the set F = {T,B ,1,2,3} of symbols. Tak-
ing for each vertex the three facets that contain it, we get the following ultraconnected
family of 3-sets (as mentioned earlier, I am taking the liberty of writing T 12 instead of
{T,1,2}, and so on):

V = {T 12,T 23,T 13,B12,B23,B13}

Via the definition of adjacency, these sets implicitly form the vertices of the following
graph:

T 12

T 23 T 13

B12

B23 B13

As one can easily see, this is exactly the graph of the original prism. Note how the fact
that the prism is simple (that is, every vertex lies on exactly three facets) was important
in the construction – this will play a role again later, in the proof that the maximum
diameter of ultraconnected sets is an upper bound for the maximum diameter of poly-
hedra of the same “type”.

Definition 3.1.4. An ultraconnected family V of d-sets is an abstract polyhedron if every
(d −1)-subset is contained in at most two vertices of V . It is called an abstract polytope if
every (d −1)-subset is contained in no vertex or in exactly two vertices of V . I also use the
terms (d ,n)-abstract polyhedron and (d ,n)-abstract polytope to give the dimension and
number of symbols explicitly.

This definition spells out the geometric fact that an edge of a convex polytope con-
tains exactly two vertices, while unbounded edges of a (pointed) convex polyhedron
contain only one vertex. One can easily see that the ultraconnected family of exam-
ple 3.1.3 is an abstract polytope.
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3.2 Abstract polyhedral graphs

I would like to point out that Adler did not define abstract polyhedra. However, they
are a very simple and straightforward generalization that shows in a fascinating way
how a seemingly innocent change in the definition can have a major impact on what
we can prove about it. A crucial lemma on a-avoiding paths [ADM74] does not hold
for abstract polyhedra. In fact, the Hirsch conjecture in dimension 4 and 5 is true for
abstract polytopes but not for abstract polyhedra [KW67].

Definition 3.1.5. I denote the maximum diameter of an ultraconnected family of d-
subsets with n symbols with∆U F (d ,n). (Recall that the diameter is the diameter of the im-
plied graph.) Similarly, I denote the maximum diameter of a (d ,n)-abstract polyhedron
with∆AU (d ,n) and the maximum diameter of a (d ,n)-abstract polytope with∆AB (d ,n).1

A very simple relationship between these quantities can be observed immediately.

Proposition 3.1.6. ∆AB (d ,n) ≤∆AU (d ,n) ≤∆U F (d ,n) for all d and n.

Proof. Clearly, every abstract polytope is also an abstract polyhedron of the same type.
So choose a (d ,n)-abstract polytope that achieves diameter δ = ∆AB (d ,n). Since this
abstract polytope is also a (d ,n)-abstract polyhedron, we have ∆AU (d ,n) ≥ δ.

Similarly, every abstract polyhedron is an ultraconnected family by definition, which
shows ∆AU (d ,n) ≤∆U F (d ,n).

3.2 Abstract polyhedral graphs

Both of the abstractions shown so far have an implicit adjacency structure. Thomas
Rothvoß suggested a new abstraction that allows the adjacency structure to be given
more explicitly. We have refined this abstraction further, which resulted in the following
definition.

Definition 3.2.1. Let 1 ≤ d ≤ n be integers. Let F be a set of n symbols and let V be a
family of d-subsets of F . Let L = (L1, . . . ,L`) be a partition of V , that is V =L1∪. . .∪L`

and the L j are mutually disjoint and nonempty. The sets L j are called levels. We call d
the dimension of L .

We say a set u ⊂ F of symbols is alive or covered in level L j if there is a vertex v ∈ L j

such that u ⊆ v.
Then L is a (d ,n)-abstract polyhedral graph (or just abstract polyhedral graph) if the

following connectedness condition holds: ∀1 ≤ i < j < k ≤ ` and for all u ∈ Li , v ∈ Lk

there is a w ∈L j such that (u ∩ v) ⊆ w, i.e. u ∩ v is alive in L j .
The diameter of L is defined as diam(L ) := `−1. The maximum diameter of a (d ,n)-

abstract polyhedral graph is denoted by ∆APG (d ,n), that is

∆APG (d ,n) := max{diam(L ) |L is a (d ,n)-APG}

An abstract polyhedral graph is complete if its vertex set V is the set
(F

d

)
of all d-subsets

of F . The maximum diameter of a complete (d ,n)-abstract polyhedral graph is denoted
by ∆APG (d ,n).

1 Again, B and U stand for “bounded” and “unbounded”, respectively.
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3 Combinatorial abstractions for the diameter problem

Note that even though this definition does not mention adjacency, it does contain the
notion of connectedness. In fact, it might help to think about vertices on adjacent levels
as being adjacent, as one can then understand abstract polyhedral graphs as a relaxation
of ultraconnected sets. The connnectedness condition then says that there has to be
a “path” connecting any two vertices without skipping any levels while satisfying the
condition for ultraconnectedness.

Example 3.2.2. Recall the abstract polytope of the 3-dimensional prism that was shown
in example 3.1.3. In the following drawing, I have rearranged the vertices of the implied
graph by looking at their distance from the vertex T 12. The resulting partition of V into
levels is an abstract polyhedral graph. Lemma 3.4.2 shows that this is not a coincidence.
For comparison, you can still see the edges that are implied by the definition of adja-
cency from ultraconnected families.

L1:

L2:

L3:

T 12

T 23 T 13 B12

B23 B13

Of course, the notion of adjacency that is relevant for the definition of abstract polyhe-
dral graphs is given entirely by the levels. Vertices are adjacent if they are in the same
level or in neighbouring levels. The following picture shows this structure of adjacency.

L1:

L2:

L3:

T 12

T 23 T 13 B12

B23 B13

Also note that the diameter of the APG is 2, which is equal to the diameter of the original
prism.

Example 3.2.3. The set of vertices V underlying an abstract polyhedral graph need not
be an ultraconnected set. In fact, using the notion of adjacency from definition 3.1.1,
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3.2 Abstract polyhedral graphs

the implied graph need not be connected at all, as can be seen in the following trivial
(3,7)-APG:

L1 = {abc}

L2 = {ade}

L3 = {a f g }

Note that, because the intersection of any two vertices contains fewer than two symbols,
no two vertices are adjacent in the sense that is relevant for ultraconnected families.

Example 3.2.4. The following is a largest known abstract polyhedral graph of dimension
2 and 8 symbols.

L1 = {ab,cd}

L2 = {ac,bd}

L3 = {ad ,bc}

L4 = {ae,b f ,cg ,dh}

L5 = {a f ,bg ,ch,de}

L6 = {ag ,bh,ce,d f }

L7 = {ah,be,c f ,d g }

L8 = {e f , g h}

L9 = {eg , f h}

L10 = {eh, f g }

The symbols can be partitioned into two subsets {a,b,c,d} and {e, f , g ,h} which give this
example a certain symmetry. This kind of partitioning of symbols will play a major role
in the lower-bound constructions of chapter 5.

Proposition 3.2.5. Let d, n, F , and V be as in definition 3.2.1. Let L = (L1, . . . ,L`) be a
partition of V . Then the following are equivalent:

a) L is an abstract polyhedral graph.

b) Every set u ⊂ F of symbols is alive in a contiguous range of levels; this range may be
empty.

Proof. a) =⇒ b) Suppose u ⊂F is alive somewhere. Then let i be minimal such that
u is alive in Li and let k be maximal such that u is alive in Lk . We need to show
that u is alive in all levels in between. Take a vertex v ∈ Li , u ⊆ v and a vertex
w ∈L j , u ⊆ w . Then by definition v ∩w is alive in all levels between Li and Lk ,
but u ⊆ (v ∩w), so u is alive as well.

b) =⇒ a) Let 1 ≤ i < j < k ≤ `, v ∈ Li and w ∈ Lk . Clearly (v ∩w) ⊆ v , so (v ∩w) is
alive in Li . Similarly, (v ∩w) is alive in Lk . Since (v ∩w) is alive in a contiguous
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3 Combinatorial abstractions for the diameter problem

range of levels, it must be alive in all levels between Li and Lk and thus it must
be alive in L j .

All upper bound proofs in this thesis are inductive proofs of some kind. The follow-
ing two propositions are the tools that allow this kind of proof where the diameter of
an abstract polyhedral graph is computed using the diameters of what one might call
“subgraphs”.

Proposition 3.2.6. Let L = (L1, . . . ,L`) be a (d ,n)-abstract polyhedral graph. Let 1 ≤
j1 < j2 < . . . < jk ≤ ` be a subsequence. Then L ′ = (L j1 , . . . ,L jk ) is a (d ,n)-abstract poly-
hedral graph.

Proof. Going to subsequences keeps contiguous ranges contiguous, so the statement
follows from proposition 3.2.5.

The second proposition concerns itself with induced graphs of lower dimension. Re-
call that the intersection of facets of a polyhedron is a face, which is a polyhedron of
lower dimension. Intuitively, taking the subgraph induced by a set of symbols is essen-
tially the same operation as taking a face of a polyhedron.

Proposition 3.2.7. Let L = (L1, . . . ,L`) be a (d ,n)-abstract polyhedral graph on the set
F of symbols. Let u ⊂F be a set of symbols that is alive somewhere in L . Let La be the
first and Lb be the last level on which u is alive. Then L ′ = (L ′

a , . . . ,L ′
b) with

L ′
j = {v \ u | v ∈L j and u ⊂ v}

is a (d −|u|,n −|u|)-abstract polyhedral graph on the set F \ u of symbols.
If L is complete, then so is L ′.

Proof. Let a ≤ i < j < k ≤ b and let v ∈L ′
i and w ∈L ′

k . Then (v ∪u) ∈Li and (w ∪u) ∈
Lk , so since L is an abstract polyhedral graph, there is an x ∈ L j such that (v ∪u)∩
(w ∪u) ⊂ x. Using distributivity, u∪ (v ∩w) ⊂ x, so that (x \u) ∈L ′

j and (v ∩w) ⊂ (x \u).

Thus L ′ is an abstract polyhedral graph.
Note that the vertex set of L ′ is simply {v \u | v ∈ V } if V is the vertex set of L . There-

fore, L ′ is complete if L is complete.

3.3 Blueprints

It turns out that relaxing the definition of abstract polyhedral graphs to allow multisets
of symbols as vertices is a valuable tool in the proof that complete abstract polyhedral
graphs with large diameter exist. I call this further generalization blueprint due to its
role in the construction in chapter 5.

Definition 3.3.1. Let 1 ≤ d ≤ n be integers. Let F be a set of n symbols and let V be
a family of d-element multisets consisting of symbols of F . Let L = (L1, . . . ,L`) be a
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3.3 Blueprints

partition of V into levels. Then L is a (d ,n)-blueprint if the following connectedness
condition holds: For all integers 1 ≤ i < j < k ≤ ` and for all u ∈Li , v ∈Lk , there exists a
w ∈L j such that (u ∩ v) ⊆ w.

We say that the blueprint L has diameter diam(L ) := `−1. The maximum diameter
of a (d ,n)-blueprint is denoted by ∆BP (d ,n).

A blueprint is complete if its vertex set V is the set

((
F

d

))
of all d-element multisets

over symbols in F . The maximum diameter of a complete (d ,n)-blueprint is denoted by
∆BP (d ,n).

Example 3.3.2. The following is a (3,3)-blueprint over the symbols F = {a,b,c}.

L1 = {aaa}

L2 = {aab}

L3 = {abb}

L4 = {bbb}

L5 = {bbc}

L6 = {bcc}

L7 = {ccc}

Example 3.3.3. Every abstract polyhedral graph is also a blueprint.

The following propositions are straightforward analogues of the corresponding pro-
positions for abstract polyhedral graphs. I have omitted the proofs, since they are es-
sentially identical to the corresponding proofs given in section 3.2. The only interesting
difference is that in an induced abstract polyhedral graph, the symbols that the induc-
tion is on are removed permanently, while they can still appear in an induced blueprint.

Proposition 3.3.4. Let d, n, F , and V be as in definition 3.3.1. Let L = (L1, . . . ,L`) be a
partition of V . Then the following are equivalent:

a) L is a blueprint.

b) Every multiset u of symbols is alive in a contiguous range of levels; this range may be
empty.

Proposition 3.3.5. Let L = (L1, . . . ,L`) be a (d ,n)-blueprint. Let 1 ≤ j1 < j2 < . . . < jk ≤
` be a subsequence. Then L ′ = (L j1 , . . . ,L jk ) is a (d ,n)-blueprint.

Proposition 3.3.6. Let L = (L1, . . . ,L`) be a (d ,n)-blueprint on the set F of symbols.
Let u ⊂ F be a multiset of symbols that is alive somewhere in L . Let La be the first and
Lb be the last level on which u is alive. Then L ′ = (L ′

a , . . . ,L ′
b) with

L ′
j = {v \ u | v ∈L j and u ⊂ v}

is a (d −|u|,n)-blueprint on the set F of symbols.
If L is complete, then so is L ′.
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3 Combinatorial abstractions for the diameter problem

3.4 Hierarchy of abstractions

This section is devoted to the proof of the following theorem which establishes a hierar-
chy among convex polyhedra, convex polytopes, and the abstractions defined so far.

Theorem 3.4.1. For all 1 ≤ d ≤ n, the following holds:

i) ∆AB (d ,n) ≤∆AU (d ,n) ≤∆U F (d ,n) ≤∆APG (d ,n) ≤∆BP (d ,n)

ii) ∆B (d ,n) ≤∆AB (d ,n)

iii) ∆U (d ,n) ≤∆AU (d ,n)

Proof. For the first two inequalities in i), see the simple proposition 3.1.6. The third
inequality in i) follows from lemma 3.4.2. The last inequality follows from the fact that
every abstract polyhedral graph is a blueprint of the same type and diameter.

Part ii) follows from lemmas 3.4.3 and 3.4.5: Let P be a d-dimensional polytope with
n facets that has diameter ∆B (d ,n). Then there exists a simple polytope P ′ of the same
type and diameter. This polytope induces an abstract polytope of the same diameter,
which shows ∆B (d ,n) ≤∆AB (d ,n). Part iii) follows in the same way.

The following diagram visually illustrates the statement of theorem 3.4.1.

Polytopes Polyhedra

Abstract
Polytopes

Abstract
Polyhedra

Ultra-
connected

Families

Abstract
Polyhedral

Graphs
Blueprints

It is unclear which of the inequalities shown in this diagram are strict. What we do know
for a fact is that for dimension d ≤ 5, the maximum diameter of APGs is strictly larger
than the maximum diameter of abstract polytopes (this follows from [AD74] and the-
orem 5.4.2), and for dimension 4 and 5 the maximum diameter of polyhedra is strictly
larger than the maximum diameter of polytopes.

Lemma 3.4.2. Let V be an ultraconnected family of d-sets. Then there is a partition L =
(L0, . . . ,L`) of V such that L is an abstract polyhedral graph and diam(V ) = diam(L ) =
`.

Proof. Let v, w ∈ V be two vertices such that d(v, w) = diam(V ). Partition the vertices of
V according to their distance from v , that is,

L j := {u ∈ V | d(u, v) = j }

for all 0 ≤ j ≤ ` = di am(V ). Every vertex in V has a unique distance to v less than or
equal to diam(V ), so L = (L0, . . . ,L`) partitions V .
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3.4 Hierarchy of abstractions

Before we prove that L is an abstract polyhedral graph, note that whenever two ver-
tices u,u′ ∈ V are adjacent in V , they must be either in the same or in adjacent levels in
L : Suppose, on the contrary, there were a pair of adjacent vertices u,u′ ∈ V such that
u ∈ L j and u′ ∈ Lk with k > j + 1. Then k = d(v,u′) ≤ d(v,u)+ 1 = j + 1 is clearly a
contradiction.

Now let 0 ≤ i < j < k ≤ ` indicate levels and let u ∈Li and u′ ∈Lk . We need to show
that there is a vertex w ∈ L j such that (u ∩u′) ⊆ w . By ultraconnectedness, there is a
path from u to u′ in V such that all vertices on the path are supersets of u ∩u′. By the
previous argument, every step on the path either stays in a level or moves to an adjacent
level, so that the path cannot skip a level. So there is a vertex w in the path that lies in
level L j .

The following lemma implies that there is a simple polyhedron (or polytope) that
maximizes ∆U (d ,n) (or ∆B (d ,n)). That is, it is enough to consider simple polyhedra
(or polytopes) when talking about upper bounds on the diameter.

Lemma 3.4.3. Let P be a (pointed) d-dimensional polyhedron with n facets. Then there
exists a d-dimensional simple polyhedron P ′ with n facets and diam(P ) ≤ diam(P ′). If P
is a polytope, then P ′ is also a polytope.

Proof. See [Kle64, 2.5].

Definition 3.4.4. Let P be a simple polyhedron of dimension d. Let F be the set of facets
of P. Then the family V of d-sets associated to P is defined as

V := {F [v] | v a vertex of P }

where F [v] is the set of facets that contain v.

Since P is simple, every vertex of P is contained in exactly d facets, so that calling V a
family of d-sets is justified. Note that this definition is essentially the abstract simplicial
boundary complex of the polar of P .

Lemma 3.4.5. Let P be a simple polyhedron. Then the associated family V of d-sets is an
abstract polyhedron and diam(V ) = diam(P ). Furthermore, if P is a polytope, then V is
an abstract polytope.

Proof. First of all, we will establish that the implied graph of V is naturally isomorphic
to the graph of P by the isomorphism v 7→ F [v].

Let u and v be adjacent vertices of P . That is, there is an edge of P that contains u and
v . This edge is the intersection of d −1 facets, all of which contain both u and v . Thus
|F [u]∩F [v]| = d − 1, i.e. u and v are adjacent in V . The converse also holds, which
shows that the graphs are isomorphic. In particular, this shows that the diameters are
equal.

Now let F [u] and F [v] be two vertices in V . Consider the facets in F [u]∩F [v]. Their
intersection with P defines a face P ′ of P . This face is a (d −|F [u]∩F [v]|)-dimensional
polyhedron whose graph is a subgraph of the graph of P . Furthermore, u and v are
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3 Combinatorial abstractions for the diameter problem

vertices of P ′, so there exists a path u = v0, . . . , vk = v in the graph of P ′. Consider the
corresponding path in V . Since all vertices v j are contained in P ′, they are contained
in all facets in F [u]∩F [v] and thus (F [u]∩F [v]) ⊆ F [v j ] for all 0 ≤ j ≤ k, i.e. V is
ultraconnected.

Finally, let F ⊆F be a set of d −1 facets. Note that the vertices in V that contain F are
exactly the vertices of P that lie in the intersection

⋂
F of the facets in F . So it remains

to show that
⋂

F contains at most two vertices for polyhedra, and exactly zero or two
vertices for polytopes.

If
⋂

F is empty, we are done. Otherwise,
⋂

F is an edge of P . If the edge is unbounded,
it contains exactly one vertex. Otherwise, it contains exactly two vertices.

3.5 Upper bounds

Recall that the best known general upper bounds on the diameter of polyhedra are the
bounds by Kalai and Kleitman [KK92] and by Larman [Lar70]. In this section, I will
give proofs that these bounds hold even in the significantly more general framework
of blueprints. In other words, very little of the geometry of the problem has to be used
to obtain these bounds.

Theorem 3.5.1. ∆BP (d ,n) ≤ nlogd+2.

Proof. We clearly have ∆BP (1,n) ≤ n −1 < n2 because every level has to contain at least
one vertex and there are only n possible vertices to choose from. So let d > 1 and sup-
pose we have shown the statement for all lower dimensions.

Let L = (L1, . . . ,L`) be a (d ,n)-blueprint. Without loss of generality, all n symbols
appear in the blueprint. Let i ≥ 1 be the smallest integer such that more than n

2 symbols
appear in the levels L1, L2, . . . , Li of the blueprint. I call these levels the bottom part of
the blueprint. Similarly, let j ≤ ` be the largest integer such that more than n

2 symbols
appear in the levels L j , L j+1, . . . , L`, which I call the top part of the blueprint (the
following picture is rotated by 90 degrees).

1 ii− 1 j j + 1 `

M M′N

My first claim is that i − 2 ≤ ∆BP (d ,bn
2 c). This is obvious if i = 1. Otherwise, the lev-

els M = (M1, . . . ,Mi−1) form a blueprint by proposition 3.3.5. This blueprint has at
most bn

2 c relevant symbols by the choice of i and its diameter is i −2. Therefore, i −2 ≤
∆BP (d ,bn

2 c).
Similarly, one shows that `− j − 1 ≤ ∆BP (d ,bn

2 c) using a blueprint M ′ formed by a
subsequence of levels at the top.
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3.5 Upper bounds

My second claim is that j − i ≤∆BP (d −1,n). By the pigeon hole principle, there has
to be some symbol a that appears in both the bottom and the top parts of the blueprint.
That is, the symbol a appears at least in levels Li up to and including level L j . Now
consider the (d −1)-dimensional blueprint N induced by a via proposition 3.3.6. Since
this blueprint is taken from all those levels “in the middle”, its diameter must be at least
j − i . Therefore, j − i ≤ diam(N ) ≤∆BP (d −1,n).

Now we have diam(L ) = `−1 ≤ 2(∆BP (d ,bn
2 c)+1)+∆BP (d −1,n). Since this holds for

all blueprints of dimension at least 2, we can calculate recursively:

diam(L ) ≤ 2(∆BP (d ,
⌊n

2

⌋
)+1)+∆BP (d −1,n)

≤ 2(∆BP (d ,
⌊n

2

⌋
)+1)+2(∆BP (d −1,

⌊n

2

⌋
)+1)+∆BP (d −2,n)

≤ 2
d∑

k=2
(∆BP (k,

⌊n

2

⌋
)+1)+∆BP (1,n)

≤ 2
d∑

k=2

((n

2

)logk+2
+1

)
+n −1 = n2

2

d∑
k=2

k logn−1 +2(d −1)+n −1

≤ n2

2
(d −1)d logn−1 +3(n −1) ≤ nlogd+2

The calculation implicitly used n ≥ d ≥ 2 as well as induction on n for the upper bound
of ∆BP (d ,bn

2 c). Since we found an upper bound on the diameter of all (d ,n)-blueprints,
we get ∆BP (d ,n) ≤ nlogd+2.

The second upper bound is worse in general. Nevertheless, it is interesting as it be-
haves linearly in the number of symbols for fixed dimension.

Theorem 3.5.2. ∆BP (d ,n) ≤ 2d−1n −1.

Proof. For d = 1, the statement is clear. Now let d > 1 and assume that the statement is
true for smaller dimension.

Let L = (L1, . . . ,L`) be a (d ,n)-blueprint. Define integers 0 = `0 < `1 < . . . < `k = `

recursively by choosing (for j ≥ 1) ` j as the largest integer such that there exists some
symbol a j that appears in both level L` j−1+1 and in level L` j (and therefore in all levels
in between). Let M ( j ) be the blueprint that is obtained by inducing on a j according
to proposition 3.3.6, and subsequently cutting off all levels (if any) that correspond to
levels before L` j−1+1 by proposition 3.3.5.

`1 `2 ` = `k1

M(1) M(2)

M(3)

M(k)
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3 Combinatorial abstractions for the diameter problem

Let n j be the number of symbols that appear in M ( j ). Since M ( j ) still contains levels
corresponding to L` j−1+1 up to and including L` j , we have:

` j − (` j−1 +1) ≤ diam(M ( j )) ≤∆BP (d −1,n j ) ≤ 2d−2n j −1

Combining this result for all blueprints M ( j ), we get:

diam(L )+1 = `=
k∑

j=1
(` j −` j−1) =

k∑
j=1

(` j − (` j+1 +1)−1) ≤
k∑

j=1
2d−2n j

Now assume that there is some symbol b that appears in three or more of the M ( j ),
and consider the range of levels on which b appears. Since the M ( j ) correspond to
disjoint sequences of levels in L , this range must overlap at least three ranges of type
[` j−1 + 1,` j ]. In particular, there is an i such that b appears on all levels in the range
[`i−1 + 1,`i + 1]. However, this contradicts the fact that `i was chosen to be maximal
such that a symbol exists that appears on all levels in the range [`i−1 +1,`i ].

Therefore, all symbols appear in at most two of the M ( j ), which means
∑k

j=1 n j ≤ 2n.

Putting it all together, we get diam(L ) ≤∑k
j=1 2d−2n j −1 ≤ 2d−1n −1.

While this is essentially the upper bound shown in [Lar70], the proof presented here is
quite different from Larman’s original proof. Larman showed that between any two ver-
tices of a polyhedron there exists a path that does not revisit facets too often. A similar
proof works for blueprints as well, but I believe the proof given here is easier to follow.

Also note that Larman’s upper bound is actually 2d−3n, which is slightly better than
the 2d−1n shown here. He simply used the fact that the non-revisiting path conjecture
is true in dimension d ≤ 3 and a similar trick could be used e.g. for abstract polytopes.
Such a trick cannot work for blueprints or abstract polyhedral graphs as we will see in
chapter 5. However, the important lesson learned here remains valid, which is that the
techniques that allowed Larman to prove an upper bound for all dimensions can be
used equally well for blueprints.
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4 The disjoint coverings problem

In order to construct APGs of dimension d with large diameter, one has to figure out
a way to populate each level with a small number of sets of size d such that a large
number of sets of size less than d are covered by the d-sets. In this chapter, I will first
present coverings of sets. Then I will extend the problem of finding small coverings to
the disjoint coverings problem, that is the problem of finding a large family of disjoint
coverings. The contributions of this chapter include two constructions that result in
reasonable lower bounds for the general case and an asymptotically optimal result for a
special case. This special case turns out to be exactly what we will need in chapter 5.

4.1 The covering problem

A well known problem in combinatorial design is the following:

Definition 4.1.1. Let 0 ≤ r < k < n be natural numbers and let X be a set of n symbols. An
(n,k,r )-covering (of X ) is a collection of k-sets of symbols such that every r -set of symbols
is contained in at least one of the k-sets. I call such a collection simply covering if n, k
and r are clear from the context. The size of an (n,k,r )-covering is the number of k-sets
it contains. The covering number C (n,k,r ) is the minimum size of an (n,k,r )-covering.

A 0-set is simply the empty set, so that for r = 0, a covering only needs to contain one
arbitrary k-set.

Remark 4.1.2. In the literature on combinatorial designs, coverings are usually en-
dowed with an additional parameter λ indicating how many times each r -set must be
covered. I chose to omit this parameter, always setting λ = 1 implicitly, so that it does
not detract from the aspects which are of interest in this thesis.

Example 4.1.3. The following are two different (8,3,1)-coverings of the set X = {1, . . . ,8}:

{123,456,678}, {123,145,167,128}

Example 4.1.4. Coverings can be understood in the language of hypergraphs. In the
particularly simple case of (n,2,1)-coverings, the 2-sets can be understood as edges in
an undirected graph that must cover the vertices. For example, consider the following
(5,2,1)-covering and its interpretation as a set of edges in a graph with 5 vertices:

{12,34,25}
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1

2 3

4 5

For a collection of results on coverings, see [CD06, chapter VI.11]. I will briefly cite
some of the asymptotically interesting results. A simple counting argument shows that
C (n,k,r ) ≥ (n

r

)
/
(k

r

)
. The best known general lower bound for C (n,k,r ) is slightly larger:

C (n,k,r ) ≥
⌈

n

k

⌈
n −1

k −1
. . .

⌈
n − r +1

k − r +1

⌉
. . .

⌉⌉
It turns out that the natural lower bound is asymptotically tight. As Rödl [Rö85] first
showed, we have for fixed k and r :

C (n,k,r ) =
(n

r

)(k
r

) (1+o(1))

Moreover, there are efficient algorithms that find asymptotically optimal coverings, see
e.g. [GPKS96].

4.2 Families of disjoint coverings

Definition 4.2.1. Let 0 ≤ r < k < n be integers and let X be a set of n symbols. Let
C = {C1, . . . ,Cs} be a family of disjoint (n,k,r )-coverings. That is, each C j is an (n,k,r )-
covering and Ci ∩C j =; for all i 6= j . The size of C is the number s = |C | of coverings it
contains. We say that C is complete if every k-set appears in exactly one of the coverings,
that is if

⋃s
j=1 C j =

(X
k

)
.

The disjoint covering number DC (n,k,r ) is the maximum size of a family of disjoint
(n,k,r )-coverings.

Example 4.2.2. Complete families of disjoint coverings can be interpreted as colorings
of the k-edges of a complete hypergraph, with the constraint that every r -edge is in-
cident to at least one k-edge of every color. For example, the following is a complete
family of disjoint (5,2,1)-coverings of size 3.

{{12,34,25}, {13,24,35}, {14,15,23,45}}
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1

2 3

4 5

This section is devoted to the problem to determine the value of DC (n,k,r ) for given
n, k, and r . Since finding an exact solution to this problem appears to be infeasible in
the general case, we focus on lower and upper bounds.

Remark 4.2.3. The objects of previous study that seem to come closest are disjoint de-
signs, e.g. [DS92, chapter 12], [Doy72], [Tei73]. These designs can be seen as coverings
with additional constraints (from the perspective of coverings, one is tempted to call
them exact coverings, in analogy to the NP-complete problem [GJ79, p. 221]). The re-
sults of these investigations into disjoint designs are not general enough for our pur-
poses, but they can be applied to some special cases. To give a simple example, [Den74]
implies that DC (15,3,1) achieves the upper bound that is given by Theorem 4.2.4.

One might also be tempted to draw a parallel to coverings with parameter λ> 1 (see
Remark 4.1.2). Unfortunately, such a covering would have to be partitioned into cover-
ings with λ = 1, which is not possible in general. For example, consider the following
(4,3,1)-covering which covers every 1-set at least twice:

{123,124,234}

It is clearly impossible to partition this set into two simple (4,3,1)-coverings.
Partitioning coverings in this way somewhat reminds me of the problem of resolv-

ability, see e.g. [GGL95, p. 711], [And97]. However, resolutions always partition designs
into smaller designs of type r = 1.

In summary, while there are certainly a number of objects that appear to be similar,
to my knowledge the literature contains no reference to families of disjoint coverings as
presented in this thesis.

Theorem 4.2.4. For all integers 0 ≤ r < k < n, DC (n,k,r ) is bounded by⌊(
k

r

)−1

·
(

n − r

k − r

)⌋
≤ DC (n,k,r ) ≤

(
n − r

k − r

)

Proof. To see the upper bound, fix an r -subset A. Every covering needs to contain at
least one k-set B that contains A. However, there are only

(n−r
k−r

)
possible choices for B ,

so the size of a family of disjoint coverings is bounded by that number.
For the lower bound, we will construct a family of disjoint coverings of size

` :=
⌊(

k

r

)−1

·
(

n − r

k − r

)⌋
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4 The disjoint coverings problem

over the ground setZn . Consider the bipartite graph G = (V ∪W,E), where V = (
Zn
r

)×Z`,

W = (Zn
k

)
, and E contains an edge from (A, i ) ∈ V to B ∈ W if and only if A ⊂ B . We will

show that G satisfies the condition of the Marriage Theorem.

Let S be any subset of V , and let N (S) denote the set of neighbors of vertices in S. We
will count the number eS of edges in the subgraph induced by S ∪N (S).

Consider any vertex (A, i ) ∈ S. Since A is an r -element set, there are
(n−r

k−r

)
ways to use

the remaining elements ofZn to fill A up to a block. Therefore, (A, i ) has
(n−r

k−r

)
neighbors

in G and in N (S). We conclude

eS = |S| ·
(

n − r

k − r

)

Now consider any vertex B ∈ N (S). There exist
(k

r

)
r -element subsets of B , and each of

these gives rise to ` vertices in V that are neighbors of B in G . Thus the degree of B in G
is exactly

(k
r

) ·`≤ (n−r
k−r

)
. Since the degree of B in a subgraph can only be smaller, we have

eS ≤ |N (S)| ·
(

n − r

k − r

)

This gives us |N (S)| ≥ |S| and thus a V -perfect matching M exists in G by theorem 2.3.5.
Now for every j ∈ Z`, we construct the covering C j by collecting all blocks B ∈ W that
are matched to a vertex (A, j ) ∈V . Each C j is a covering. In fact, if A is an r -subset ofZn ,
let B ∈ W be the vertex that is matched to (A, j ) ∈ V . Then A ⊂ B and B is contained in
the collection C j . The collections C0, . . . ,C`−1 are disjoint since M matches each block
to at most one vertex in V . Hence we have a family of ` disjoint coverings.

There is a straightforward connection between the existence of large families of dis-
joint coverings and the existence of small coverings. The following proposition states
that if there exists a family of disjoint coverings that is only by a factor of λ ≥ 1 smaller
than the natural maximum size from theorem 4.2.4, then there exists a covering that is
only by a factor ofλ bigger than the lower bound C (n,k,r ) ≥ (n

r

)
/
(k

r

)
stated in section 4.1.

Proposition 4.2.5. Let 0 ≤ r < k < n, λ ≥ 1, and suppose DC (n,k,r ) ≥ λ−1
(n−r

k−r

)
. Then

C (n,k,r ) ≤λ (n
r )

(k
r )

.

Proof. Let C = {C1, . . . ,Cs} be a family of disjoint coverings of size s ≥ λ−1
(n−r

k−r

)
. Since

the coverings are disjoint, we have
∑s

j=1 |C j | ≤
(n

k

)
. There is a j ∈ {1, . . . , s} such that

|C j | ≤
(n

k

)
s

≤
(n

k

)
λ−1

(n−r
k−r

) =λn!(k − r )!

(n − r )!k !
=λ

(n
r

)(k
r

)
This particular C j is a covering that shows the statement to be true.
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4.3 The case k = r +1

4.3 The case k = r +1

We will now focus on the case k = r + 1. Theorem 4.3.1 shows a lower bound that is
asymptotically equal to the upper bound established by theorem 4.2.4 in the sense that
the quotient goes to 1 as n goes to infinity for any fixed r :(n−r

k−r

)
n − r (r +2)

= n − r

n − r (r +2)
→ 1

The first part of the proof of the following theorem was inspired by a method to obtain
an optimal edge coloring of complete graphs found in [Iwa05], while the second part
is another application of theorem 2.3.5, building upon the method used in the proof of
theorem 4.2.4.

Theorem 4.3.1. If 0 ≤ r < n, then DC (n,r +1,r ) ≥ n − r (r +2).

Proof. If r = 0, the statement is trivially true since only one 1-set is needed for a cover-
ing. For the rest of the proof, I will assume r ≥ 1.

Use Zn as groundset and for any subset A ⊆ Zn define
∑

(A) := ∑
a∈A a. The function

b :
(
Zn

r+1

)→Zn , b(B) :=∑
(B) assigns every block into one of the buckets b−1({0}), b−1({1}),

up to b−1({n −1}). These buckets are disjoint. Unfortunately, they are no coverings. In
fact, the following holds.

Lemma 4.3.2. Every r -subset A ⊂Zn is covered in exactly n−r buckets. Conversely, there
exist exactly r buckets in which A is not covered by any block.

Proof. Let A be an r -subset of Zn . Any block that covers A must be of the form A ∪ {x}
with x ∈ Zn \ A, so there are exactly n − r such blocks. They are sorted into the buckets
with numbers b̂(x) =∑

(A)+x. Since b̂ is injective they are sorted into different buckets.

From now on, the buckets numbered 0, . . . ,n−r (r+2)−1 will be called surviving buck-
ets while the buckets numbered n − r (r +2), . . . ,n −1 will be called supply buckets. Us-
ing similar ideas as in theorem 4.2.4, we will fill up holes in the surviving buckets to
turn them into coverings, using blocks from the supply buckets. Construct the bipartite
graph G = (V ∪W,E), where

V := {(A, j ) | A ∈ (
Zn
r

)
is not covered in surviving bucket j }

W := ⋃
n−r (r+2)≤ j<n

b−1( j )

Define E such that an edge between (A, j ) ∈V and B ∈W exists if and only if A ⊂ B . We
will show that G satisfies the conditions of theorem 2.3.5.

Let S be any subset of V . We will count the number eS of edges in the subgraph in-
duced by S ∪N (S).

Consider any B ∈ N (S). There are r+1 different r -element subsets of B . By the lemma,
each of these fails to be covered in exactly r buckets. Some of these buckets may be
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4 The disjoint coverings problem

supply buckets. Nevertheless, this means that B has at most degree r (r +1) in G . Since
the degree in a subgraph can only be smaller, we have

eS ≤ r (r +1)|N (S)|

Now consider any (A, j ) ∈ S. Again by the lemma, there are at least r (r +1) supply buck-
ets that contain a superset of A. This means that (A, j ) has at least degree r (r +1) in G .
Since we are looking at a subgraph that contains all neighbors of (A, j ), the degree stays
the same in the subgraph. Taking all vertices in S, we get

eS ≥ r (r +1)|S|

We conclude |N (S)| ≥ |S|. By theorem 2.3.5, this shows the existence of a V -perfect
matching in G . We add to each surviving bucket j all blocks B ∈ W such that B is
matched up with some (A, j ). Since each B ∈ W ends up in at most one surviving
bucket, the surviving buckets remain disjoint, and by the construction, they become
coverings.

4.4 Improving the general case

In the following chapters, I will only need the special case dealt with in the previous
section. Being curious, however, I did investigate the general case of families of disjoint
coverings as well.

Theorem 4.4.1. Let r ≥ 1 and d ≥ 1 be fixed integers. Then DC (n,r +d ,r ) ≥ f (n,r +d ,r ),

where f (n,r +d ,r ) = (n
d

)d −O (nd−1). The O-term contains constants that depend on both
d and r .

Before we embark on the proof, note that the upper bound from theorem 4.2.4 is
DC (n,r +d ,r ) ≤ (n−r

d

)
. So the quotient of this upper bound and the lower bound from

this section approaches the constant d d

d ! as n goes to infinity.
On the other hand, the quotient between the upper bound and lower bound in theo-

rem 4.2.4 approaches
(r+d

d

)= (r+d)···(r+1)
d ! . Thus, the lower bound shown in this section is

a significant improvement when r is large. It is worse than the naive lower bound when
r is small. This is no surprise considering that the proof below is quite wasteful in this
case.

Proof of Theorem 4.4.1. Let n be a sufficiently large integer. Let X be a set of n symbols.
Partition X into sets X1, . . . , Xd such that each of the sets contains at least

⌊n
d

⌋
symbols.

The basic idea of the proof is to find families of disjoint (n, q +1, q)-coverings for each
of the Xi and to combine those into a family of disjoint (n,r +d ,r )-covering of X .

For every 1 ≤ i ≤ d and for every 0 ≤ q ≤ r , let X q
i = {X q

i (0), . . . , X q
i (m −1)} be families

of disjoint (n, q +1, q)-coverings of Xi , where m is the largest natural number such that
such X q

i exist.
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4.4 Improving the general case

Let F := {1, . . . ,d} and let V :=
((

F
r

))
be the set of r -element multisets over F . Now

for every vector j ∈ (Zm)d construct the (n,r +d ,r )-covering C j as follows:

C j := ⋃
v∈V

d⊗
i=1

X vi

i ( ji )

What does this definition mean? First of all, all elements of X vi

i ( ji ) are (vi +1)-sets with

respect to Xi , and therefore all elements of the unordered product
⊗d

i=1 X vi

i ( ji ) are (v1+
1, . . . , vd+1)-sets with respect to (X1, . . . , Xd ) so that all elements of C j are (r+d)-sets with
respect to X . The converse is also true, that is every set M ∈C j is a (v1+1, . . . , vd +1)-set
which comes from the unordered product corresponding to v .

I still have to show that C j is, in fact, an (n,r +d ,r )-covering of X . Let M be an ar-
bitrary r -set with respect to X . Then M is a v-set with respect to (X1, . . . , Xd ) for some
v ∈ V . For every 1 ≤ i ≤ d , let Mi be the Xi -component of M , i.e. Mi = M ∩ Xi and
|Mi | = vi . By our initial choice of families of disjoint coverings there is an Ni ∈ X vi

i ( ji )
that covers Mi , that is Ni ⊃ Mi . Moreover, N = N1 ∪ . . .∪Nd covers M and is an element
of the unordered product

⊗d
i=1 X vi

i ( ji ). Therefore, N ∈ C j . This establishes that C j is a
covering.

Now let j , j ′ ∈ (Zm)d with j 6= j ′. I want to show that C j and C j ′ are disjoint, so assume
they are not disjoint. Then there is some v ∈ V and some (v1 + 1, . . . , vd + 1)-set M ∈
C j ∩C j ′ . Let 1 ≤ i ≤ d be a position such that ji 6= j ′i . Let Mi be the Xi -component of
M . As discussed above, Mi ∈ X vi

i ( ji ) and Mi ∈ X vi

i ( j ′i ). So we found two coverings in X vi

i
that are not disjoint, which is a contradiction. This establishes that

C := {C j | j ∈ (Zm)d }

is a family of disjoint (n,r +d ,r )-coverings of size md .
By theorem 4.3.1, m ≥ ⌊n

d

⌋− r (r +2).

f (n,k,r ) =
(n

d
− r (r +2)−1

)d
=

(n

d

)d
−O (nd−1)

With that, DC (n,k,r ) ≥ md ≥ f (n,k,r ).
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5 Lower bounds for the diameter

problem

In this chapter, I construct an infinite family of abstract polyhedral graphs of diameter
close to dn. While it remains possible that a polynomial upper bound for the diameter
of polyhedra can be proved for abstract polyhedral graphs, this result proves that the
structure encoded in abstract polyhedral graphs is not sufficient for settling the Hirsch
conjecture. If one tries to prove the Hirsch conjecture, one will have to utilize more
aspects of the geometry of convex polytopes.

One can easily construct blueprints of diameter d(n −1). In fact, all that is required
is a simple generalization of example 3.3.2. The majority of this chapter is devoted to
a reduction that, given an arbitrary blueprint, constructs a related abstract polyhedral
graph. In this way, I obtain a good lower bound on the maximum diameter of abstract
polyhedral graphs.

5.1 The big picture

Throughout this chapter, let L be a (d ,n)-blueprint over the set F = {1, . . . ,n} of sym-
bols. Let V be the set of vertices in L .

The central idea of the reduction is to use the vertices of the blueprint as patterns or
templates for vertices in an abstract polyhedral graph. Every vertex of the blueprint is
replaced by an entire component, a term which I will make precise very soon. For now,
just think of it as a small APG with additional constraints.

The crucial point is that each vertex v of the blueprint determines the type of vertices
in the corresponding component.1 In particular, every vertex of the component is ob-
tained by replacing each symbol a ∈ v by an appropriate symbol out of a set Ga . The
resulting abstract polyhedral graph will then use the set

G =G1 ∪G2 ∪ . . .∪Gn

of symbols, where the G j are pairwise disjoint and |G j | = m for a sufficiently large natu-
ral number m. I will use this notation consistently throughout the construction.

Since the number of symbols increases from n to nm, we lose some of the quality of
the blueprint. However, we can recover most of that loss, because the diameter of the
resulting abstract polyhedral graph will be larger by a factor close to m.

1This is where the term “blueprint” comes from. As mentioned earlier, the idea for blueprints arose while
working on the construction of complete abstract polyhedral graphs.
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5 Lower bounds for the diameter problem

The following picture visualizes the construction. Each vertex of the blueprint, i.e.
each point on the left hand side, is replaced by a component with many levels, i.e. one
small rectangle on the right hand side.

1 2 3 ` 1 2 3 `

I will define and construct the components (the little rectangles) in section 5.2 and then
put them together for the full construction in section 5.3.

5.2 Components

Recall the projection map π : 2G → NF from section 2.2 that maps elements from Ga

to a. For example, if a,b ∈ G1 and c ∈ G3, then π(abc) = 113, where 113 is a multiset of
cardinality 3.

Definition 5.2.1. Let v ∈ V be a vertex of the blueprint. Let M = (M1, . . . ,Ml ) be a d-
dimensional APG over the symbols G . Then M is a v-component C (v) if the following
conditions hold:

a) The set of all vertices of M is the set of all v-sets, that is
⋃l

j=1 M j =π−1({v}).

b) For every u ( v, every u-set is covered on every level M j .

Note that the fact that a C (v)-component is an abstract polyhedral graph already fol-
lows from the two last conditions by proposition 3.2.5.

Example 5.2.2. Suppose G1 = {a,b,c,d} and G2 = {e, f , g ,h}. Then we can construct
a C (112)-component in the following way. Take a complete family of disjoint (4,2,1)-
coverings of G1, say

{ab,cd}, {ac,bd}, {ad ,bc}

and a complete family of disjoint (4,1,0)-coverings of G2, say

{e}, { f }, {g ,h}

Taking the following unordered products of sets

M1 = {ab,cd}⊗ {e}∪ {ac,bd}⊗ {g ,h}∪ {ad ,bc}⊗ { f }

M2 = {ab,cd}⊗ { f }∪ {ac,bd}⊗ {e}∪ {ad ,bc}⊗ {g ,h}

M3 = {ab,cd}⊗ {g ,h}∪ {ac,bd}⊗ { f }∪ {ad ,bc}⊗ {e}
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5.2 Components

we get:

M1 = {
abe,cde, acg ,bd g , ach,bdh, ad f ,bc f

}
M2 = {

ab f ,cd f , ace,bde, ad g ,bcg , adh,bch
}

M3 = {
abg ,cd g , abh,cdh, ac f ,bd f , ade,bce

}
The given construction is a special case of the proof of lemma 5.2.3, so we can be assured
that the resulting sequence of levels M is, in fact, a C (112)-component. Of course one
could also verify this fact manually, but that gets rather tedious.

In the remainder of this section, I will prove that there exist C (v)-components with a
diameter that is not too small. The proof contains the core idea of how one can go from
multisets, where a symbol can appear arbitrarily often, to sets, where a symbol cannot
appear more than once. At this meeting point of different worlds, it turns out that it
is valuable to think and talk about multisets in terms of their characteristic vector. In
other words, a vertex v ∈ V , while being a multiset, is at the same time a vector with n
components, where each component is a nonnegative integer indicating how often the
corresponding symbol appears in v .

Lemma 5.2.3. For every v ∈ V , there is a C (v)-component with at least m−(d 2−1) levels.

Proof. Without loss of generality, we can assume that all symbols of F appear at least
once in v . We can simply ignore symbols (and their corresponding G -sets) that do not
occur in v . Equivalently, all components of v are nonzero when v is understood as an
integer vector.

For every 1 ≤ j ≤ n, choose a complete family of disjoint (m, v j , v j − 1)-coverings

C j
0 , . . . ,C j

`−1 of G j . Here we choose ` to be the largest number such that choosing fami-
lies of disjoint coverings of size ` is possible for all j . By theorem 4.3.1, `≥ m−(k2−1) ≥
m − (d 2 −1), where k is the largest entry of v .

Let Z` denote the integers modulo `. For all I ∈ (Z`)n , define

∑
(I ) :=

n∑
j=1

I j

C I :=
n⊗

j=1
C j

I j

What this amounts to is that C I is the set of all v-sets where for all j the j -th component

comes from the covering C j
I j

. These v-sets will end up being the vertices of the compo-

nent. Another way to look at this definition is to say that the entries of vector I describe
the choice of coverings (one covering from each family of disjoint coverings) that are
multiplied together to form the set C I . The following diagram attempts to illustrate the
situation for n = 3.
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C 1
0 C 1

1 C 1
2 C 1

`−1

C 2
0 C 2

1 C 2
2 C 2

`−1

C 3
0 C 3

1 C 3
2 C 3

`−1

Each node in row j is an (m, v j , v j −1)-covering of G j . The definition of C I can be un-
derstood as walking along the path described by I , choosing an arbitrary v j -element set
at each node. The union of these sets becomes one of the vertices in C I .

For all j ∈Z`, let
M j := ⋃

I∈(Z`)n ,
∑

(I )= j
C I

In other words, the vertices in M j are the v-sets such that when we describe the cover-
ings from which the symbols of the vertex are taken by a vector I ∈ (Z`)n as above, then∑

(I ) = j .
It remains to show that (M0, . . . ,M`−1) is a C (v)-component. First of all, consider the

set of vertices of the component:

⋃
j∈Z`

M j = ⋃
I∈(Z`)n

C I =
⋃

I∈(Z`)n

n⊗
j=1

C j
I j
=

n⊗
j=1

⋃
i∈Z`

C j
i =

n⊗
j=1

(
G j

v j

)

So the set of vertices is the set of all v-sets. For the last equality, we used the fact that the
families C j of disjoint coverings are complete.

It remains to show that every u-set with u ( v is covered in every M j . So let x be a
u-set, u ( v , and let j ∈Z`. We need to show that there is a y ∈M j such that x ⊂ y .

Choose 1 ≤α≤ n such that uα < vα. Such an α exists because u ( v . For all 1 ≤β≤ n,

β 6=α, the Gβ-component of x is contained in a set yβ ∈Cβ

Iβ
for some Iβ. To see that this

is true, use arbitrary symbols from Gβ to extend the Gβ-component of x to a vβ-subset

yβ ⊆Gβ. Then yβ is an element of one of the coverings Cβ
0 , . . . ,Cβ

`−1 since the families of
disjoint coverings we chose are complete.

Given those Iβ (β 6=α), choose Iα ∈Z` such that
∑

(I ) = j . Since Cα
Iα

is an (m, vα, vα−
1)-covering and the Gα-component of x has fewer than vα elements, there is a yα ∈Cα

Iα
that contains the Gα-component of x. Putting it all together, we have

x ⊆
n⋃
γ=1

yγ ∈C I ⊆M j

In other words, x is covered by the vertex y =⋃n
γ=1 yγ which appears in the level M j .
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5.3 Putting components together

The last step of the proof can be visualized as finding paths through the picture in
the following way: Fix the path through all rows except for one. There remains one row
on which we can choose the path freely. This allows us to find a path that will work for
every level j ∈Z`.

Finally, note that one can easily obtain C (v)-components with fewer levels, simply by
collapsing two or more levels into a single level.

5.3 Putting components together

Theorem 5.3.1. Let L = (L0, . . . ,L`−1) be a (d ,n)-blueprint. There exists a (d ,nm)-
abstract polyhedral graph M such that

diam(M ) ≥ (m −d 2 +1)(diam(L )+1)−1

If L is a complete blueprint, then M is a complete abstract polyhedral graph.

Proof. The picture in section 5.1 really describes the gist of the construction of M . Keep
this in mind while following the formal construction given here.

Let V be the set of vertices of the blueprint L . For every v ∈ V , let

C (v) = (C (v)0, . . . ,C (v)m−d 2 )

be a C (v)-component. Lemma 5.2.3 guarantuees the existence of the C (v). Note that
the vertex sets of the C (v) are disjoint. Define

M := (M0, . . . ,M`(m−d 2+1)−1)

as follows. For M j , write j = i (m −d 2 +1)+k such that 0 ≤ k < m −d 2 +1. Note that
0 ≤ i < `. Let

M j := ⋃
v∈Li

C (v)k

Now M has the right number of levels, and it is clear that if L is complete then M is
complete. The M j are disjoint because all levels of all components C (v) are mutually
disjoint and each level appears only once in one of the unions M0,. . . ,M`(m−d 2+1)−1.
It remains to show that M is an abstract polyhedral graph. By proposition 3.2.5, it is
enough to show that all sets of symbols are alive in a contiguous range of levels.

Let x ⊂G be a set of symbols that is alive somewhere in M . If |x| = d , x is a vertex and
can therefore be alive on only one level. Consider the case |x| < d . We have that x is a
u-set, where u is a multiset u ⊂F and |u| = |x| < d .

Suppose x is alive on level M j with j = i (m −d 2 +1)+k as above. Then x is alive in
C (v)k for some v ∈Li with u ⊂ v . That is, u is alive in level Li of the blueprint.

Conversely, suppose u is alive in level Li of the blueprint. Then there is a v ∈Li with
u ( v . By the definition of components, this means that x is alive in every level of C (v).
It follows that x is alive in the levels Mi (m−d 2+1), . . . , M(i+1)(m−d 2+1)−1.
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5 Lower bounds for the diameter problem

So the set of symbols x is alive in ranges of type [i (m −d 2 +1), (i +1)(m −d 2 +1)−1],
and there is a one-one correspondence between those ranges and the levels in which u
is alive in the blueprint. By proposition 3.3.4, u is alive in a contiguous range of levels
of the blueprints, so x is alive in a contiguous range of levels of the abstract polyhedral
graph.

5.4 Lower bounds

The following lower bound on the maximal diameter of blueprints can be obtained sim-
ply by generalizing example 3.3.2. However, I will provide a better result which gives the
same lower bound for complete blueprints in theorem 6.2.2. Therefore, I do not want to
go into unnecessary details at this point.

Proposition 5.4.1. For all 1 ≤ d ≤ n: ∆BP (d ,n) ≥ d(n −1).

The main result in this chapter is a superlinear lower bound on the maximal diameter
of abstract polyhedral graphs. For example, by letting d = n

1
3 in theorem 5.4.2, one

obtainsΩ(n
4
3 ) as a lower bound.

Theorem 5.4.2. For every d ≥ 1 there exist infinitely many n with ∆APG (d ,n) ≥ dn −
2d 2pn.

Proof. Let k ≥ 1 be an integer and construct a blueprint of diameter d(k−1) by proposi-
tion 5.4.1. Then use this blueprint in theorem 5.3.1 to construct an abstract polyhedral
graph L with |G j | = m = kd 2 symbols per group. This abstract polyhedral graph has
n = km = k2d 2 symbols and its diameter is

diam(L ) ≥ (m −d 2 +1)(d(k −1)+1)−1

= (kd 2 −d 2 +1)(dk −d +1)−1

= d 2(k −1)(dk −d +1)+ (dk −d +1)−1

= d 2(dk2 −dk −dk +d +k −1)+dk −d

= dn −2d 3k +d 3 +d 2k −d 2 +dk −d

≥ dn −2d 2pn

This completes the proof.
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6 Complete blueprints and complete

abstract polyhedral graphs

When trying to find polytopes, abstract polyhedral graphs, or blueprints with a large
diameter, it is tempting to look among those instances with the largest number of ver-
tices. Kalai [Kal91] showed that the diameter of polytopes with a maximal number of
vertices is bounded by a polynomial. My results in this chapter include an analogue
statement for abstract polyhedral graphs and blueprints. To be more precise, the maxi-
mal diameter of complete (d ,n)-blueprints is exactly d(n−1), while the maximal diam-
eter of complete (d ,n)-abstract polyhedral graphs is asymptotically equal to its upper
bound of d(n −d).

In other words, the diameter problem for this special case is essentially solved. If one
hopes to find examples of abstract polyhedral graphs or blueprints with (asymptotically)
larger diameter than the ones in this and the previous chapter, one must abandon the
idea of maximal vertex sets.

6.1 Polynomial upper bounds

Proposition 6.1.1. For every complete (d ,n)-abstract polyhedral graph L the diameter
is bounded by diam(L ) ≤ d(n −d). Equivalently, ∆APG (d ,n) ≤ d(n −d).

Proof. The proof is by induction on d . For d = 1, clearly every APG has at most n levels
and therefore at most diameter n −1.

Now let d > 1 and let L = (L1, . . . ,L`) be a complete d-dimensional APG with n
symbols. Let u be a (d −1)-set that is alive in the first level L1 and let x be a symbol that
is alive in the last level L`. If x ∈ u, the diameter of L is already equal to the diameter
of the complete (d −1)-dimensional APG that is induced by {x} and therefore diam(L) ≤
∆APG (d −1,n −1) ≤ (d −1)(n −1− (d −1)) ≤ d(n −d) by the induction hypothesis.

Now consider the case x ∉ u. Since L is complete, there is a vertex u ∪ {x} in one
of the levels, say in L j . Now consider the 1-dimensional APG L ′ induced by u and
the (d − 1)-dimensional APG L ′′ induced by {x}. Both of these APGs are complete by
proposition 3.2.7. The APG L ′ spans at least the levels from L1 to L j , and L ′′ spans at
least the levels from L j to L`. The following picture shows the situation:
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6 Complete blueprints and complete abstract polyhedral graphs

1 j `

L′ L′′

Note that induced abstract polyhedral graphs have fewer symbols than the original ab-
stract polyhedral graph because the symbols that we induce on are removed. In partic-
ular, L ′ has only n−(d −1) symbols while L ′′ has n−1 symbols. We can now calculate:

diam(L ) ≤ diam(L ′)+diam(L ′′)
≤ ∆APG (1,n − (d −1))+∆APG (d −1,n −1)

≤ n − (d −1)−1+ (d −1)(n −1− (d −1)) = n −d + (d −1)(n −d)

= d(n −d)

This holds for all complete d-dimensional APGs with n symbols, so ∆APG (d ,n) ≤ d(n −
d).

Proposition 6.1.2. For every complete (d ,n)-blueprint L , we have diam(L ) ≤ d(n −1).
Equivalently, ∆BP (d ,n) ≤ d(n −1).

Proof. The proof is almost identical to the proof of proposition 6.1.1. However, care
must be taken because the number of symbols in induced blueprints is not reduced.
Therefore, we only have diam(L ′) ≤∆BP (1,n) and diam(L ′′) ≤∆BP (d −1,n) and thus:

diam(L ) ≤∆BP (1,n)+∆BP (d −1,n) ≤ n −1+ (d −1)(n −1) = d(n −1)

6.2 Lower bounds

The goal of this section is to construct complete blueprints with maximal diameter.
Consider the blueprint in example 3.3.2. In a generalization of this blueprint over the
set of symbols F = {1, . . . ,n}, we start with a vertex of all 1s. Then one by one, each of the
1s gets replaced by a 2, until we end up with a vertex of all 2s. Then the 2s are replaced
by 3s, and so on.

Think of it as a simple game with n positions and d chips. At the start of the game, all
chips are in position 1, corresponding to the vertex 111 on the first level of the blueprint
(in the illustration, d = 3):

1 2 3 n
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6.2 Lower bounds

The only rule of the game is that we can take any chip we like and move it to the next
position while moving to the next level of the blueprint at the same time. In the gener-
alization of example 3.3.2, one performs moves like this:

1 2 3 n 1 2 3 n 1 2 3 n

This sequence of moves gives us the vertex 112 in the second level, 122 in the third level,
and so on. One can continue this sequence in a natural way until all chips are in position
n. Of course, other sequences of moves are possible, for example:

1 2 3 n 1 2 3 n 1 2 3 n

This gives us the vertex 113 in the third level and the vertex 123 in the fourth level. The
idea behind the proof of theorem 6.2.2 is to allow all possible sequences of moves in
this game and use this to generate the levels of a blueprints, except that I will label the
symbols and positions from 0 to n −1 as this makes the formulas more natural.

The following potential function will help in describing this idea formally. Let F =
{0, . . . ,n − 1} be a set of symbols and denote with NF the set of multisets consisting of
symbols of F . Then define

φ :NF → N

v 7→ ∑
a∈v

a

Intuitively, φ(v) describes the number of game moves that are necessary to go from the
initial position to position v , so I will put the vector v into level φ(v). Note that because
we are operating on multisets, φ is a homomorphism of monoids, that is φ(u ∪ v) =
φ(u)+φ(v) and φ(;) = 0.

Lemma 6.2.1. φ(

((
F

d

))
) = {0,1, . . . ,d(n −1)}.

Proof. Clearly, φ is nonnegative and φ(v) ≤ d(n −1) for all v ∈
((

F

d

))
.

So given 0 ≤ α ≤ d(n −1), we need to construct a multiset v ∈ Md with φ(v) = α. Let
α= i (n −1)+ j with 0 ≤ j < n −1. Then clearly 0 ≤ i ≤ d . If i = d then j = 0 and we can
use the multiset v = {n −1, . . . ,n −1} that contains d copies of the symbol n −1. If i < d
we use the multiset v = {n − 1, . . . ,n − 1, j ,0, . . . ,0} that contains i copies of the symbol
n −1, one copy of the symbol j , and d − i −1 copies of the symbol 0. In either case, we
have φ(v) =α.

Theorem 6.2.2. For all 1 ≤ d ≤ n, there exists a complete (d ,n)-blueprint with diameter
d(n −1). That is, ∆BP (d ,n) = d(n −1).
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6 Complete blueprints and complete abstract polyhedral graphs

Proof. Let V :=
((

F

d

))
be the set of all d-element multisets inNF . Define

L := (
φ−1({0}),φ−1({1}), . . . ,φ−1({d(n −1)})

)
Lemma 6.2.1 says that this is a partition of V , so L is certainly complete. Furthermore,
it has the right diameter. It remains to show that L is a blueprint. By proposition 3.3.4,
it is enough to show that every multiset u of symbols is alive in a contiguous range of
levels.

There is nothing to show for multisets u with |u| ≥ d , so let u be a multiset containing
fewer than d symbols. Intuitively, we now fix |u| chips at positions corresponding to u
and then perform all possible moves involving only the remaining chips.

Let k = d − |u|. Let v ⊃ u be a vertex covering u in some level φ(v). Then φ(v) =
φ(u)+φ(x), where x is a k-element multiset so that

φ(u) ≤φ(v) ≤φ(u)+k(n −1)

by lemma 6.2.1. Conversely, let i be an integer such thatφ(u) ≤φ(u)+i ≤φ(u)+k(n−1).
Then there is a k-element multiset x with φ(x) = i by lemma 6.2.1. With v = u ∪ x we
haveφ(v) =φ(u)+φ(x) =φ(u)+i . That is, the vertex v lies in levelφ(u)+i and therefore
u is alive in level φ(u)+ i .

In conclusion, u is alive in exactly the range [φ(u),φ(u)+k(n −1)] of levels. Since u
was arbitrary, every multiset of symbols is alive in a contiguous range of levels.

Corollary 6.2.3. For every d ≥ 1 there exist infinitely many n with ∆APG (d ,n) ≥ dn −
2d 2pn.

Proof. Exactly the same as the proof of theorem 5.4.2, except that one now begins with
a complete blueprint based on theorem 6.2.2.

42



7 Summary

In this thesis, I have given an overview over combinatorial abstractions related to the
diameter of polytopes and polyhedra. Two of those abstractions had been developed
by Adler and Dantzig [AD74] and Kalai [Kal92], respectively. I have also introduced and
studied two new abstractions called abstract polyhedral graphs and blueprints which
are essentially two different flavours of a common idea. In an excursion, I have intro-
duced families of disjoint coverings, a new structure related to combinatorial designs.
My results are:

• The best known general upper bounds on the diameter of polyhedra are still true
in the very general setting of blueprints.

• Abstract polyhedral graphs and blueprints are polynomially equivalent in that the
diameter of one is bounded by a polynomial if and only if the diameter of the other
is bounded by a polynomial as well.

• The Hirsch bound (in fact every linear bound in n) is false for abstract polyhedral
graphs and blueprints.

• The maximum diameter of complete blueprints is known precisely and the maxi-
mum diameter of complete abstract polyhedral graph is known asymptotically.

• I have given constructive proofs for the existence of large families of disjoint cov-
erings. In the special case k = r +1, I have given an asymptotically optimal con-
struction.

The Hirsch conjecture for polytopes and the question whether there is a polynomial up-
per bound on the diameter of convex polyhedra remain open. Similarly, the maximum
diameters of general blueprints and abstract polyhedral graphs are unknown. My feel-
ing is that the upper bounds in the complete case are true in the general case as well,
that is:

Conjecture 7.0.4. ∆APG (d ,n) ≤ d(n −d).

Conjecture 7.0.5. ∆BP (d ,n) ≤ d(n −1).

However, my failure to find any counterexamples is the only evidence I have for these
conjectures. A number of other problems relating to abstract polyhedral graphs can be
imagined, such as an analogue to the d-revisiting path conjecture:

Problem 7.0.6. Given a blueprint or abstract polyhedral graph L = (L1, . . . ,L`), is there
a path, that is a choice v j ∈L j for every level j , such that every symbol occurs at most d
times in the differences v j+1 \ v j ?
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7 Summary

Note that the nonrevisiting path conjecture is false for abstract polyhedral graphs. An
affirmative answer to this problem would immediately result in a polynomial bound for
the diameter of polyhedra. Another question that may be easier to answer is:

Problem 7.0.7. Are ultraconnected families and abstract polyhedral graphs polynomially
equivalent? In other words, is there a reduction that constructs an ultraconnected family
of sets out of arbitrary abstract polyhedral graphs? If this is not possible in general, is
there some simple criterion for when it is possible? A similar question can be asked about
abstract polyhedra.
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