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Announcement: Please note that there is no lecture on May 26 (I’m on a workshop).
The next (and last) lecture/exercise is June 2.

Exercise 1
An undirected graphG = (V;E) is calledk-colorableif there is a functionχ : V ! f1; : : : ;kg such
that for any edge(i; j) 2 E one hasχ(i) 6= χ( j).

i) Suppose thatG is 3-colorable. Show that the vector program

vi �v j � �1
2

8(i; j) 2 E

vi �vi = 1 8i = 1; : : : ;n
vi 2 Rn

has a solution (n= jVj).
ii) Let v1; : : : ;vn2 Qn be a solution to the above system. For a parametert 2 N apply the following

rounding scheme:

(1) Pick random vectorsr1; : : : ; rt independently from then-dimensional unit ball

(2) Define 2t groups of vertices

R1 = fi 2V j r1 �vi � 0; r2 �vi � 0; : : : ; rt �vi � 0g
R1 = fi 2V j r1 �vi < 0; r2 �vi � 0; : : : ; rt �vi � 0g

...

R2t = fi 2V j r1 �vi < 0; r2 �vi < 0; : : : ; rt �vi < 0g
(in other words, nodesi; j are in different groups if and only ifvi andv j are separated by
at least one of thet hyperplanes with normal vectorr1; : : : ; rt.)

(3) Color vertices inRc with colorc.

Which upper bound on Pr[i and j get the same color℄ can you get for an edge(i; j) 2 E?

iii) For comparison: If you choose a color for each nodei just randomly (and independently) from
1; : : : ;2t, what is the probablity that a given pair of nodesi and j gets the same color?

iv) Suppose that the degree ofG is upper bounded by∆ (i.e. jδ (v)j � ∆ 8v2V). Give a polynomial
time algorithm that, with probability at least 1=2, needs at mostO(logn) �∆0:64 many colors.
Hint: Run ii) with t := log3(2∆) for O(logn) iterations until all nodes are feasibly colored.



Exercise 2
We are given a setS= fx1; : : : ;xng of n items and a setm tripletsT � S�S�S. Each triplet consists
of 3 distinct items. A total ordering ofS is an orderingπ , xπ(1) � xπ(2) � : : : � xπ(n) (herexi � x j

means thatxi appears beforex j in the ordering). Such an ordersatisfiesa triplet (xi ;x j ;xk) 2 T if
eitherxi � x j � xk or xk � x j � xi holds. The problem is to find an orderingπ that maximizes the
number of satisfied triplets.

i) Argue, why a random permutation satisfies1
3 of the triplets.

ii) Suppose that all triplets can be satisfied. Show that thenthe following quadratic program has a
solution: (pi � p j)2 � 1 8i 6= j(pi � p j)(pk� p j) � 0 8(xi;x j ;xk) 2 T

pi 2 R 8i 2 f1; : : : ;ng
iii) Relax this quadratic program to a vector program with variablesv1; : : : ;vn 2 Rn.

iv) Let v1; : : : ;vn be any solution to the vector program. Select a vectorr 2 Rn uniformly at ran-
dom from the unit sphere. Consider the ordering obtained by sorting rTvi . Show that a triplet(xi;x j ;xk) 2 T is satisfied with probability� 1=2 by this ordering.
Hint: Look at the angle betweenvi �v j andvk�v j .


