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Note: This is just onevay, a solution could look like. We do not guarantee corressnlt is your
task to find and report mistakes.

Exercise 2.1 (*)

Consider again the simple setting, where we hidvexperts that (over a time horizont ®f units)
predict a binary evenyK € {0,1}) and a forecaster tries to predict the events so that he imaking
significantly more mistakes than the best of the expertssdenthe following strategies:

e Strategy 1: The forecaster chooses at any titrthe predictionp; of the expertj who made the
least number of mistakes so far (im.:“ytj wherej = argmin{m; } andm; = [{t’ <t | ytj' # 7o }|
is the number of mistakes, which were made by exparttime 1,...,t —1). If several experts
have the same minimal number of mistakes, we choose that iim@wmaller index.

e Strategy 2: The forecaster chooses the prediction of expevith probability

t—m;
N_ (t—m,
Z,-rzl( i)

(i.e. proportional to the number of correct predictiong; sathe first iteration, we choose an
expert uniformly at random).

Show that both strategies can be much worse (sayf fos N and suitableg) than the weigthed
majority experts algorithm (Algorithm 2 from the lecture).

Solution:

For strategy 1, imagine we have only 2 experts. Expert 1 preddrrect on even days and expert 2 predicts
correct on odd days. After odd days, we decide for expert 2wilidoe wrong next time. After even days, both
expert have the same number of mistakes, hence we decidepfent & (which again will be wrong). Hence the
forcaster willalways be wrong, while both experts are correct half of the time.

For strategy 2, we imagine to have an expert 1 that is always@o The other experts are all correct exactly
on odd days, on even days they are all wrong. Then the pratyabicthoose expert 1 tends (le),t/z < NLH
Hence, on even days, we will be wrong with probability esséigtl — NLH In other words, while there is a
perfect expert, the forecaster makes wrong predictiorengisdly half of the times.




Exercise 2.2 (*)
Consider again the setting withexperts and loss vectofsc [0,1]N. Let T be the number of iterati-
ons,L be the forecasters loss ahgbe the loss of expeit In the lecture we saw the bound

In(N)
€

E[L] < +(1+e)Ll.

Observe that this just bounds taeerage loss of the forecaster. Can you give a concentration bound
statement of the form Rr > (1+...)-L)+...] <.... Here the following theorem (a.k.Azuma’s
Inequality) might be helpful (which you may use without proving it):

Let 0= Xp, X1, ..., X, be a sequence of random variableswith increment Y; := X — Xi_1.
HereY; :=Y;(Xo,...,X_1) might arbitrarily depend on Xp, ..., X 1, but always |Y;| <1
and E[Y,] = 0. For A > 0 onehasPi{X, > A /n] < eA*/2,

Solution:
LetY, =7 — p'4 be the deviation from the average loss in stegmdX; = ZElont be the cumulated loss.
Note thatE[¥;] = E[] — '/t = 0 and|Y;| < 1 henceXy, ..., X7 is a martingale. Hence

P X, 2AVT]<e?/?
~~
=L-E[])

which implies that

~~
<N 4 (1)L
hence n(N
Pril > n(g )+/\\/f+(1+e)u} <e /2
Exercise 2.3 (*)

Recall that a functiorf : R" — R is convex, ifdom(f) is a convex set and for ally € dom(f) and
0< A <1onehasf(Ax+(1—A)y) <Af(x)+ (1—A)f(y). Prove that iff1,...,fh : K — R are
convex,Ag,...,An > 0, then alsdy{!_; A fi(x) is convex.

Solution:
LetA €]0,1] andf(x) := ¥ 1 Ai fi(x). Then for anyx,y € K

fi convex N

fAx+(1-A)y) = ,ﬁlmfiuxm—mw S 00+ (=) )

= A AR HI-2) Y AT = AT+ (1-A)T()
=f(x) ~f(y)




Exercise 2.4 (*)
Lety € R" be a vector withy; > 0 foralli=1,...,nandx € Z". Prove
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Note: The gradient is w.r.k as variable.

Solution:
Note that q q
—(=In(y"x)) = —(=1In Xaxy) = NN
CIXi( (y'x) OIXi( (;y,, XiYi)) S VX T T
Hence
10— Il = || TR gy 1
yrx : Yj
in,mlnyi
i=1

=1

Exercise 2.5 (one practical bonus point)
Recall the example from the lecture

Stock A | Stock B | Money Market
Up 2 15 1
Stable| 1.2 1.7 1.3
Down 0.8 1.2 1.4

Implement the presented algorithm to determine an optimavrstrategy. Choose:=0.1,9 :=0.2
and run the algorithm fof = 100 iterations.
The details for the submission are as follows:

1. You canimplementthe algorithm in one of the programmamgLiages C/C++/Java/Pascal/Basic/Matlab
(you can choose your favourite one).

2. Your submission should contain your (compilable) codgetber with an output of the algo-
rithm, which states, w!, p!, j; for all iterationst = 0, ..., 100.

3. Send the files til20.10.10 to/thomas.rothvoss @epflich

4. You can work in groups up to 3 people (you need only sulemission per group).


mailto:thomas.rothvoss@epfl.ch

Solution:

The sequence of strategig¥, ..., p' in the simplexz" can be visualized as follows (we draw the strategy
p' every 100th iteration).

(1,0,0)

0Oe
0

We can easily convince ourselves tiat (%,O, %) is an optimal strategy for the row-player a(@ ‘7‘, %) is an

optimal column strategy since
2 15 1 0
(2/7 0 5/7)-( 12 17 13>-(4/7>
08 12 14 3/7
= (2/7 0 5/7)-(9/7,107/70,9/7)
= (8/7 9/7 9/7)-(0,4/7,3/7)

In other words, if the row player starts playing, the (maximg) column player has no incentive to deviate
from his strategy and vice versa. The payoff j§9




