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Note: This is just onewvay, a solution could look like. We do not guarantee corres$n It is your
task to find and report mistakes.

Exercise 1
Give a family of instances, where Christophides algoriteomTsp gives a solution whose approxi-
mation guarantee indeed tendgto

Solution:
Consider a graph with nodes,...,u, on the upper layely,...,v, on the lower layer. Pairg;,u; and
consecutives;’s, U's are connected by uunit coszt edges. Other egges have shmatbdistances.
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An MST T of cost 2 — 1 is as follows.

Ua U Up

@ { [ ]

[ ] ® { ]

V1 \%) Vin

A matching on both odd degree nodesucm‘sts&. The cheapest taur costs.2
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Exercise 2

For a parametek € N, we consider the following 8r CoVER instance: Choose elementls:=
Z¥\{(0,...,0)}. For each vectarc Z, we define ase®, ;= {yc U | z.y=51} wherez-y=, 5X , zy;
is the standard scalar product mod 2. Hence we have|U | = 2¢ — 1 elements and‘Zets. All sets
have unit cost.

Example:  For k = 2 we have elements = {(1,0),(0,1),(1,1)} and setsSqq) =
0, S(O,l) = {(0’ 1)’ (1’ 1)}’ S(1,0) = {(17 0)7 (17 1)}7 S(1,1) = {(1’ O)’ (O’ 1)}

Show thatOPT > k andOPT; < 2 (hence the integrality gap §&(logn)).



Solution:

We claim that every element is 12X > § many sets (i.e.5 of the sets): Lets fix & € U. Sayy; =1
(y # (0,...,0)). Fix any choice ot;,...,z_1,7Z1,...,% € {0,1} there is exactly one choice fgrs.t.z-y =,
1. Hence if we choosg; = % then each element is covered fractionally at least oncediuation x), thus
OPT; <n-2=2.

Next suppose for contradiction thiat- 1 setsS,,. .., Sq1 suffice to cover all elements. Consider th&0
matrix A with rows Z},...,Z<1. The rank of this matrix w.r.tZ, can be at mosk — 1. Hence there mut be a
non-zero vectoy € ker(A), i.e.y-Z2 =,0fori=1,...,k— 1. Hencey ¢ S,.

Exercise 3

The ST PACKING problem is as follows: Given a family of se8s, . .., Sy C U of cardinality|S| =
with profits S), find a subset of these sets that maximizes the profit, whilk eeement is covered
at most once. Consider a straightforward integer lineagiammming formulation

m

max;c(Sg) - Xi (ILP)

xi € {0,1} Vi

wherex; indicates, whether to take sgt Let OPT be its optimum value an@PT; be the optimum

value of its fractional relaxation. Prove th%i; < O(1) (for a big enough constant).

Hint: A suitable randomized rounding should do the job.
Solution:
Compute an fractional solutioti € [0,1]™ of valueOPT;. Then perform the following rounding algorithm:
(1) Choose se§ with probability £x"

(2) Consider all elementge U: If j is covered by more than 1 set, remove all sets contaipifigm the
solution

Letl; C {1,...,m} be the sets chosen in (1) ahdbe the sets chosen in (1) and surviving (2). Consider a set
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Hence the solutioh has an expected profit of
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