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Note: This is just onevay, a solution could look like. We do not guarantee corressnlt is your
task to find and report mistakes.

Exercise 3.1 (*)
Consider the optimization problem
min %+ 1
(x=2)(x—4) < 0
x € R

i) Analysisof primal problem. Give the feasible set, the optimal value and the optimaltsmiu

i) Lagrangian and dual function. Plot the functiorx? + 1 versusx. One the same plot, show the
feasible set, optimal point and value, and plot the Lagramigfx, A ) versusx for a few positive
values ofA. Verify the lower bound propertyp( > infxL(x,A) for A > 0). Derive and sketch
the Lagrange dual functiom

iii) Lagrange dual problem. State the dual problem, and verify that it is a concave mazation
problem. Find the dual optimal value and dual optimum sohdi*. Does strong duality hold?

Solution:

1. One hagx—2)(x—4) < 0 < 2 < x < 4. The optimum solution is* = 2 (sincex? + 1 is monotone
increasing fox > 0) with valuep* = 22 + 1 =5.

2. One has

L(x,A 24 1)+ A(x—2)(x—4) = (A +1)x* —6AX+ (1+8A)

(X
L(A,2) = (A +1)-22— 124 4+ (1+8A) = 0-A + 5. The quadratic function

+1)x% —6Ax+ (1481)) = 2(A +1)x—6A =0= x= 2. hence

)=
Note that alwaygy(A) <
A+ A+1

L(A,x) is minimal, if ((

3\ >2 3\ OA2—18A2+ A +1+8A2+8) —A24+9A+1
A+1

g(A) = (/\+1)<A 7) —BAg g+ (1+8A) = . =57



Y

Exercise 3.2 (*)

In this exercise, we want to show an example of a convex pnogndnere strong duality fails. Consi-
der the optimization problem

min e *
X/ly < 0
(xy) € D

with D := {(x,y) € R? | y > 0}.
1) Verify that this is a convex optimization problem. Fincetbptimal value.

i) Give the Lagrange dual problem, and find the optimal sofuA * and optimum value* of the
dual program. What is the optimal duality gap?

iii) Does Slater’s condition hold for this problem?
Solution:

i) The functione™ is convex, sincde™)" = (—e™*)' = e* > 0 for all x € R. D is clearly convex. Fur-
thermore, considetx,y), (X,y) € D with X%/y < 0,x%/y’ < 0 and 0< A < 1. ThenZXH1-AX)?

LI >0
Ay+(I-A)yY =
(nominator and denominator are non-negative).
i) We have
X2
L(A,(xy) =e*+A—
Then
. X X2 0
A)= inf e + — =
) (Y)y>0 S~ y
—0,for x—o0 ~—



for every A > 0 (more precisely, we can choogey) = (u, u?), then

lim LA, (1, —)) = lim (6H 42 - Z =0

H—oo ps’’ g
Henced* = 0, while p* = min(y).x—0y~0€ * = 1. The duality gap ip* —d* = 1.

i) If (x,y) € D is feasible, the? < 0 hencex = 0. In other words, the feasible reagion{i®,y) | y > 0},
which does not contain a strictly feasible point. Hencee®icondition is not satisfied.

Exercise 3.3 (*)

In this exercise, we want to argue, why the RWMA (which canimire convex functions over
the simplexc™ := conV{ey,...,em} = {A € R™| 3" ; Ai = 1,A; > 0}) can also be used to optimize
over general polytopes. Here, we are motivated, since thémim variance portfolio problem is a
convex optimization problem over the domdine RN | sN =1, 5N rix; > r,x> 0} whichisyN
intersected with the half-spage ; rix >r.

Letvy,...,vm€ R" and letQ := con{va,...,Vm} == {51 Aivi | 51 A = 1, A1,...,Am > O}. Define
q: X" — Qwithg(A) = 3", Aix. Let f : Q — R be a convex function. Show that

i) The functiong: 2™ — R with g(A) = f(q(A)) is convex.

i) One has
min g(A) = min f(x
Jming(A) = minf(x)
iii) DescribesNN{x € RN | SN Tix > r} as the convex hull of at mo#t? + N points and con-
clude that the RWMA can be used to solve the portfolio optatian problem mifix™ Qx | x €
SNA{xeRY 3 i >r} )

Solution:

1. Letx,ye ZMand 0< 6 < 1, then

m f convex

g(GX+(1—9)y)=f(ZV.(6m+(1 O)y) < 01 leNI +(1-06)f Ely.v. < 09(x)+(1-6)g(y)

2. We claim thag is surjective. To see this takexa& Q. By definition, there ards,...,An > 0,51, A =1
with x = ¥, viAi. Theng(A) = 24 Aivi = x. Hence for any* € Q attaining mineq f(x) there is a
A* e ZMwith g(A*) = x* and hencg(A*) = f(q(A*)) = f(X*).

3. We create a sé&f of vertices as follows: Ifj > r = g € V. For pairsi, j with r; > r andrj <r, we add
(0.0, Xy, X, -.,0) €V with x +X; = L andxiri +xjrj =r. LetQ:= sV n{x e RN | N Tix; >r}.
We claim thatQ = conv(V). ObviouslyV C Q and hence corf¥) C Q. Next, suppose th&p\conuV)
is non-empty. Take an extreme-pokitof Q\conuV) (there must be extreme points, sir@es convex,
closed and bounded). Write the following system

Z| 1Xl Z 1 (1)
Z| 1=K > -1 (2)
St > (3)

X > 0 Vi=1...,.N (4



asAx > b. Let A'x < b’ be a maximal full-rank subsystem such that* =b'. If rank(A’) < N then there

is a vectoru € ker(A') andx* +Au € Q/convV) for all —e < A < ¢ for a small enougtg > 0. Thenx*
would not be an extreme point. Hence rék = N. We haves \ , x; = 1 in the system, hence there are
exactly 2 constraints from (3), (4) that are not in the system

Case A: (3) and one constraipfrom (4) are not inAx* =b'. ThenyN  x* =1, x* =0Vi # | = x =
,...,0,1,0,...,0) =g; €V,

Case B: Constraintg j’ from (4) are notinAx* =b'. Theny N x* =1, SN rixi=r, x =0Vi ¢ {j,j'}.

Then F f
Ty .
x*:(o,..., oo 170 ,...,0) ev
rj—rj/ rj,—rj
~—— ——
=X¥ =X¥

i i’

Hence conV) = Q.

Exercise 3.4 (*)
Let D C R" be a convex set anfy, ..., fn: D — R be convex functions. Show that the set

A={(ut) e R"xR|IxeD: fi(x) <uj, fo(x) <t}
iS convex.

Solution:

Let0< 8 <1land(u,t),(U,t") € A Thenthere arg X € D with fi(x) <u, fi(X) < U], fo(x) <t, fo(X) <t'.
Choosex’ := 0x+ (1— 0)X. Thenfy(X") < Bfo(x)+ (1 — 0) fp(X') < Ot + (1— B)t' =:t” sincefy is convex.
fi(xX") <Ofi(x)+(1—0)fi(X) < Ou;+ (1— 6)u (using thatf; is convex). Therfu”,t") := (Bu+ (1— O)U', 6t +
(1-0)t') liesinA.

Exercise 3.5 (*)
Let f : D — R be a convex function for some convex domBiiC R". Show that

i) The functionf (x)? is convex, given that (x) > 0 for allx € D.
i) f(Ax+b) is convex for anyA € R™" andb € R™.

Conclude that a functiofi : R" — R with f(x) = x" - Q-xandQ € R™", Q > 0 is convex.

Solution:



1. Letx,y € R" andA € [0,1]. We have to showf (Ax+ (1 —A)y)2 < A f(x)%2+ (1—A)f(y)%

A2+ (L= A)F(y)? — (FAx+ (1-A)y))?
<)\f(x)+‘(ril.7)\)f(y)

f convex

> AP+ A=) F)2 - AT+ (1-A)F(y)?

= AP+ (1-A)F(y)? = A%F (92 =24 (1= A) T F(y) — (1 A)?F(y)?

= fR0AA-1)-22-N)FRFY)+ Y L-A)(1-(1-2)
=A

= A=) (f2=2f (0 f(y) + F(¥)?)

= A=A (f—f(y)?

> 0

In the first step, we need thétis convex, henca:= f(Ax+ (1-A)y) <Af(X)+(1—-A)f(y) =:band
that—a? > —b?if0 <a<h.

2. Letx,y e R™andA € [0,1], then

f(AA X+ (1—=A)-y)+b) = f(A-(AX+Db)+(1-A)-(Ay+Db))
f convex

< A-f(AX+b)+(1—2A)- f(Ay+b)

We conclude thatyx|| convex=> ||Ax|| convex (and non-negative} ||Ax||? = x" Qx convex.




