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Note: This is just oneway, a solution could look like. We do not guarantee correctness. It is your
task to find and report mistakes.

Exercise 1
Give a family of instances, where Christophides algorithm for TSP gives a solution whose approxi-
mation guarantee indeed tends to3

2.

Solution:
Consider a graph with nodesu1; : : : ;un on the upper layer,v1; : : : ;vn on the lower layer. Pairsvi ;ui and

consecutivevi ’s, ui ’s are connected by unit cost edges. Other edges have shortest path distances.

v1 v2 vn

u1 u2 un

An MST T of cost 2n�1 is as follows.

v1 v2 vn

u1 u2 un

A matching on both odd degree nodes costsn+1. The cheapest tour costs 2n.

v1 v2 un

u1 u2 un

Exercise 2
For a parameterk 2 N , we consider the following SET COVER instance: Choose elementsU :=Zk

2nf(0; : : : ;0)g. For each vectorz2Zk
2, we define a setSz := fy2U j z�y�2 1gwherez�y�2 ∑k

i=1ziyi

is the standard scalar product mod 2. Hence we haven := jU j= 2k�1 elements and 2k sets. All sets
have unit cost.

Example: For k = 2 we have elementsU = f(1;0);(0;1);(1;1)g and setsS(0;0) =
/0;S(0;1) = f(0;1);(1;1)g;S(1;0)= f(1;0);(1;1)g;S(1;1) = f(1;0);(0;1)g.

Show thatOPT� k andOPTf � 2 (hence the integrality gap isΩ(logn)).



Solution:
We claim that every element is in122k � n

2 many sets (i.e.12 of the sets): Let’s fix ay 2U . Sayyi = 1
(y 6= (0; : : : ;0)). Fix any choice ofz1; : : : ;zi�1;zi+1; : : : ;zk 2 f0;1g there is exactly one choice forzi s.t. z�y�2

1. Hence if we choosexi := 2
n, then each element is covered fractionally at least once (insolution x), thus

OPTf � n� 2
n = 2.

Next suppose for contradiction thatk�1 setsSz1; : : : ;Szq�1 suffice to cover all elements. Consider the 0=1
matrix A with rowsz1; : : : ;zk�1. The rank of this matrix w.r.t.Z2 can be at mostk�1. Hence there mut be a
non-zero vectory2 ker(A), i.e. y �zi �2 0 for i = 1; : : : ;k�1. Hencey =2 Szi .

Exercise 3
The SET PACKING problem is as follows: Given a family of setsS1; : : : ;Sm�U of cardinalityjSij= 3
with profits c(Si), find a subset of these sets that maximizes the profit, while each element is covered
at most once. Consider a straightforward integer linear programming formulation

max
m

∑
i=1

c(Si) �xi (ILP)
∑

i: j2Si

xi � 1 8 j 2U

xi 2 f0;1g 8i

wherexi indicates, whether to take setSi. Let OPT be its optimum value andOPTf be the optimum

value of its fractional relaxation. Prove that
OPTf
OPT � O(1) (for a big enough constant).

Hint: A suitable randomized rounding should do the job.

Solution:
Compute an fractional solutionx� 2 [0;1℄m of valueOPTf . Then perform the following rounding algorithm:

(1) Choose setSi with probability 1
6x�i

(2) Consider all elementsj 2U : If j is covered by more than 1 set, remove all sets containingj from the
solution

Let I1 � f1; : : : ;mg be the sets chosen in (1) andI2 be the sets chosen in (1) and surviving (2). Consider a set
Si :

Pr[i 2 I2℄ = Pr[i 2 I1℄| {z }=x�i �Pr[ \
j:Sj\Si ; j 6=i

j =2 I1℄ = 1
6

x�i � (1�Pr[ [
j:Sj\Si ; j 6=i

j 2 I1℄| {z }�1=2

)� 1
12

x�i
Using that

Pr[ [
j:Sj\Si ; j 6=i

j 2 I1℄� ∑
j 6=i:Sj\Si

Pr[ j 2 I1℄ = 1
6 ∑

j 6=i:Sj\Si

x�j| {z }�3

� 1
2

Hence the solutionI has an expected profit of

m

∑
i=1

Pr[i 2 I ℄ �c(Si)� 1
12

m

∑
i=1

x�i c(Si) = 1
12

OPTf


