Chapter 2
Convex sets

A polyhedron P < R" is a set of the form P = {x e R"”: Ax < b} for some A € R™*"
and some b € R™. The set of feasible solutions of a linear program max{cTx: Ax<

b} is a polyhedron. Polyhedra are convex sets. Convex sets are the main objects of
study of this chapter.

Linear, affine, conic and convex hulls

Fig. 2.1 The convex hull of 7 points in R?.

Let X < R" be a set of n-dimensional vectors. The linear hull, affine hull, conic
hull and convex hull of X are defined as follows.
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linhull(X) = {Ax1+--+Axe | £ 20, x1,..., 5, € X, Aq,..., A €R} (2.1)

affine.hull(X) = A1x1+--+ x| £ 21, (2.2)
t
XX €X, ) Ai=1,A1,.., A €R}
i=1
cone(X) = {A1x1 +---+ x| £ 20, (2.3)
X1,..., Xt €X, Al,...,AtER>0}
conv(X) = {A1xp+--+ x| £ 21, (2.4)

t
X1 X €X, ) Ai=1,41,..., A € Ry}
i=1

Fig. 2.2 Two points with their convex hull on the left and their affine hull on the right.

X1

cone({x, x2})

X2

Fig. 2.3 Two points with their conic hull
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Proposition 1. Let X <R" and xy € X. One has
affine.hull (X) = xp + lin.hull(X — xp),
where forue R" and V< R", u+V denotes thesetu+V ={u+v|veV}.

Proof. We first show that each x € affine.hull(X) is also an element of the set xy +
lin.hull(X — x) and then we show that each point x € xp + lin.hull(X — xp) is also
an element of affine.hull (X).

Let x € affine.hull(X),i.e., there exists anatural number ¢ > 1 and A;,...,A; € R,
with x=A1x1 +---+A;x; and ¥/ A; = 1. Now

X xo—x0+/11x1+/12x2+~-+/1txt

xo—/llxo—--~—/1txo+/11x1+/12x2+-~+/1txt

X + A1 (X1 — Xp) + -+ - + A (X7 — Xo),

which shows that x € x + lin.hull (X — xp).
Suppose now that x € xp + lin.hull(X — xp). Then there exist 11,...,1; € R with
x =X+ A1(x1—X0)+---+ A (x,—x). With g =1-Y!_, A;onehas ¥!_ A; = 1and

X = Xxo+A1(x1—x0) + -+ As(xr — X0)

= AoXxo+--+ At
and thus that x € affine.hull (X). O

Definition 1. The convex hull of two distinct points u # v € R” is called a line
segment and is denoted by uv.

Definition 2. A set K < R" is convex if for each u # v, the line-segment uv is con-
tained in K, uv € K.

Fig. 2.4 The set on the left is convex, the set on the right is non-convex.

In other words, a set K < R" is convex, if for each u,v € K and A € [0,1] the
point Au+ (1 - A)v is also contained in K.

Theorem 1. Let X € R" be a set of points. The convex hull, conv(X), of X is convex.
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Proof. Let u and v be points in conv(X). This means that there exists a natu-
ral number ¢ > 1, real numbers «;,8; > 0, and points x; € X, i = 1,...,¢ with
Y ai=X!  Bi=1withu=Y! a;x;and v=Y!_ B;x;. For A€ [0,1] one has
Aai+1-MNp; =0fori=1,...,tand ¥!_, (Aa; + (1-21)p;) = 1. This shows that

Adu+(1-Dv=) (Aia;+(1-1;)B;)x; € conv(X),
and therefore that conv(X) is convex. O

Theorem 2. Let X < R" be a set of points. Each convex set K containing X also
contains conv(X).

Proof. Let K be a convex set containing X, and let x3,...,x; € X and 1; € R with
Ai>0,i=1,...,t and Zlf:l/ll- = 1. We need to show that u = Zlexll-x,- is con-
tained in K. This is true for # < 2 by the definition of convex sets.

We argue by induction. Suppose that ¢ > 3. If one of the A; is equal to 0, then
one can represent u as a convex combination of ¢ —1 points in X and, by in-
duction, u € K. Since ¢t > 3, each 1; > 0 and Z;zl Ai=1onehas0< A; <1 for
i=1,..., t and thus we can write

Xi.

t A
u=/11x1+(1—/11)z !
i=2 ]._A/l

Onehas A;/(1-A;) >0 and
13 A'i
y o,
i=2 1_/11
/’t,

which means that the point Z;zz Top; Xi s in K by induction. Again, by the defi-

nition of convex sets, we conclude that u lies in K. m]

Theorem Plimplies that conv(X) is the intersection of all convex sets contain-
ing X, i.e.,
conv(X\)= [ K.
K2X
K convex
Definition 3. A set C < R" is a cone, if it is convex and for each ¢ € C and each
A€ERzgonehasA-ceC.

Similarly to Theorem[Mland TheoremPlone proves the following.

Theorem 3. For any X € R", the set cone(X) is a cone.

Theorem 4. Let X < R" be a set of points. Each cone containing X also contains
cone(X).

These theorems imply that cone(X) is the intersection of all cones containing
X, ie.,

cone(X)= [ C.

Co2X
Cisacone
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Radon’s lemma and Carathéodory’s theorem

Theorem 5 (Radon’s lemma). Let A < R" be a set of n+ 2 points. There exist dis-
Jjoint subsets Ay, Ay = A with

conv(Aj) Nnconv(Ay) # @.

Proof. Let A={ay,...,an+2}. We embed these points into R”*! by appending a 1
in the n + 1-st component, i.e., we construct

A= {(9),n ()} SR,

The set A’ consists of 7+ 2 vectors in R”*!. Those vectors are linearly dependent.
Let

n+2 )
0=23 (%) 2.5)

be a nontrivial linear representation of 0, i.e., not all A; are 0. Furthermore, let
P={i:1;>20,i=1,...,n+2}and N={i: A; <0,i=1,...,n+2}. We claim that

conv({a;: i€ P})nconv({a;: i € N}) # @.

It follows from and the fact that the n + 1-st component of the vectors is 1
that ) ;cpAd; = —Xien Ai = s> 0. It follows also from (3D that

Z /ll'd,‘ = Z —/ll'd,‘.

ieP ieN

The point u =) ;cp(A;/8) - a; =Y jen(—A;/8)a; is contained in conv({a;: i € P}) N
conv({a;: i € N}), implying the claim. O

Theorem 6 (Carathéodory’s theorem). Let X < R”, then for each x € cone(X)
there exists a set X < X of cardinality at most n such that x € cone(X). The vec-
tors in X are linearly independent.

Proof. Let x € cone(X), then there exist te Ny, x;€ Xand A; > 0,i=1,...,t, with
x= 25:1 A;x;. Suppose that ¢ € N is minimal such that x can be represented as
above. We claim that ¢t < n. If t > n+ 1, then the x; are linearly dependent. This
means that there are u; € R, not all equal to 0 with

t
Z HiXi = 0. (2.6)
i=1

By multiplying each y; in (Z8) with —1 if necessary, we can assume that at least
one of the y; is strictly larger than 0. One has for each € € R

t
x=) (A —€-ui)x. 2.7
=

1
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What is the largest €* > 0 that we can pick for € such that 7 is still a conic
combination? We need to have

Ai—€-u; 20, foreachie(l,..., t}. (2.8)

Let J be the set of indices / = {j: j € {1,..., 1}, j > 0}. We observed that we can
assume J # @. We have aslong as

e< Aj/ujforeach je . 2.9

This means that ¢* = min{/lj/,uj: j € J}. Let j* € ] be an index where this mini-
mum is attained. Since 1; —¢*-u; > 0foralli =1,..., t and since Aj —&* pjx =0,
we have x € cone({xy,..., x;} \ {x;+}, which is a contradiction to the minimality
of t. O

Corollary 1 (Carathéodory’s theorem for convex hulls). Let X € R", then for each
x € conv(X) there exists a set X < X of cardinality at most n+ 1 such that x €
conv(X).

Separation theorem and Farkas’ lemma

We recall a basic fact from analysis, see, e.g. [I, Theorem 4.4.1].

Theorem 7. Let X < R" be compact and f : X — R be continuous. Then f is
bounded and there exist points x1,x, € X with f(x;) = sup{f(x): x € X} and
fe) =inf{f(x): xe X}.

Theorem 8. Let K < R" be a closed convex set and x* € R" \ K, then there exists an
inequality a” x > B such that a” y > 8 holds for all y € K and a” x* < B.

Proof. Since the mapping f(x) = [|x* — x|l is continuous and since for any k € K,
Kn{xeK: ||x*—x| < |lx*—k|} is compact, there exists a point k* € K with
minimal distance to x*. Consider the midpoint m = 1/2(k* + x*) on the line-
segment k*x* and the hyperplane a’x = g with f = a’m and a = (k* - x*).
Clearly, alx* = B—-1/2|k* — x* 12 and aTk* = B+1/2|k* — x* 2. Suppose that
there exists a k' € K with a” k' < . The points Ak* + (1 - A)k/, A € [0,1] are in K
by the convexity of K, thus we can also assume that k' lies on the hyperplane, i.e.,
a” k' = B. This means that there exists a vector x’ which is orthogonal to a and
k' = m+ x'. The distance squared of a point Ak* + (1 — 1)k’ with A € [0,1] to m is,
by Pythagoras equal to

1
A? ||5a||2 + (1= D%K 1%

As a function of A, this is increasing at at A = 1. Thus there exists a point on the
line-segment Ax* + (1 — A) k which is closer to m than k*. This point is also closer
to x* than k*, which is a contradiction. Therefore a® k > B for each k€ K. O
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Theorem 9 (Farkas’ lemma). Let A € R™*" be a matrix and b € R™ be a vector.
The system Ax = b, x > 0 has a solution if and only if for all A € R™ with ATA >0
onehasATh>0.

Proof. Suppose that x* € [Rgo satisfies Ax* = b and let A € [R’;O with ATA > 0.
Then ATh=AT Ax* >0, since A”TA>0and x* > 0.

Now suppose that Ax = b, x > 0 does not have a solution. Then, with X € R”
being the set of column vectors of A, b is not in cone(X). The set cone(X) is
convex and closed, see exercise Bl Theorem [ implies that there is an inequal-
ity ATx > B such that ATy > B for each y € cone(X) and AT b < B. Since for each
a€ X and each p > 0 one has p- a € cone(X) and thus /IT(,u- a) > f3, it follows that
ATa > 0 for each a € X. Furthermore, since 0 € cone(X) it follows that 0 > § and
thus that A7 b < 0.

Exercises

1) Let {C;};c; be a family of convex subsets of R”. Show that the intersection
N;er Ci is convex.

2) Show that the set of feasible solutions of a linear program is convex.

3) Prove Carathéodory’s Theorem for convex hulls, Corollary[ll

4) Let A€ R™" be a non-singular matrix and let a,..., a, € R" be the columns
of A. Show that cone({ay,...,an}) is the polyhedron P = {y € R": A‘ly > 0}.
Show that cone({ay,..., ax}) for k < n is the set Py = {y € R": al.‘lx >0,i =
1,...,k, ai_lx= 0,i=k+1,...,n}, where ai_l denotes the i-th row of A7L.

5) Prove that for a finite set X <R" the conic hull cone(X) is closed and convex.
Hint: Use Carathéodory's theorem and exerciseldl

6) Find a countably infinite set X = R? such that cone(X) is not closed. Are there
any cones that are open?

7) Prove TheoremBl

8) Prove Theorem@l

9) Let f:R" — R be alinear map.

a) Show that f(K) = {f(x): x € K} is convex if K is convex. Is the reverse also
true?
b) For X € R" arbitrary, prove that conv(f (X)) = f(conv(X)).

10) Using Theorem[[ prove the following variant of Farkas’ lemma: Let A € R™*"
be a matrix and b € R™ be a vector. The system Ax < b, x € R" has a solution
if and only if for all A € RZ with ATA=0onehas ATh>0.

11) Provide an example of a convex and closed set K < R? and a linear objective
function ¢’ x such that min{c” x: x € K} > —oo but there does not exist an x* €
K with ¢Tx* < cTxforall xe K.

12) Consider the vectors
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3 1 2 2 1
x1=|1],x=2|,x3=10|,x4=14]|,x5=]1
2 5 1 3 1

Let A= {x1,...,x5}. Find two disjoint subsets A;, A, < A such that
conv(Aj) nconv(Ay) # @.

Hint: Recall the proof of Radon’s lemma
13) Consider the vectors

3 1 2 2 1
X1 = 1 , X2 = 2 , X3 = 0 y X4 = 4 , X5 = 1
2 5 1 3 1
The vector
15
v=Xx1+3X+2Xx3+x4+3x5=| 14
25

is a conic combination of the x;.
Write v as a conic combination using only three vectors of the x;.
Hint: Recall the proof of Carathéodory’s theorem
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