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Exercise 1

Here, we want to consider ®N-METRIC FACILITY LOCATION, where facilitiesF with open cost
fi fori € F, citiesC and connection cosj; are given. Differently from the variant, studied in the
lecture, we do not assume anymore, that metric.

i) Model the problem asSr CovER problem and obtain a polynomial tin@¥logn)-approximation
(n:=|C]|) by using the greedy algorithm fore$ COVER.
Hint: Even if the defined set system has exponentially many setierigome conditions the
greedy algorithm can still be made to run in polynomial time.

i) A result of Raz and Safra (1997) says the following:

There is a constartt > 0 such that, given a5 COVER instanceS,,...,Sy and a
parametek € N it is NP-hard to distinguish

e YES. OPTsercover < K

e NO: OPTsercover > k- C-logn
Here OPTsercover denotes the smallest number of sets that are needed to dbver a
n elements.
Remark: This result means that there is a polynomial time reductaking a SAT
clause% as instance and mapping it to @ SCOVER instances? = {Sy,...,Sn}
such that: If#¢ is satisfiable, the®PTsercover(-”) < k and OPTsercover(-?) >
k- c-logn otherwise (for more details on gap reductions, | recommemap@r 29 of
Vazirani’'s bookApproximation Algorithms).

Show that it is alsdNP-hard to approximate 8BIN-METRIC FACILITY LOCATION by a factor
better tharc- logn.

Solution:

i) Forany subse€’ C C of cities and facilityi € C, we define a se&; =C' of costc(& ) = fi + 3 jec Gij-
The NON-METRIC FACILITY LOCATION is equivalent to the arisingeS COVER instance. The greedy
algorithm now performs as follows:

1) =0
(2) WHILE not yet all elements covered DO

(3) price(S) = %



(4) "= ."U{ setSwith minimum price(S)}

The algorithm gives ®(logn)-approximation for 8T CoveR and hence also for &IN-METRIC FA-
CILITY LOcCATION, wheren = |C| is the number of elements/cities. The algorithm coversasdtlene
element per iteration, hence the number of iterations isostm Just the number of sets is exponentially
large. Thus we have to argue, that the §gt, minimizing the price can be found efficiently. Consider
any iteration and le€ C C be the not yet covered cities. Note that

in _{ c(Sc) } =  min _ mia{%}

ierccc U |C] icFke{l,...ClC'cC

We try out all possibilities for andk.
- fi+Yjec G fi 1 .
oS = e 3 o)

But the latter minimum is attained for thecities that are closest io(which can be easily obtained by
sorting the cities according to their distance)to

i) Sei S,...,S, be the &T CovER instance on elements.1l.,n. Choose the RN-METRIC FACILITY
LocATION instance withf; :== 1 (one facility per set) and distances

- 0 ifje§
"7 Im otherwise

ThenOPTsercover = OPTEL. Note that this cost function is in general not metric.

Exercise 2

We consider the ACILITY LOCATION problem, with given facilitied=, citiesC, opening cosff; for
every facilityi. Assume that the cost functiam; is metric. In this exercise, we want to show that
there is no 146-approximation algorithm for the (metrich€ILITY LOCATION problem.

For the sake of contradiction, suppose that we have a poliaitime algorithmalgo(F,C,cjj, fi)
that produces a 1.46-approximate solutidrC F (note that knowing the set of open facility suffices
— the cities are then automatically connected to the neauest facility).

LetS,...,Snbe a &T CoVvER instance (with unit cost per set) on elemefis...,n}. We may
assume to know the valueof sets that are contained in an optimum solution. We will rehaw,
how to obtain a M99-In(n) + O(1) approximate 8T COVER solution in polynomial time. This
would then contradict an inapproximability result of Fe{@898) (given thalNP is not contained in
DTIME(nC(loglogn)yy,

We use the following 8T CoVER algorithm:

1 jes§
1) LetC:={1,...,n},F:={1,..., dgj ;= .
(1) Le {L,....n} { m} andc; {3 otherwise
(2) WHILE C # 0 DO

(3) Letf;:=0.46- ‘% be the facility costi € F
(4) F':=al go(F,C,cij, fi)



(5) Buy the sets i’
(6) C':= cities covered at cost 1; s6t.=C\C'

(7) Return the bought sets

Perform the following analysis:

i) Consider any iteration and 1&PX be the cost of the &€ILITY LOCATION solutionF’. Show
that APX < 1.46?- [C]|.

ii) Suppose the algorithm needsiterations. For iteration € {1,...,T}, definef anda; such

that|F'| = Bk is the number of opened facilities af@l| = a;|C| is the number of elements that
are covered in this iteration. Show that< 0.999. In(:-) holds for anyt < T.

Hint: It is OK if your solution contains the phrasBy a Maple/Matlab plot we see that..”.
i) Why is 11— o) > 17

iv) Show that the algorithm needs at mo9®0-In(n) -k many sets (plu®(k) for the last iteration).

Solution:

i) Let f := f;. One could open thkfacilities that correspond to sets in the optimuETSCOVER solution
and connect all clients at cost 1. This would cost in t{&h-k- f = |C| +O.46% -k=1.46-|C|. Since
we assume to have a4B-apx algorithm, we havaPX < 1.46°-|C|.

i) Suppose thaBk centers are opened anfC| = |C’'| many clients are connected at cost 1 (the others are
connected at cost 3. Then this solution costs

f-B-k+cC|+3(IC|—clC|) = B0.46/C|+c|C|+3(|C| - c[C])
= |C|-(0.468 +c+3— 3c)
= |C|-(0.468 — 2c+3)

On the other hand, we know that the solution costs at mdéf 1|C|. Hence

Maple 1
IC|- (0.468 —2c+3) <1.46°.|C| = B<4.347<-1.8878 < 0.999In <1—>

0.999In(1.)

4.347x—1.8878

OFrRNWHM

i) After T — 1 iterations the number of remaining elements is precisely

T-1

n- I_l(l_at) >1

t=

Rearranging yields the claim.



iv) The number of chosen sets in iteratioa: 1,..., T —1is

S8 2 k'S 0.999.In (L 09991 [ A —2 ) "2 0.998.In(n) - k
< A -1N = U. -1N < 0. -Ininj -
tZi fs t; <1_at> tl:!l_at N ")

In the last iteration we will not use more tha@rtk) sets anyway (sincg < 4.347 — 1.8878< 3).




