
Plan for today

I Minkowski’s theorem & applications

I Shortest vector problem and orthogonality defect



The geometry of numbers: Minkowski’s theorem

Theorem

Let K ⊆ Rn be a convex body which is centrally symmetric around the origin (x ∈ K implies

−x ∈ K). If Vol(K ) ≥ 2n, then K contains a nonzero integral vector v ∈ Zn \ {0}.





Lattice basis and lattice determinant

Definition

A basis of a lattice Λ is a matrix B ∈ Zm×m such that Λ = Λ(B).

From what we proved during last lectures, we deduce:

I each lattice has a basis;

I if B is a basis of a lattice Λ, then det(Λ) = det(B) is well-defined.



Minkowski’s theorem: Lattice version

Theorem

Let Λ ⊆ Rn be a lattice and let K ⊆ Rn be a convex body of volume Vol(K ) > 2n det(Λ)
that is symmetric about the origin. Then K contains a nonzero lattice point.



First application: short vectors in lattices

Theorem

A lattice Λ ⊆ Rn has a nonzero lattice point of length at most 2 · n
√

det(Λ)/Vn.



Exercise

Show that the bound given in the previous slide is asymptotically equivalent to√
2n

π e
det(Λ)1/n(nπ)1/2n.



Second application: simultaneous approximation

Theorem (Dirichlet)

Given reals Q > 1 and α, there exists p, q ∈ Z with 1 ≤ q ≤ Q such that |α− p

q
| ≤ 1

qQ
.

Theorem (Dirichlet, simultaneous approximation of reals)

Given real numbers Q > 1, α1, . . . , αn, there exists p1, . . . , pn, q ∈ Z such that:

I 1 ≤ q ≤ Qn;

I |αj − pj

q
| ≤ 1

qQ
.





Gram-Schmidt orthogonalization and orthogonality defect

Let B ∈ Zm×m be the basis of a lattice, and B∗ its GS orthogonalization. Then

B = B
∗
R

for some upper triangular matrix R =


1 µ

1

. . .
0 1

.

Definition

The orthogonality defect of B is the value γ =
∏

i
||bi ||

| det B| .



Small orthogonality defect implies short non-zero vector

Theorem

Let B ∈ Zn×n be a basis of a lattice Λ with orthogonal defect γ. Then a shortest non-zero

vector of Λ has the form

v =
∑

i

xibi ,

with xi ∈ Z, xi ∈ [−γ, γ].




