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Note: This is just onevay, a solution could look like. We do not guarantee corressnlt is your
task to find and report mistakes.

Exercise4.1
Consider a lock-box problem, wheeg is the cost of assigning regiono a lock-box in regiory for
j =1,...,n. Suppose we wish to open exaacfjyock-boxes wherg € {1,...,n} is a given integer.

(i) Formulate as an integer program the problem of openiagtxq lock-boxes so as to minimize
the total cost of assigning each region to an open lock-box.

(i) Formulate in two different ways the constraint thatimegs cannot send checks to closed lock-
boxes.

(i) For the following data

0 45 8
4 0 3 46
g=2 and  (Gij)i<ij<s=|5 3 0 1 7
8 410 4
2 6 7 4 0

compare the linear programming relaxations of your two fadations in question (ii).

Solution:
For (1). Use decision variables

X {l if regioni is assigned to lock-box
o=

0 otherwise

)1 iflock-box j is opened
I'7 Yo otherwise



The lock-box ILP then is
n

n
min zlz GijXij
==

=}

Yi = Q
=1
n
Xj = 1 Vi=1...,n
j=1
n
Xij < ny Vi=1....n

Xij,Yj € {07 l}

For (2). The 3rd inequality in the ILP forbids that we can assign regito closed lock-boxes. Alternatively
it can be expressed with
Xij<y; Vi=1l....nVj=1...,n

Note that the integer solutions to both systems are exdwtlgame.

For (3). One obtains the LP relaxation for above ILP by replacing testraintx;j,y; € {0,1} by 0 <
Xij,Yj < 1. An optimum fractional solution of the system in (1)xs= 1 andy; = 0.4 fori = 1,...,n (other
values are 0). The objective value of this solution is O.

On optimum solution of the same LP but with the constraintf(@) gives

Y3=Y¥5=1 X 5=Xs5=X3=X33=X43=1

with a value of 6. This is even an integer solution.
Conclusion: The constraint from (2) is stronger (and traneebetter). The solutions can again be obtained
for example using ZIMPL+ QSOpt:

paramn : = 5;

paramq := 2,

paramc[{1..n}*{1..n}] :=] 1,2,3,4,5 |
| 1] 0,4,5,8,2 |
| 2] 4,0,3,4,6 |
[3] 5,3,0,1,7 |
| 4] 8,4,1,0,4 |
| 5] 2,6,7,4,0 |

var X[{1 to n}*{1 to n}] real >= 0 <= 1,
var y[{1l to n}] real >= 0 <= 1,

mnimze cost: sum<i,j>in {1 to n}*x{1 ton} : cl[i,jl*x[i,j];

subt o gNum
sum<j>in {1ton}: y[j] == q;

subt o assi gn:
forall <i>in {1 to n} do
sum<j>in {1 ton}: x[i,j] >=1;



#subt o cl osedLockbox1:
# forall <j>in {1 to n} do
# sum<i>in {1l ton} : x[i,j] <=nxy[]j];

subt o cl osedLockbox2:
forall <i,j>in {1 to n}*x{1l to n} do
x[i,jl <=vylil;

Exercise 4.2
Solve the following integer linear program with Branch & Bl

min(1, —2)x
-4 6 9
(1 9= ()
x > 0
X € 7?2

You can solve the LP subproblems with any computer algelst&sy.

Solution:
The set of feasible solutions looks as follows
X2
2 -
min(—1,2) 1 +
0 1 1 1 X1
0 1 2 3

We display the branch & bound process in a tree structuren Bade corresponds to one iterati@gives
the additional constraint&) gives the value of the best found integer solution (at theddrttle iteration).x*

gives the optimum fractional solution.



branch onx;

Step 3:

C= {Xz < 2}
x* = (0.75,2)
c'x* =—-3.25
U=

Step 2:
C={x>3}
LP infeasible
U = 00

Cut due to LP infeasibility

branch orx;

Step 5: Step 4:
C={x<2x <0} C={x<2x>1}
xX* = (0,1.5) X =(1,2)
c'x =-3 c'x* =-3

U=-3 U=-3

X* not better thatJ X* is integer

The optimum solution is consequenity= (1,2).

Exercise 4.3
In this exercise we develop a method, which computes a gugtiane, that cuts off optimal non-

integer solutions.
Consider an integer linear program of the form

minc' x (IP)
Ax = b
x >0
x € 72"

Suppose we use the simplex algorithm to compute a solutida the LP relaxation (that means at
leastAx* = b andx" > 0). Let B be the optimal basis (i.ésXg = b, x5 = 0). Assume there is index
i € Bwith x* ¢ Z. SinceAx = b is a feasible equation for any solutignalso
xg + Ag Agxg = AgtAsxg + AgtAgxg = AgtAx = Ag'b (1)
~——



holds for any feasibl& AbbreviateB as thath entry onglb and letd be theith row onglAg. Then
extracting theth equation from (1) yields that

X + Zdej =

jeB

holds for anyx with Ax = b. TheGomory cut is now the inequality; + ¥ ;.g|d;j]X; < | B]. Prove the
following

1. The Gomory cut inequality holds for any soluti®rio (1P) (that means for any € Z! with
Ax = h).

2. The cut inequality does not hold for the fractional sant* ¢ Z".

3. An optimum solution to the LP relaxation of

min(1, —2)x
-4 6 9
(1 9= ()
x > 0
X € Z?

isx* = (1.5,2.5). Obtain a Gomory cut, which cuts &f.

Solution:
For (1). Letx € ZT be an integer solution. We know that
X + Zdej =p
jeB
Consequently
Xi + Z Ix < B
jeB

sincex; > 0 and|d; | < d;. But then the left hand side + 3 jcg|d; |xj is integer and even

X + z % < |B]
jeB

holds.

For (2). We know that

X =x+>d x; =p
,é v

sinceB are non-basic variables. But we have choserB with x* ¢ Z, thusx: = 8 > | 8] andx* is cut off by
the proposed inequality.

For (3). After adding slack variables the LP is



min(1, —2)x

(1o - (@

X X
m
N O
IN)

(denote the left hand side matrix By. A basis, corresponding to the solutigh= (1.5,2.5,0,0) isB = {1,2}.

One has
Ag = an ={
1 1 B i &
Thenxs + Ag*Agxg = Ag'bis the system

X1 —0.1x3 +0.3x3 = 15
X2 +0.1xz3 +04x4 = 25

We extract the second equation and round:
X2+ |0.1]x3+ |0.4|x4 < |2.5]

thusx, < 2 is a feasible cut.

X*
2 / T
min(—1,2)\ 1+
0 % % 1
0 1 2 3
Exercise 4.4
We have a budget of 14.000.000 CHF and may invest into theviollg 4 projects
project investment] net profit

1| 7.000.000 CHH 4.101.000 CHF
2 | 5.000.000 CHH 3.430.000 CHF
3 | 4.000.000 CHH 2.005.000 CHF
4 | 3.000.000 CHH 1.210.000 CHF

The aim is to maximize the net profit, whereby the sum of thestwments may not exceed our
budget. The projects are 'take it or are leave it’ decisitimat means we cannot just invest a fraction
of the money. Solve this problem with a suitadigamic programming approach.




Solution:

Clearly the problem can be formulated as Knapsack probldmeyevthe items are investments. Recall that
we have 2 different dynamic programs to solve Knapsack: Gtiasi for small weights, the other one is fast
for small profits. Considering the numbers, clearly the bret is suitable. We compute table entries

Ajj = profit (in 1000 CHF) which can be generated by investidg million CHF
into projects 1...,i

Let w; be the investment needed for proje¢tn million CHF) andp; its net profit (in 2000 CHF). Then the
Bellman equations for computing table entries are

A — P1 if W1§]
Y7 Yo otherwise

Aj = max{ A_1j SA-1j-w+p} Vix>1
N—— N————
don't take project  take project
(let Ajj = —oo for j < 0). Then
Aj | =0 | j=1 | j=2 =3 =4 j=5 j=6 =7 =8 =9 | j=10| j=11 | j=12 | =13 | j=14
i=1 0 0 0 0 0 0 0| 4.101| 4.101| 4.101| 4.101| 4.101| 4.101| 4.101| 4.101
i=2 0 0 0 0 0| 3.430| 3.430| 4.101| 4.101| 4.101| 4.101| 4.101| 7.531| 7.531| 7.531
i=3 0 0 0 0| 2.005| 3.430| 3.430| 4.101| 4.101| 5.435| 5.435| 6.106| 7.531| 7.531| 7.531
i=4 0 0 0| 1.210| 2.005| 3.430| 3.430| 4.101| 4.640| 5.435| 5.435| 6.106| 7.531| 7.531| 7.531

We read from the table that a profit 0681000 CHF is possible by choosing investments 1 and 2.

Exercise 4.5

Compute the value of an American call option on a stock wittnent price equal to 100 CHF, strike
price equal to 102 CHF and expiration date four weeks from.fidwe yearly volatility of the loga-
rithm of the stock return igr = 0.30. The risk-free interest rate is 4%. Use a binomial |atiid

N=4.

Solution:

Using the formulas from the lecture (or the book of Corniugegdlal) one has

D= U= VA =10425 d=e "2 =0.9592
R= 1+%"_1000769 Pu= 3—04988 pd—u 5—05012

(strictly spoken some of this formulas are just approxinmthe true values). We compuiék, j) as the

value of the option at timk if the underlying stock increased exacflyimes. The formulas used in the dynamic

program are then

V(kvj) =m

(since it is an American option) fdc=0,..

v(n, j)

(since we are considering a call option) and

=max{uld" g —c,0}

1 _ o
ax{ (M L,]+1)+ povtke- 1, 1) 0I5~

.,n— 1. The binomial lattice looks as follows



S=118105

lﬁé:fﬁ;g/'16105
S=113593
@

<
—
w
I
w
~
=

v(4,0) = 0.000

(Sgives the price of the underlying asset w.r.t. tikn@nd number of increasg$. Thus the value of the option
(at time 0) isv(0,0) = 2.65.

A side remark: Repeating the procedure with a larger binblatiice of sizen = 1000 gives a more precise
price of 257.




