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Exercise 1
For A > 0, show }° | (L < e’/ which we used to show the Chernoff bound.

Solution:
We know that the exponential function coincides with its Taylor series around 0, i.e.

(assuming 0! = 1). Hence, we have

Exercise 2
Let N(u, 0%) denote the density function f(X) =

(X-p)?
2
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L_72757" Prove the following Lemma.

V2no

Let Xi, ..., X, be independent random variables with density function N(0, 1) and leta = (ay,...,a,)T €
R". Then }."_| a;X; has density function N (0, ||a||%).

[Hint: Start with only two independent random variables X and Y. How does the density function for
(X,Y) look like? What happens if you apply a rotation to (X, Y)? Can you use this to show c1X + c,Y ~
N(0,1) for constants ci,cy with C% + C% = 1? For a > 0, how does the density function for aX look
like? Can you go on from there?]

Solution:
First, consider only two variables x,y. As x,y are independent, the probability distribution of (x, y) is
just the product of their single distributions,

1 oo1/28 1 o 1/27 — ie—l/2ll(w)ll2 =1.

V2n Van 2

If we rotate (x,y) by ¢ around 0, its density function is
f((xcosp—ysing, xsing + ycose)) = 2ie‘1 /2||(x cos g—ysin ¢,x sin ¢+ cos ¢)||2.
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An easy calculation shows H(x cos ¢ — ysing, xsing + y cos <;5)||2 = H(xy)”2 (using sin® 4 cos? =
1), hence the density function is invariant under rotation. This means, considering only the second
coordinate of (xcos ¢ — ysing, xsin¢ + ycos ¢), that c;x + coy ~ N(0, 1) whenever i+ c2 =1

Furthermore, substituting z = cx and computing its density function (——— \F e~1/2(/¢) ) shows that

27r|c|
cx ~N(0,c?).



These two things together mean that if ¢y, cp are s.t. c% + c% = ¢? for some c, then IX +2Y ~
N(0,1), and so ¢;X + c2Y ~ N(0,c?). Combining the above facts, we will derive the distribution of
2. a;X; by induction on n.

We know that the claim holds for n = 2. So suppose now n > 3 and that the claim holds for n — 1.
Let us denote si = Zf.‘zl al.2 fork = 1,...,n. Then we can write

n n—1 a: a
Z a;iX; = Sn[ (_le) + _an
Sn Sn

i=1 i=1

n—1

Sn—1 ai an
= X;|+ =X
Sn[ S Z(Sn—l l)+ Sn n)

noi=1

If we now denote Y, = Z;’;} S”—ilXi, we note that it is a sum of n — 1 scaled independent standard

ay 2 _ . . . Sn—1 an
—1) = 1, so by induction hypothesis, ¥,,-; ~ N(0, 1). Next, LYot + X ~

Sp— Sy

N(0, 1) for the same reason. Finally, s, (S"’l -1+ i—:Xn) ~ N(0, s2), as required.

: : n—1
gaussians, with 37, (
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Exercise 3
Let X ~ N(0,1). Find a constant a > 0 such that Pr(X > 1) < e~ for all 1 > 0.

Solution:
. 1
First, for A > 7 We have that
Sl | 1.2 Cx 1 1.2
Pr(X>21) = f e 2V dx < - e 2% dx
( ) 1 N2 1 A\2r
RIS R
= — (4 = e se
V2rA 1 V2rA

So let’s prove the same bound works for 0 < 4 < \/Lz? as well. We want to show that f(1) is

12
negative on (0, \/427) where f(1) = Pr(X > 1) — e . First note that £(0) < 0, so it suffices to

show that f is decreasing on (0, \/Lfn) But this is clear, since f(1) = 1 — f_loo \/szne‘%"zdx - e‘%/lz, and
2

2
f(A) =T -—LeT <0

Var
Alternatively for A > 0,
E AX
Pr(X > 1) = Pr(e™ > ¢¥) < %)
e

22

where the last inequality follows by Markov inequality. It remains to show that E(e'Y) = e7.

Exercise 4
Show the other estimation for the Gaussian Annulus theorem. This is, show the following.

2
For X ~ N(0,1),X € R", show that Pr[||X|| < vn—p] < e‘ﬁT, where 8 > 0 and c is a global constant.

Solution:
Assume B < n and set Q = +/n — . First note

E[eIXP) — (27)1/2 f o AIXIP =1 /21X g

n

= (27)™"/? f e~ (AH1/2IXIP g substituting z = V21 + 1X

=24+ 1)



Now calculate

Pr{||IX]| < Vi -] = PrIIXI* < Q7]
= Pr[- IX| > -0
= Pr[e_/ulx||2 > e_’IQZ]

e QB [~ X

= Pre X >
T E[e X

IE [~ X1

S——F by Markov
P

(A1)

T
< =10

2 2

— P2 by setting A = F b

2(n+ Q%) 4n+ 282 — 4’



