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Lecture 4
Prof. Friedrich Eisenbrand Scribes: Ashkan Norouzi-Fard

In this lecture, first we discuss about linear programming and we introduce
a randomized linear time algorithm for solving an LP. After that we present an
upper bound on the diameter of a polyhedron.

Linear Programming

In this section we present Clarkson(1) [1] algorithm using the Clarkson(2)
[1] algorithm introduced in previous lecture. First let us review Clarkson(2)
algorithm that we saw.

Clarkson(2) algorithm

We can now present the Clarkson(2) algorithm

Algorithm 1 Clarkson(2)

Input: A multiset H containing the n constraints of the LP
Output: The solution z* to the LP

1: Set r =6 - d>

2: repeat

3: Pick R € (I:) uniformly at random
Compute 2}, and Vg = {h € H : z; violates h}
if |Vg| < 33u(H) then

H = H + Vg (double the occurrence of each h € Vg in H.

end if
8 until Vg =0
9: return z%

Clarkson(1) algorithm

Clarkson(1) is similar to the previous algorithm. We are given an LP with n
constraints and in d-dimensions. We assume that the given LP is finite and has
a unique feasible solution. These two assumptions can be achieved without loss
of generality. Let us now state the algorithm.



Algorithm 2 Clarkson(1)

Input: A multiset H containing the n constraints of the LP
Output: The solution z* to the LP
if |[H| < 9d? then
return Clarkson(1)
end if
Set r < |dy/n], G+ 0
repeat
Pick R € (I:) uniformly at random
r < Clarkson(1)(RU G)
V < {h € H| h violates r }
if |V| < 24y/n then
G+ VUG
end if
cuntil V=10
: return r

_ = =

Analysis of Clarkson(1)

According to sampling lemma (discussed in previous lecture), the number of
violated constraints is v/n in expectation in each iteration. Therefore, the “if”
condition becomes true with probability at least 1/2 and one of the constraints
of the optimal basis enters G. Moreover, |V| < 24/n and the number of times
enter “if” loop is exactly d, therefore, | RUG| < d-\/n+2d-/n=3d-+/n. The
running time would be:

Ti(n) < 2d[O(dn) + T2(3dv/n)] = O(d*n) + d*v/n log(n) + d°@D log(n)

Note that d°@ can be improved to eV ®1°8(4) by using an different algorithm
to compute 27 in Clarkson(2). For details please refer to [2]. Currently we
assume this is computed using the simplex algorithm.

In the next part of the lecture, we introduce LP type problem and use
Clarkson(1) algorithm to solve them.

LP type problem

Assume we are given n points in d dimensions. How can we find the smallest
ball including all of them? We can not use LP to solve this problem, instead we
will introduce LP type problem and us the to solve this problem. In LP type
problem, we are given a set of elements S and a function w : 25 — R U {#+oc}
satisfying the following two axioms:

e Monotonicity: for any A C B C S, then w(A4) < w(B)

e Locality: for any A C B C S and h € S and w(B + h) > w(B), then
w(A+h) > w(A).



The goal is to compute a minimal subset Bg of S, having w(Bg) = w(S). Let
us first define the basis and basis of any set A C S.

Definition 1 B C A is a basis of AC S, if w(B') < w(B) =w(A) VB CB.
Definition 2 B is a basis if w(B') < w(B) VB’ C B.

We represent an LP type instance using following two oracle (since function w
might be exponentially large).

e Violation Oracle: for a given h € S and A C S, outputs whether w(A +
h) > w(A) or not.

e Basis Oracle: for a given h € S, and basis B, output basis of BU {h}

Clarkson(1) works for this problem too, the only difference is that instead of
mathematical operation we would have oracle calls. LP type problem enables
us to solve minimum enclosing ball problem.

Diameter of Polyhedron

A (d, n)-polyhedron is a polyhedron in d-dimension with n facet. For example,
a cube is a (3, 6)-polyhedron. Here is a formal definition of (d,n)-polyhedron.

Definition 3 A polyhedron P defined by {Hy,...,H,} = H is called (d,n)-
polyhedron if P satisfying the following conditions:

o full dimensional in R?
e H' C H, polyhedron defined by H' is not equal to P.

A (d,n)-polyhedron has n facets F; = PN H; for ¢ = 1,...,n, where each of
the facets is (d — 1)-dimensional and can be expressed using at most n — 1
constraints. We say v € P is a vertex of P if there is a half-space H with
PN H = {v}. Two vertices v, w are adjacent if the line segment between them
forms a face of dimension 1 for P. Define G to be the graph that naturally arises
from this description of the polyhedron P: nodes corresponding to vertices in P
and edges corresponding to adjacent vertices in P. Let §(u,v) be the shortest
path between two vertices u,v in G. Moreover, let diam(P) = max,, , 6(u,v)
and A(d,n) = maxp diam(P) where P is a (d,n)-polyhedron.

Theorem 4 (Kalai-Kleitman) [3]. A(d,n) < ntog(d)+2

In order to prove the above theorem, we prove the following lemma. One
can see by this lemma proves the theorem by using induction on n + d.

Lemma 5 A(d,n) < A(d—1,n—1) 4+ 2A(d, [n/2]) + 2, for any 1 < d < n.



Proof Take any polyhedron P and two vertices u, v in it. Define k, maximal
integer such that all paths of length k, from v reach no more than |n/2] facets.
Any path from v with length k, + 1 shares a facet with any path from u with
length k, + 1, so distance from w to v is at most k, +1+k, +1+A(d—1,n—1).
Know we need to prove that k, < A(d, [n/2]) for any vertex in v € P. Let
P, C P be the polyhedron define by the facets reachable from v with a path of
length k,. P, is a (d, [n/2])-polyhedron so k, < A(d, |n/2]). [

Moreover, Kalai and Kleitman achieved A(d,n) < n2? [3]. An interesting
open problem is to find a polynomial bound or a bound similar to nd°&(®
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