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Note: This is just oneway, a solution could look like. We do not guarantee correctness. It is your
task to find and report mistakes.

Exercise 4.1 (*)
Consider the primal

maxfcT x j Ax� bg (P)
and the dual LP.

minfyT b j yT A = cT ;y� 0g (D)
i) Suppose that(P) is feasible and bounded, sayx� 2 Rn is an optimal solution. LetI �f1; : : : ;mg

be the set of active constraints atx� (i.e. I = fi 2 f1; : : : ;mg j Aix� = big andAi denotes theith
row of A). Show that there exists ay� 2 Rm with

y�i � 0 8i 2 I; y�i = 0 8i =2 I; y�T A = cT

Hint: Assume for contradiction that there is no suchy�, i.e. c =2 f∑i2I Aiyi j yi � 0g and apply
the strict separating hyperplane theorem:Given a closed convex set C and a point x0 =2C, there
exists a hyperplane aT x = β with aT x0 < β ; aT x > β 8x 2C. Then show thatx� would not be
optimal.

ii) Show that the vectory� from i) is an optimal dual solution with objective function valuecT x�.
iii) Suppose that(P) is infeasible and the dual problem(D) is feasible. Show that the dual problem

is unbounded.
Hint: Show that there is av 2 Rmnf0g with AT v = 0;v� 0;bT v < 0.

Solution:

1. Assume for contradiction there is no suchy�, i.e.c =2C with C := f∑i2I Aiyi j yi � 0g. The setC is convex
and bounded, hence there is a strictly separating hyperplane withλ T c> β ;λ T x< β8x2C. ThenλAi � 0
for all i. Furthermore0 2C, henceλ T c > β > 0.
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Let δ := mini=2Ifbi � Aix�g > 0 the minimum slack of inactive constraints. Chooseε > 0 such that
εAiλ � δ . Then

Ai(x�+ ελ ) = Aix
�|{z}=bi

+ε Aiλ|{z}�0

� bi 8i 2 I

Ai(x�+ ελ ) � (bi�δ )+ εAiλ � bi 8i =2 I

Furthermore
cT (x�+ ελ ) = cT x�+ εcT λ| {z }>0

:
A contradiction to the optimality ofx�. Hence there is such ay�.

2. First of ally� is a feasible dual solution. Secondly

y�T b� cT|{z}=yT A

x� = y�T b� yT Ax� = y�T � (b�Ax�) = m

∑
j=1

y�i � (bi�Aix
�)| {z }=0

= 0

using that eitherAix� = b or y�i = 0.

3. (P) being infeasible means that

b =2 n n

∑
i=1

Aixi +µ j x 2 Rn ;µ � 0
o| {z }

set of feasible right hand sides of

=: K

Again there is a strictly separating hyperplaneλ T b < β < λ T z for all z 2 K. Then

β < λ T
� n

∑
i=1

Aixi + m

∑
j=1

µ je j

�= n

∑
i=1

λ T Ai| {z }
has to be 0

xi + m

∑
j=1

µ j λ T e j|{z}
has to be�0

8x 2 Rn 8µ � 0

But thenλ T A = 0 andλ � 0. Lety be any dual feasible point (which exists by assumption). They+R+λ
is a half-line of dual feasible points whose objective function tends to�∞.



Exercise 4.2 (*)
Let x� be a solution to

minfcT x j Ax = b;x� 0g (P)
andy� be a feasible solution to

maxfbT y j AT y � cg (D)
Prove that the following conditions are equivalent

1. x� andy� are both optimal (i.e.x� optimal for(P) andy� optimal for(D))
2. 8i : x�i > 0) (c�AT y�)i = 0

Hint: Recall that by strong duality, the optimal values for(P) and(D) are the same, given that both
systems are feasible.

Solution:� (2)) (1). But conditioning on (2), one has

cT x�� bT|{z}=(Ax�)T

y� = cT x�� (Ax�)T y� = x�T (c�AT y�) = n

∑
i=1

�0z}|{
x�i � �0z }| {(c�AT y�)i| {z }=0 by (2)

= 0

In fact, weak dualitycT x� � bT y� follows from the fact that this sum can never be negative (even if (2)
is not satisfied).� (1)) (2). If x� andy� are both optimal, we havecT x� = bT y� by strong duality. Then

0= cT x��bT y� = n

∑
i=1

x�i|{z}�0

�(c�AT y�)i| {z }�0

If there is anyi with x�i > 0 and(c�AT y�)i > 0, then this sum couldn’t be 0.

Exercise 4.3 (*)
Suppose we have the following European Call options, all w.r.t. the same underlying asset (and ma-
turity) which is currently priced at 40 CHF:

Optioni strike priceKi (in CHF) priceSi
0 (in CHF)

1 30 10
2 40 7
3 50 10/3
4 60 0

Construct a portfolio of the above options that provides a type-A arbitrage opportunity.
Hint: You may use any LP solver.



Solution:
Recall that a European Call option with pricep and strike pricec means that we can buy for a price ofp at

time 0 the right to buy the underlying asset for a pricec at time 1. Letxi be the amount of optionsi that we buy
(xi < 0 means we selljxij times optioni). The LP to detect type-A arbitrage is (in general forn European Call
options)

min∑xiS
i
0

n

∑
i=1

xi maxfS1�Ki;0g � 0 8S1 � 0x 2 Rn

This LP has an infinite number of constraints. Fortunately wesaw in the lecture, that∑n
i=1 xi maxfS1�Ki;0g

is a piecewise linear function inS1 with breakpointsK1; : : : ;Kn, hence it suffices to keep the constraints forS1

being one of those breakpoints (plus one constraint that ensures that the slope forS1 >maxKi is positive. Hence
we end up with the following LP

min
4

∑
i=1

Si
0xi

4

∑
i=1

maxfK1�Ki;0gxi � 0 (for S1 = K1)
4

∑
i=1

maxfK2�Ki;0gxi � 0 (for S1 = K2)
4

∑
i=1

maxfK3�Ki;0gxi � 0 (for S1 = K3)
4

∑
i=1

maxfK4�Ki;0gxi � 0 (for S1 = K4)
4

∑
i=1

(maxfK4�Ki +1;0g�maxfK4�Ki;0g)xi � 0 (for S1 = K1)
xi 2 R

which is

min 10x1 +7x2 +10
3 x3 +0x4

10x1 � 0
20x1 +10x2 � 0
30x1 +20x2 +10x3 � 0

x1 +x2 +x3 +x4 � 0
x1; x2; x3; x4 2 R

(and 10x1+7x2+ 10
3 x3+0x4 =�1 for normalization). Note that the constraint forS1 = K1 is “0 � 0” and can

be omitted. We obtain a (not unique) solutionx = (1:5;�3;1:5;0) giving a negative objective function value
(namely�1). Depending on the priceS1 of the underlying asset at time 1 we furthermore earn the following
amount at time 1 (additionally to the 1 CHF that we got at time 0):
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Exercise 4.4 (*)
Suppose we are given 3 European Call options (all w.r.t. the same underlying asset, all with the same
maturity), Optioni with a price ofSi

0 and strike price ofKi. Suppose thatK1 < K2 < K3;S1
0 > S2

0 > S3
0

and the point(K2;S2
0) lies above (or on) the line segment that connects(K1;S1

0) and(K3;S3
0). Formally

there is a 0< λ < 1 with K2 = λK1+(1�λ )K3 and

S2
0 � λS1

0+(1�λ )S3
0:

Give anexplicit formula for a portfolio that provides arbitrage. Which typeof arbitrage is it?

Solution:
The situation can be depicted as follows:

price

strike price

b
b

b

S1
0

S2
0

S3
0

K1 K2 K3

We choose a portfoliox 2 R3 with x1 = λ ;x2 =�1;x3 = (1�λ ). Then∑3
i=1Si

0xi = S1
0λ �S2

0+(1�λ )S3
0 � 0

by assumption, hence we have a non-negative ingoing cash-flow at time 0. On the other hand, let us consider
the gain at time 1

Ψx(S1) = 3

∑
i=1

maxfS1�Ki;0g � xi

depending on the priceS1 which the asset reaches. We verify that8S1�0 :Ψx(S1)�0 and9S1�0 :Ψx(S1)>0:� S1 = K1 : Ψx(K1) = 0� S1 = K2 : Ψx(K2) = λ (K2�K1)> 0� S1 = K3 : Ψx(K3) = λ (K3�K1)� (K3�K2) =�(λK1+(1�λ )K3)+K2 = 0� S1 ! ∞ : Ψx(K3+1)�Ψx(K3) = x1+ x2+ x3 = 0



Ψx(S1)
S1

λ (K2�K1)
K1 K2 K3

In other words, the payoff at time 1 is never negative and forS1 2℄K1;K3[ it is strictly positive. Hence the
portfolio x provides a type-B arbitrage. If the point(K2;S2

0) lies strictly above the line segment connecting(K1;S1
0) and(K3;S3

0), thenx additionally provides type-A arbitrage since thenS1
0λ �S2

0+(1�λ )S3
0 < 0, hence

the ingoing cash flow at time 0 would be strictly positive.


