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Note: This is just onevay, a solution could look like. We do not guarantee corressnlt is your
task to find and report mistakes.

Exercise4.1

Let Q € R™" be a positive-definite matrix (i.&/x # 0 : X' Qx > 0) andc € R" be a vector. Then
min{x"Qx+c"x | x € R"} is bounded, i.e. there exists &h such thatx' Qx+c'x > —M for all
xeR".

Solution:

LetB={xe R" | ||x|| = 1} be the unit ball (- || gives the Euclidean norm). Defide = infycg{x" Qx}. Since
B is bounded and closeB,is also compact. FurthermoxéQx is a continous function. Then the infimum must
be attained at a point, sayi.e.|ly| = 1 andd = y"Qy > 0. Furthermore, letmax := max{|ci| | i = 1,...,n}.
Letx = O, then
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Exercise 4.2
Let P C R" be a polytopeQ be a symmetric, positive semidefinite matrfx, R" — R with f(x) :=
xT Qx, x* = argminy{ f (x) | x € P}. Define

C:=max{(x—y)TQX —y) | xy,X,y € Pu{0} }[}

andh(x) = 1221 prove thah(x(?)) < 1/4, wherex? is an arbitrary point irP.

Solution:
One has T
f(X@) — f(x) =x@ Qx9 —x*Tox* < (X9 —0)TQ(x? —0) < C.
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Exercise 4.3
Let P C [-M,M]" be a polytope an@ € [—M,M]"™" be a symmetric, positive semidefinite matrix.

Give a boung (depending om, M, €) on the number of iterationls that the Frank-Wolfe algorithm
needs, to reach a solutiafl such thatf (x) — f(x*) < & (with f(x) := x" Qx).

Solution:
First of all

C=max{(x—y) QX —Y) |xy,x’,)/ePU{O}}<le % —Vyi) Qj (X —y) <anPM3

Then afterk := [16n°M3/ ] many iterations we have
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Exercise 4.4

Let P C R" be a polytopeQ be a symmetric, positive semidefinite matrfx, R" — R with f(x) :=
X' Qx, w(y) := minvep{Of(y)" (v=y) + f(¥)},

C:=max{(x—y)TQ(X —Y) | x,y.X,y € PU{0}}

LetA* = M minimizingg(A) = f(x® 4+ A (y¥ —xX)). Prove that * € [0,1].

We defineC here differently then in the lecture to avoid some technidficulties
%the bound does not need to be the best possible one



Solution:
Recall thatf (x) = 2x" Q = 2Qx. Hence

fxXR)y —wx®) = f(x®) - r\pEiQ{Df(x(k))T(v—x(k)) + f(x¥)}

maxO f (x) (x® —v)
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Exercise 4.5
Prove that 12
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Solution:
Recall that 1 x < & for all x € R. Hence
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