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Exercise 1: (Multiple Choice, points{−1,0,1} each)
No justifications needed. Mark ’yes’ or ’no’.Wrong answers cause negative points! Total number of
points achieved cannot be negative.

a) LetP⊆Rn be a polyhedron,a∈Rn andβ ∈R. ThenP∩{x∈Rn | aT x= β}
is a face ofP.

◦ yes ◦ no

b) If Ax ≤ b is TDI andax ≤ β is a valid inequality for{x : Ax ≤ b}, then the
systemAx ≤ b,ax ≤ β is also TDI.

◦ yes ◦ no

c) If P 6= NP, then an integer program max{cT x : Ax ≤ b,x ∈ Zn} with A ∈
Zm×n,b ∈ Zm can be solved in polynomial time.

◦ yes ◦ no

d) If (E,I ) is a matroid, then for allA ⊆ E, every maximal subsetI ⊆ A with
I ∈ I has the same cardinality.

◦ yes ◦ no

e) LetG = (V,E) be a graph and letI be the set of all matchings inG. Then
(E,I ) is a matroid.

◦ yes ◦ no

f) Let P ⊆Rn be a polyhedron with non-empty interior. Then vol(P)≥ 1
n! . ◦ yes ◦ no

g) For a digraphD = (V,A), a set of arcsB ⊆ A is anr-arborescence if and
only if B contains no directed cycles and|B∩δ in(v)|= 1 for all v ∈V \{r}.

◦ yes ◦ no

h) If P = NP, then deciding if a graph contains a spanning tree of certain
weight isNP-complete.

◦ yes ◦ no
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Exercise 2: (8 points)
The problem VERTEX COVER is defined as follows: Given a graphG = (V,E), find a setS ⊆V of minimal
cardinality such that every edgee ∈ E has an endpoint inS.

Give an algorithm that solves this problem in polynomial time on trees.
Prove the correctness of the algorithm and determine its running time.

Solution:

Use reverse side if you need more space
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Exercise 3: (8 points)
Let F ⊆ {0,1}n and assume access to an oracle that given ¯x ∈ F andc̄ ∈ Zn either

• asserts that ¯x ∈ F maximizes ¯cT x overx ∈ F , or

• returns anx ∈ F such that ¯cT x > c̄T x̄.

Perform the following tasks:

1. Supposec = 2c̃+ v, wherec, c̃ ∈ Zn andv ∈ {0,±1}n. Suppose you know the solution ˜x ∈ F that
attains max{c̃T x | x ∈ F}. How many oracle calls do you need at most to find the optimum solution
with respect toc?

2. Describe an algorithm that givenc ∈ Zn and an initial feasible solutionx ∈ F computes an optimal
solution of max{cT x | x ∈ F} with a running time that is bounded by a polynomial inn and log|c|∞.
Prove the correctness of your answer.

Solution:

Use reverse side if you need more space
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Exercise 4: (8 points)
Let G = (V,E) be a complete(!) graph. A2-matching is an assignmentx : E → {0,1,2} such that for each
vertexv ∈V : ∑e∈δ (v) x(e) = 2, whereδ (v) denotes the set of edges incident atv. Informally, a 2-matching
is a collection of disjoint cycles and some edges (that are taken twice).

The problem MINIMUM WEIGHT 2-MATCHING is defined as follows: Given the complete graphG= (V,E),
a weight function on the edgesw : E → R+, find a 2-matching that minimizes∑e∈E w(e)x(e).

Give an algorithm that solves this problem in polynomial time.

Hint: Create a new vertexv′ for each vertexv of G, and replace each edgevw of G by two edges{v′,w} and
{v,w′}. Continue using matching techniques.

Solution:

Use reverse side if you need more space
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Exercise 5: (8 points)
Compute a minimum weight arborescence rooted atr in the following digraph.
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Prove the optimality of your solution!

Solution:

Use reverse side if you need more space
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Exercise 6: (8 points)
Let G = (V,E) be an undirected graph and letM1, M2 ⊆ E be matchings with|M2| > |M1|. Let V (M1)
andV (M2) denote the vertices covered byM1 andM2, respectively. Prove that one can augmentM1 in the
following sense: There exists a matchingM′ ⊆ E such thatV (M1)$V (M′)⊆V (M1)∪V (M2).

Solution:

Use reverse side if you need more space
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Exercise 7: (8 points)
Consider the following problem:

k-MST
Given: an undirected graphG = (V,E) with weightsc : E → R+ and numbers
k,M ∈ N
Task: Is there a treeT = (V ′,E ′) (with V ′ ⊆ V andE ′ ⊆ E) of weight at mostM
that spans at leastk vertices (i.e.|V ′| ≥ k)?

Show that

1. k-MST is in NP.

2. k-MST is NP-complete.

Hints:

• Consider :

STEINER TREE PROBLEM

Given: an undirected graphG = (V,E), a set of terminalsR ⊆V andM ∈ N
Task: Is there a treeT = (V ′,E ′) (with V ′ ⊆V andE ′ ⊆ E) of at mostM edges that
spans all vertices inR ?

• Use the following construction: Connect each terminal ofG to a distinct path of|V | new vertices,
consisting of zero-weighted edges. Assign weight 1 to the already existing edges inG (and set the
weight of all other pairs to∞ ). Setk = |R| · |V |.

Solution:

Use reverse side if you need more space
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