


Chapter 4

Strong Duality

Via the termination argument by perturbation, we we can now prove the duality

theorem. We are given a linear program

max{cT x : x ∈R
n , Ax ! b}, (4.1)

called the primal and its dual

min{bT y : y ∈R
m , AT y = c, y " 0}. (4.2)

We again formulate the theorem of weak duality in this setting.

Theorem 4.1 (Weak duality). If x∗ and y∗ are primal and dual feasible respec-
tively, then cT x∗ ! bT y∗.

Proof. We have cT x∗ = y∗T Ax∗ ! y∗T b. #$

The strong duality theorem tells us that if there exist feasible primal and dual
solutions, then there exist feasible primal and dual solutions which have the same

objective value. We can prove it with the simplex algorithm.

Theorem 4.2. If the primal linear program is feasible and bounded, then so is the
dual linear program. Furthermore in this case, both linear programs have an opti-
mal solution and the optimal values coincide.

Proof. Suppose first that A has full column rank. The simplex method finds a
roof B of (4.1) with x∗

B being an optimal feasible solution. At the same time,

the roof is a conic combination of the normal-vectors in the roof. This means

that there exists a y∗ ∈ R
m
!0

with y∗(i ) = 0 for all i ∉ B such that y∗T A = c. But

bT y∗ =
∑

i∈B b(i )y∗(i ) =
∑

i∈B aT
i x∗

B y∗(i ) = (
∑

i∈B y∗(i )ai )T x∗
B = cT x∗

B . Thus y∗ is

an optimal solution of the dual and the objective function values coincide.

Suppose now that A does not have full column rank and we can write A =

[A1 | A2] where A1 has full column rank and A2 = A1 ·U with some matrix U as in

Section 3.4. Again, as in Section 3.4 we define the linear program
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max{cT
1 x1 : x1 ∈R

k , A1x1 ! b}. (4.3)

This linear program has an optimal solution x∗
1 and cT

2 = cT
1 ·U . By what we have

proved above, there exists a y∗ ∈R
m
!0

such that bT y∗ = cT
1 x∗

1 and y∗T A1 = cT
1 and

since cT
2 = cT

1 ·U and A2 = A1 ·U we have y∗T [A1 | A2] = [cT
1 | cT

2 ]. #$

We can formulate dual linear programs also if the linear program is not in
inequaliy standard form. The procedure above can be described as follows. We

transform a linear program into a linear program in inequality standard form and
construct its dual linear program. This dual is then transformed into an equiva-

lent linear program again which is conveniently described.

Let us perform such operations on the dual linear program

min{bT y : y ∈R
m , AT y = c, y " 0}

of the primal max{cT x : x ∈R
n , Ax ! b}. We transform it into inequality standard

form
max−bT y

AT y ! c
−AT y ! −c
−I y ! 0.

The dual linear program of this is

min cT x1 −cT x2

Ax1 − Ax2 − x3 = −b
x1, x2, x3 " 0

This is equivalent to
maxcT (x2 − x1)

A(x2 − x1)+ x3 = b
x1, x2, x3 " 0

which is equivalent to the primal linear program

maxcT x
Ax ! b.

Loosely formulated one could say that “The dual of the dual is the primal”. But

this, of course, is not to be understood as a mathematical statement. In any case

we can state the following corollary.

Corollary 4.1. If the dual linear program has an optimal solution, then so does the
primal linear program and the objective values coincide.

We present another example of duality that we will need later on. Consider a
linear program
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max cT x
B x = b
C x ! d .

(4.4)

After re-formulation, we obtain

max cT x
B x ! b

−B x ! −b
C x ! d

We can form the dual of the latter problem and obtain

min bT y1 −bT y2 +dT y3

BT y1 −BT y2 +C T y3 = c
y1, y2, y3 " 0.

But this linear program is equivalent to the linear program

min bT y1 +dT y2

BT y1 +C T y2 = c
y2 " 0.

(4.5)

This justifies to say that (4.5) is the dual of (4.4).

4.1 Zero sum games

Consider the following two-player game defined by a matrix A ∈ R
m×n . The row-

player chooses a row i ∈ {1, . . . ,m} and the column-player chooses a column j ∈
{1, . . . ,n}. Both players make this choice at the same time. The payoff for the row-

player is then the matrix-element A(i , j ) whereas A(i , j ) also determines the loss
of the column player. In other words, the column player pays A(i , j ) to the row-

player. If this number is negative, then the row-player actually pays the absolute
value of A(i , j ) to the column player.

Consider for example the matrix

A =





5 1 3
3 2 4

−3 0 1



 . (4.6)

If the row-player chooses the second row and the column player chooses the

second-column, then the payoff for the row-player is 2, whereas this is the loss of
the column player.

The row-player is now interested in finding a strategy that maximizes his guar-
anteed payoff. For example, if he chooses row 1, then the best choice of the col-

umn player would be column 2, since the second element of the first row is the
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smallest element of that row. Thus the strategy that maximizes the minimal pos-

sible payoff would be to choose row 2. In other words

max
i

min
j

A(i , j )= 2.

What would be the column-player’s best hedging strategy? He wants to choose a

column such that the largest element in this column is minimized. This column

would be the second one. In other words

min
j

max
i

A(i , j )= 2.

Is it always the case that maxi min j A(i , j ) = min j maxi A(i , j )? The next example

shows that the answer is no:
(

−1 1

1 −1

)

. (4.7)

Here we have maxi min j A(i , j ) =−1 and min j maxi A(i , j )= 1. This can be inter-
preted as follows. If the column player knows beforehand, the row to be chosen

by the row-player, then he would choose a column that results in a gain for him.

Similarly, if the row-player knows beforehand the column to be chosen by the
column-player, then he can guarantee him a gain of one.

The idea is thus not to stick with a pure strategy, but to play with a random or
mixed strategy. If the row-player chooses each of the two rows above uniformly at

random, then his expected payoff is zero. Similarly, if the column player chooses

each of his two columns with probability 1/2, then his expected payoff is zero as
well.

Definition 4.1 (Mixed strategy). Let A ∈ R
m×n define a two-player matrix game.

A mixed strategy for the row-player is a vector x ∈R
m
!0

with
∑m

i=1 x(i )= 1. A mixed

strategy for the column player is a vector y ∈R
n
!0

with
∑n

j=1 y(i )= 1.

Such mixed strategies define a probability distribution on the row and column
indices respectively. If the row-player and column-player choose a row and col-

umn according to this distribution respectively, then the expected payoff for the

row-player is
E [Payoff]= xT Ay. (4.8)

For the game defined by (4.7) and xT = (1/2,1/2) and yT = (1/2,1/2) the expected
payoff is 0.

Lemma 4.1. Let A ∈R
m×n, then

max
x∈X

min
y∈Y

xT Ay !min
y∈Y

max
x∈X

xT Ay,

where X and Y denote the set of mixed row and column-strategies respectively.

Proof. Let x′ and y ′ be some fixed mixed strategies of the row and column-player

respectively. Clearly
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min
y

x′T Ay ! x′T Ay ′
!max

x
xT Ay ′,

which implies the assertion. #$

The next theorem is one of the best-known results in the field of game theory.

It states that there are mixed strategies x′ and y ′ from above such that equality
holds. It is proved with the theorem of strong duality.

Theorem 4.3 (Minimax-Theorem).

max
x∈X

min
y∈Y

xT Ay = min
y∈Y

max
x∈X

xT Ay,

where X and Y denote the set of mixed row and column-strategies respectively.

Proof. Let us inspect the value maxx∈X miny∈Y xT Ay . This can be understood as

to maximize the function

f (x) = min{(xT A) · y :
n
∑

j=1

y j = 1, y " 0}.

Thus the value f (x) is the optimal solution of a bounded and feasible linear pro-

gram. The dual of this linear program (for fixed x) has only one variable x0 and
reads

max{x0 : x0 ∈R, 1x0 ! AT x}.

But this shows that the maximum value of f (x), where x ranges over all mixed

row-strategies is the linear program

max x0

1x0 − AT x ! 0
∑m

i=1 xi = 1

x " 0.

(4.9)

Let us now inspect the value miny∈Y maxx∈X xT Ay . Again, by applying duality
this can be computed with the linear program

min y0

1y0 − Ay ! 0
∑n

j=1 y j = 1

y " 0.

(4.10)

It follows from the duality of (4.5) and (4.4) that the linear programs (4.9) and

(4.10) are duals of each other. This proves the Minimax-Theorem. #$
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4.2 The classical simplex algorithm

I have chosen to explain the simplex algorithm as a method to obtain primal fea-
sibility of the linear program

max{cT x : x ∈R
n , Ax ! b} (4.11)

via improving the roofs. By duality, our description can be re-interpreted as solv-
ing the linear program

min{bT y : y ∈R
m , AT y = c, y " 0} (4.12)

where AT ∈ R
n×m has now full row-rank. Recall that a roof is set of row-indices

B of A such that the corresponding rows are a basis of Rn and c is a conic com-

bination of these rows. The translation of a roof to the classical setting (4.12) is
a set of n linearly independent columns such that c is a conic combination of

these columns. The corresponding basic feasible solution is the vector x∗, where

x∗
B = AT

B
−1

c and x∗

B
= 0. The simplex method can now be interpreted as a method

that improves the basic-feasible solution by letting a new index enter the basis
while another index leaves the basis. More on this classical simplex versus the

roof-interpretation can be found in exercise 4

4.3 A proof of the duality theorem via Farkas’ lemma

Remember Farkas’ lemma (Theorem 2.9) which states that Ax = b, x " 0 has a
solution if and only if for all λ ∈ R

m with λT A " 0 one also has λT b " 0. In fact

the duality theorem follows from this. First, we derive another variant of Farkas’

lemma.

Theorem 4.4 (Second variant of Farkas’ lemma). Let A ∈ R
m×n and b ∈ R

m. The
system Ax ! b has a solution if and only if for all λ " 0 with λT A = 0 one has
λT b " 0.

Proof. Necessity is clear: If x∗ is a feasible solution, λ " 0 and λT A = 0, then

λT Ax∗ !λT b implies 0!λT b.

On the other hand, Ax ! b has a solution if and only if

Ax+− Ax− + z = b, x+, x−, z " 0 (4.13)

has a solution. So, if Ax ! b does not have a solution, then also (4.13) does not

have a solution. By Farkas’ lemma, there exists a λ ∈ R
m with λT [A | −A | Im ] " 0

and λT b < 0. For this λ one also has λT A = 0 and λ" 0. #$

We are now ready to prove the theorem of strong duality via the second variant

of Farkas’ lemma.
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Proof (of strong duality via Farkas’ lemma). Let δ be the objective function value

of an optimal solution of the dual max{bT y : y ∈ R
m, AT y ! c}. For all ε > 0, the

system AT y ! c,−bT y ! −δ− ε does not have a solution. By the second variant

of Farkas’ lemma, there exists a λ" 0 with λT
(

−bT

AT

)

= 0 and λT
(

−δ−ε
c

)

< 0. Write

λ as λ =
(

λ1

λ′

)

with λ′ ∈ R
n . If λ1 were zero, we could apply the second variant of

Farkas’ lemma to the system AT y ! c and λ′, since we know that AT y ! c has

a solution. Therefore, we can conclude λ1 > 0. Furthermore, by scaling, we can

assume λ1 = 1. One has λ′T AT = bT and λ′T c < δ+ε. The first equation implies
that λ′ is a feasible solution of the primal (recall λ′ " 0). The second equation

shows that the objective function value of λ′ is less than δ+ ε. This means that

the optimum value of the primal linear program is also δ, since the primal has an
optimal solution and ε can be chosen arbitrarily small. #$

Exercises

1. Formulate the dual linear program of

max2x1 +3x2 −7x3

x1 +3x2 +2x3 = 4

x1 + x2 ! 8

x1 − x3 " −15
x1, x2 " 0

2. Consider the following linear program

max x1 + x2

2x1 + x2 ! 6

x1 +2x2 ! 8
3x1 +4x2 ! 22

x1 +5x2 ! 23

Show that (4/3,10/3) is an optimal solution by providing a suitable feasible

dual solution.
3. Show that for A ∈R

m×n , one has

max
i

min
j

A(i , j )!min
j

max
i

A(i , j ).

4. In the lecture you have seen the simplex algorithm for linear programs of the

form
max{cT x : Ax ! b}.

We will now derive a simplex algorithm for linear programs of the form
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min{cT x : Ax = b, x " 0} (4.14)

with c ∈ R
n and A ∈ R

m×n , b ∈ R
m . Throughout the exercise we assume that

(4.14) is feasible and bounded, and that A has full row rank.
For i ∈ {1, . . . ,n} we define Ai as the i -th column of A. Moreover, for some sub-

set B ⊆ {1, . . . ,n}, AB is the matrix A restricted to the columns corresponding
to elements of B .

A subset B ⊆ {1, . . . ,n} with |B | = m such that AB has full rank is called a basis.

The vector x ∈ R
n defined as xi := 0 for all i ∉ B and xB := A−1

B b is called the
basic solution associated to B . Note that x is a feasible solution to (4.14) if and

only if x " 0.

Given a basis B and let j ∈ {1, . . . ,n}, j ∉ B . The vector d ∈R
n defined as d j = 1,

di = 0 for all i ∉B and dB :=−A−1
B A j is called the j -th basic direction.

Assume that the solution x associated to B is feasible. Moreover assume that
xB > 0.

a. Show that there is a θ > 0 such that x +θd is a feasible solution. Give a

formula to compute the largest θ such that x +θd is feasible.
b. Let θ∗ be maximal. Show that there is a basis B ′ such that x +θ∗d is the

basic solution associated to B ′.
c. Let x′ = x+θd . Show that the objective value of x′ changes by θ

(

c j −cT
B A−1

B A j

)

.

d. Consider a basis B with basic feasible solution x. Show that if c−cT
B A−1

B A "

0, then x is an optimal solution to (4.14).

This suggests the following algorithm: Start with some basis B whose associ-

ated basic solution is feasible. Compute c̄ := c −cT
B A−1

B A. If c̄ " 0, we have an
optimal solution (see 4d). Otherwise, let j be such that c̄ j < 0. Part 4b and 4c

show that if we change the basis, we find a feasible solution with an improved

objective value. We repeat these steps until the vector c̄ is nonnegative.
This is the way the simplex algorithm usually is introduced in the literature.

This algorithm is exactly the same as the one you learned in the lecture. To
get an intuition why this is true, show the following:

a. Given a basis B , show that its associated basic solution is feasible if and

only if B is a roof of the LP dual to (4.14).
b. Consider a basis B and its associated feasible basic solution x. As seen

before, B is also a roof in the dual LP. Let y be the vertex of that roof.
Show that for any j ∈ {1, . . . ,n} we have c̄ j < 0 if and only if AT

j y > c j .
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