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Exercises marked with a ? can be handed in for bonus points.

Problem 1

Recall that in class we defined a chain C to be a family of sets such that for all S, T ∈ C we have
either S ⊆ T or T ⊆ S. Suppose C1 and C2 are two chains. Let A be the matrix with rows χS for
all S ∈ C1 ∪ C2. Prove that A is totally unimodular. That is, show that for all square submatrices
B of A we have det(B) ∈ {0,±1}.

Problem 2 (?)

Given a graph G(V,E), the spanning tree polytope PST (G) is defined as follows:

PST (G) = {x ∈ RE : x(E(U)) ≤ |U | − 1 ∀ U ⊂ V
x(E) = |V | − 1

x ≥ 0}

We will show that each vertex of PST (G) is integral (i.e. PST (G) is the convex hull of the incidence
vectors of the spanning trees of G) by an uncrossing argument, similarly as seen in class. Given a
finite set X, two sets A,B ⊂ X are called intersecting if A ∩ B,A \ B,B \ A are all non-empty; a
family L ⊂ 2X is said to be laminar if no two sets A,B ∈ L are intersecting.
Given x∗ a vertex of PST (G), let F = {U ⊂ V : x∗(E(U)) = |U | − 1}.

1. Let A,B ∈ F , show that A ∩B,A ∪B ∈ F .

2. Show that if L is a maximal laminar subfamily of F , then span(L) = span(F) (where
span(F) = span{χE(A), A ∈ F}, and similarly for L).

3. Let L be the matrix with rows χS for S ∈ L, where L is laminar. Use the fact that L is totally
unimodular (which can be proven similarly as in Problem 1) to show that x∗ has integer
coordinates only.


