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Exercises marked witff) qualify for one bonus point, if correctly presented in theodission session

Exercise 3.1 (*)
Consider the optimization problem

min x2 41
(x=2)(x—=4) < O
X € R

1) Analysisof primal problem. Give the feasible set, the optimal value and the optimaltsmwiu

i) Lagrangian and dual function. Plot the functiorx? + 1 versusx. One the same plot, show the
feasible set, optimal point and value, and plot the Lagramigix, A ) versusx for a few positive
values ofA. Verify the lower bound propertyp( > infxL(x,A) for A > 0). Derive and sketch
the Lagrange dual functiam

iii) Lagrange dual problem. State the dual problem, and verify that it is a concave mazation
problem. Find the dual optimal value and dual optimum sohudi*. Does strong duality hold?

Exercise 3.2 (*)
In this exercise, we want to show an example of a convex pnegndnere strong duality fails. Consi-
der the optimization problem

min e %
X2 /y
(X,y)

m IN

0
D
with D := {(x,y) € R? | y > 0}.
i) Verify that this is a convex optimization problem. Fincetbptimal value.

i) Give the Lagrange dual problem, and find the optimal sofuA * and optimum value* of the
dual program. What is the optimal duality gap?

iii) Does Slater’s condition hold for this problem?



Exercise 3.3 (*)

In this exercise, we want to argue, why the RWMA (which canimire convex functions over
the simplexc™ := con{ey,...,em} = {A € R™| 3", Ai = 1,A; > 0}) can also be used to optimize
over general polytopes. Here, we are motivated, since th@mim variance portfolio problem is a
convex optimization problem over the domdine RN | sN =1, N rix; > r,x> 0} which isyN
intersected with the haIf-spagé\‘zlrixi >r.

Letvy,...,vm€ R" and letQ := con{va,...,Vm} == {501 Aivi | 51 A = 1,A1,...,Am > O}. Define
q: X" — Qwithq(A) =3, Aix. Let f : Q — R be a convex function. Show that

i) The functiong: 2™ — R with g(A) = f(q(A)) is convex.
i) One has
i alA) — min f
i SA) = mip (9

i) DescribesNN{xc RN | N rix; > r} as the convex hull of at mo#t? + N points and con-
clude that the RWMA can be used to solve the portfolio optatian problem mifix" Qx | x
ZN N{x e RN | ZiNleiXi >r}}.

Exercise 3.4 (*)
LetD C R" be a convex set anfy, ..., f, : D — R be convex functions. Show that the set

A={(ut)eR"xR|IxeD: fi(x) <uj, fo(x) <t}
IS convex.
Exercise 3.5 (*)
Let f : D — R be a convex function for some convex domBii R". Show that
i) The functionf (x)? is convex, given thaf (x) > 0 for all x € D.
i) f(Ax+Db) is convex for anyA € R™" andb € R™.

Conclude that a functiofi : R" — R with f(x) = x" -Q-xandQ € R™", Q > 0 is convex.



