Ecole Polytechnique Fédérale de Lausanne
Prof. Eisenbrand November 25, 2016
Assistant: Manuel Aprile

Combinatorial Optimization (Fall 2016)

Assignment 7

Deadline: November 18 10:00, into the right box in front of MA C1 563.

Exercises marked with a x can be handed in for bonus points.

Problem 1

Given a matroid M = (F,Z) and its corresponding matroid polytope Pyps, show that its associated
system of inequalities {x(S) < rk(S) VS C E,x > 0} is Totally Dual Integral.

Problem 2

Let G be a disconnected graph with connected components G1,Go, and let P be the matching
polytope of G, and P; the matching polytope of G;, i = 1,2. Show that P = P, x P, (where, given
polytopes A C R", B C R™, we define their cartesian product A x B = {(z,y) e R"™ .z € A,y €

B}).
Problem 3

Let C be the cone generated by linearly independent vectors ay,...,a, € R", ie.

=1

Show that for any ¢ = 1,...,n there is a point ¢ € C N Z™ such that ¢+ ¢; € C.

Problem 4 (%)

Two vertices !, 22 of a polyhedron P = {z € R" : Ax < b} are said to be adjacent if there is a
subsystem A’z < b’ of Az < b such that A’ € R(®=D*"_ the rows of A’ are linearly independent,
and z!, z? satisfy A’z <V with equality.

Let M = (E,Z) be a matroid and Pj; the corresponding matroid polytope. Given Iy, [z € Z with
I, # I, show that x/* and x2 are adjacent vertices of Py; if and only if one of the following
conditions hold:

(i) Il g I2 and ’Il| + 1= ’I2|
(11) I, CI; and ’IQ‘ +1= ’11’
(111) |Il\12|:\I2\Il\:1and LUl ¢I

Hint: In the “only if” direction, you can use the following fact, known as strong basis exchange:
for any two bases B, B, there are two elements x € B; \ Bs and y € By \ B; such that both
Bi\{z} U{y} and By \ {y} U {z} are bases.



