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Exercise 3.1 (*)
Consider the optimization problem

min x2+1(x�2)(x�4) � 0

x 2 R
i) Analysis of primal problem. Give the feasible set, the optimal value and the optimal solution.

ii) Lagrangian and dual function. Plot the functionx2+1 versusx. One the same plot, show the
feasible set, optimal point and value, and plot the LagrangianL(x;λ ) versusx for a few positive
values ofλ . Verify the lower bound property (p� � infx L(x;λ ) for λ � 0). Derive and sketch
the Lagrange dual functiong.

iii) Lagrange dual problem. State the dual problem, and verify that it is a concave maximization
problem. Find the dual optimal value and dual optimum solutionλ �. Does strong duality hold?

Exercise 3.2 (*)
In this exercise, we want to show an example of a convex program, where strong duality fails. Consi-
der the optimization problem

min e�x

x2=y � 0(x;y) 2 D

with D := f(x;y) 2 R2 j y > 0g.
i) Verify that this is a convex optimization problem. Find the optimal value.

ii) Give the Lagrange dual problem, and find the optimal solution λ � and optimum valued� of the
dual program. What is the optimal duality gap?

iii) Does Slater’s condition hold for this problem?



Exercise 3.3 (*)
In this exercise, we want to argue, why the RWMA (which can minimize convex functions over
the simplexΣm := convfe1; : : : ;emg = fλ 2 Rm j ∑m

i=1λi = 1;λi � 0g) can also be used to optimize
over general polytopes. Here, we are motivated, since the minimum variance portfolio problem is a
convex optimization problem over the domainfx 2 RN j∑N

i=1 xi = 1;∑N
i=1rixi � r;x� 0g which is∑N

intersected with the half-space∑N
i=1rixi � r.

Let v1; : : : ;vm 2 Rn and letQ := convfv1; : : : ;vmg := f∑m
i=1 λivi j∑m

i=1 λi = 1;λ1; : : : ;λm � 0g. Define
q : Σm ! Q with q(λ ) = ∑m

i=1λixi. Let f : Q! R be a convex function. Show that

i) The functiong : Σm ! R with g(λ ) = f (q(λ )) is convex.

ii) One has
min
λ2Σm

g(λ ) = min
x2Q

f (x)
iii) Describe∑N \fx 2 RN j ∑N

i=1 rixi � rg as the convex hull of at mostN2+N points and con-
clude that the RWMA can be used to solve the portfolio optimization problem minfxT Qx j x 2
∑N \fx 2 RN j ∑N

i=1rixi � rgg.
Exercise 3.4 (*)
Let D� Rn be a convex set andf0; : : : ; fm : D! R be convex functions. Show that the set

A = f(u; t) 2 Rm �R j 9x 2 D : fi(x)� ui; f0(x)� tg
is convex.

Exercise 3.5 (*)
Let f : D �! R be a convex function for some convex domainD� Rn . Show that

i) The function f (x)2 is convex, given thatf (x)� 0 for all x 2 D.

ii) f (Ax+b) is convex for anyA 2 Rm�n andb 2 Rm .

Conclude that a functionf : Rn ! R with f (x) = xT �Q � x andQ 2 Rn�n ; Q� 0 is convex.


