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Exercise 1: (Multiple Choice, points {—1,0, 1} each)
No justifications needed. Mark yes’ or 'no’. Wrong answers cause negative points! Total number of points
achieved cannot be negative.

a) Let f,g : N — R, be monotone increasing functions. If f = O(g), then oyes ono
f(n) < g(n) for all sufficiently large n.

b) Given two natural numbers a,b € N, one can test whether a is a factor of b oyes ono
in polynomial time in the bit-size of a and b.

¢) Given two natural numbers a, b € N, one can compute a’ € N in polynomial oyes ono
time in the bit-size of a and b.

d) Forall n € N and for all x € Z% one has "' =1 (mod n). oyes ono

e) Let R be a commutative ring and @ € R a primitive n-th root of unity. Then oyes ono
"~ is a primitive n-th root of unity.

f) Let F be a field and let f € F[x,x;] be a non-zero polynomial of total oyes ono
degree d. Then f has at most d zeros.

g) Every non-trivial lattice contains at least two non-zero shortest vectors. ‘ oyes ono

h) If F is a field of characteristic n, then there exists a primitive n-th root of oyes ono
unity @ € F”.




Exercise 2: (8 points)

Consider the following algorithm:

ABC(a,n)
Input: a € N, n = 2k a power of two.
1 Print the pair (a,n)
2 ifn>1
3 then ABC(a+1,n/2)
4 ABC(a+2,n/2)

1. Write down, in the correct order, everything that is printed by the call ABC(1,8).

2. Let T'(n) be the number of pairs printed in total by the call ABC(a,n) for any a. Derive an exact
formula for 7'(n).

Solution:
1. (1,8),(2,4),(3,2),(4,1),(5,1),(4,2),(5,1),(6,1),(3,4),(4,2),(5,1),(6,1),(5,2),(6,1),(7,1)
2. We have T(1) = 1 and T'(n) = 2T (n/2) + 1 for n = 2K > 2 a power of two. This gives us
T(n)=2T2 Y +1=41702%)+2+1

: Rl
=272 )+ ) 2
i=0

k—1
=2 T(1)+ ) 2/ =2¢ 421
i=0

=2n—1

Use reverse side if you need more space




Exercise 3: (8 points)
Let N = pq, p # q primes. Show that N is not a Carmichael number.

Solution:
Here is a very direct way of proving this.
Consider first any x € Zy, and keep in mind that Zy, = Z7 x Z;. Looking at x (mod p) one gets

o = ypa—1 — (p—1g+g—1 _ jq-1 (mod p)

Soif g < p, which we can assume without loss of generality, and x, viewed as an element of Z7,, is a generator
of Zj,, then *N=1£1 (mod p) (because x has order p— 1 > ¢g— 1) and thus x"=! £ 1 (mod N).

With this in mind and using the CRT, we simply choose x such that it is a generator of Z}, modulo p and an
arbitrary unit modulo g, say 1, and the x so chosen will not be a Fermat liar modulo N, which means that N
is not Carmichael.

Use reverse side if you need more space




Exercise 4: (8 points)
Let R be aring and let ® € R be a primitive n-th root of unity where n > 3 is an odd number. Prove that ®>
is a primitive n-th root of unity.

1.

2.

Solution:
Call n = w?. We need to prove three things: n" = 1, n* # 1 for all 1 < k < n, and /" — 1 is not a zero
divisor for proper divisors ¢ of n (n € R* is clear from the fact that @ is a primitive n-th root of unity).

n" = 0*" = (0")* = 1. Assume N* = 1. This implies ®* = 1 which implies 2k is a multiple on 7, so
since n is odd this means that k is a multiple of n, contradiction.

We can factor
wn/t 1= (wZn/t o 1)(1 + (DZn/t + w4n/t 4t w(tfl)n/t)

To see that this is true, observe that because n is odd, t must be odd and so ¢ — 1 is even, so the right
factor is really a sum of powers of ®2"/" which means that all terms cancel except for the lowest power
and the highest power, i.e. the right factor multiplies out to

wzn/f"r([—])n/l —1= w(t+1)n/t 1= wn+n/t 1= wn/l 1
So we see that "/ — 1 is a factor of an element which is not a zero divisor, and so it is also not a zero

divisor. (If it were, then (n”/ " —1)x = 0 for some non-zero x € R, and then the above equality would
show that also (@"/' — 1)x=0.)

Use reverse side if you need more space




Exercise 5: (8 points)
Let F be a field and let V be an F-vector space. For f =Y f x/ € Fx] and a = (a;)ien € VY we set

fxa= (ifjaH‘j) GVN
=0

ieN

Leta € VN be linearly recurrent with minimal polynomial f € F[x]. Furthermore, let g € F[x] be the minimal
polynomial of x” % a. Prove that f = x*g for some 0 < k < m.

Solution:
First observe that
x"xa= (aier)ieN

Letg=% ¢ Jx/ be the minimal polynomial of x™ x a. Consider the polynomial

m+n )
x" 8= Z g j—mxj
j=m
Since for any starting offset s € Ny one has
m+n
(xX"gxa)s = Zg] mls+j = Zgjas+j+m—0

=0

due to the fact that g is a characteristic polynomial of x”* xa. Thus x™g is a characteristic polynomial of a.
It remains to show that g divides the minimal polynomial f =3, f, jxj of a.

r

(f* (" *a))s = Z fiassjim = (f*a)sim =0

j=0

It follows that f is a characteristic polynomial of x xa and so is divided by g.
To summarize, f = pg for some polynomial p € F|[x], but furthermore x"g = g f = pqg for some polynomial
g € Flx]. It follows that pg = x™, and so f = x*g for some 0 < k < m.

Use reverse side if you need more space




Exercise 6: (8 points)
The Euclidean algorithm applied to natural numbers ry > r| uses division with remainder to compute finite
sequences ()" and (¢;)7_, of natural numbers where r;_» = g;r;1 +r; until r,,, = 0.

1. Perform the Euclidean algorithm starting with ro = 57 and r; = 42. Explicitly write down the se-
quences (r;) and (g;) that you obtain. (Note: You should get m = 5 and the last g; is g5 = 4.)

2. Is 42 € Z%,;? Why? If it is, what is its inverse?

3. For arbitrary a; € Ny, aa,...,as € N>| we define the continued fraction

[al,...,ag] =a+

S
ay

Show that {2 = [g2,...,qm], where (g;)'}_, is the sequence computed by the Euclidean algorithm
started with rg > ry.

Solution:
1. r=(57,42,15,12,3,0), ¢ = (1,2,1,4).
2. No, because the above calculation shows ged(42,57) = 3.

3. Proof by induction on m, i.e. essentially number of iterations of the Euclidean algorithm. Since the
first division by remainder is always performed, we always have m > 2.

In the base case m = 2, we get ro = qary, i.€. :—‘: =q2=[q2].

In the general case, first observe that the sequences of ¢; and r; that we get when starting the Euclidean
algorithm with r| and r, are really the same as the sequences that we get when starting at ro and ry
(except for the first step). So by induction hypothesis, we already know that

"

72 = [43;---761m]

Furthermore, from rg = g,r; 4+ r» we deduce

0 ) 1
*ZQZ‘FE:CIZ‘FE:‘D"F

= [42,‘--,6]m]
r ]

[%;u-an

rn

Use reverse side if you need more space




Exercise 7: (8 points)
Let a > 0 be a real number and let Ly = {¢ (é) | € R} be the line in the plane of slope a through the

origin. Consider the following algorithm that intends to approximate o with a rational number:

APPROXIMATE ()

X0 (é) RO (?)

2 fork«1,2,...

3 do x®)  xk=1) 4 ay -y(kfl), where a; € Ny is maximal such that x®) does not lie above Lg
4 Stop if x*) lies on Ly,

5 y &) o yk=1) 4 x K where by, € N> is maximal such that y®) does not lie below Ly
6 Stop if y* lies on Lg

Prove:
1. The numbers a; and by are well-defined in the sense that the respective maximal natural number exists.

2. {x® y(®1 and {x*k*+1) y(0)} are bases of the lattice Z? for all k where they are defined. Furthermore,
the half-open parallelepiped P*) spanned by x¥) and y*) contains no integer point except the origin.
Here, PX) = {Ax®) + uy® |0 <A < 1,0< u < 1}.

3. The line L% through the origin and x¥) is a best approximation of L from below in the following
sense: Among all lines through the origin with rational slope 5 <owith0<g< xgk), L®) minimizes
a2,



Solution:

1. To see that the possible values of a; and by are bounded from above, observe that as long as the
algorithm doesn’t stop, x*) is strictly below and y™®) is strictly above L. The ray

{0 4 2y 502 > 0}

starts below Ly and has slope strictly greater than @, so it eventually intersects Ly, i.e. the possible
values for a; are bounded from above, and similarly for by.

To see that there are feasible values for a, it is enough to see that obviously 0 is a feasible value. For
by, we have to argue that 1 is a feasible value: y*—1) 4 1. x®) = x*=1 4 (g, + 1)y*=1 is strictly above
the line Ly by line 3 of the algorithm.

2. Clearly {x(o) , y(o)} is a basis of Z?. From this, the other pairs of vectors are derived using successive
elementary column operations, so they are also bases. P%) is the fundamental parallelepiped corre-
sponding to the lattice basis {x(k) ,y(k)}, so it contains no lattice point besides 0.

3. Consider the triangle with vertices 0, x*), and the intersection of L, and the vertical line through x).
This triangle is fully contained in P*) except for the point x*) itself, because the first coordinate of
y®) is greater than that of x(*).

Any rational line through the origin between L*) and L, with slope g must contain an integer point
with first coordinate at most g. In particular, this integer point lies in the triangle described above and
so by the previous part, the only non-zero integer point in that region is x*) itself. So the line must
have been L) itself.

Use reverse side if you need more space




