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What is Computer Algebra?

Computer algebra is a sub-field of mathematics and computer science that deals with the

exact solution of equations.
Main Topics: /{”‘8‘
» Computing with integers, rationals and algebraic numbers

v

Polynomials: Multiplication and factorization £+ .

v

Solving polynomial equations: Grobner bases and computational algebraic geometry

v

Applications in cryptography, optimization and many other fields of computational
science



Syllabus

» Basic arithmetic *./ -+

» |Implementation in Python

» Modular arithmetic, fast exponentiation 61,\, H—. )
» Randomized primdlity tests, distribution of primes, RSA

» Chinese remainder theorem and computing determinants

» The Schwartz-Zippel Lemma and perfect matchings in graphs
» Matrix multiplication, Gaussian elimination and maitrix inversion

» Polynomials: Evaluation, interpolation and the Fast Fourrier Transform (FFT), efficient
multiplication

» Symbolic FFT in rings

» Lattices, Hermite-nomal forms and integer linear algebra



Bonus rule

)

» You can collect bonus points by handing in solutions to selected exercises from the
assignment sheets.

» |f you solve 50% or more of the exercises, the grade of your final exam will be improved
by a half grade.

» If you solve 90% or more of the exercises, the grade of your final exam will be improved
by a full grade.
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Main literature

np £ Fleolds
1. Any book with the titie Algebra  Greupn B £
2. Algorithms, by S. Dasgupta, C. H. Papadimifriou, and U. V. Vazirani
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3. Modern Computer Algebra, by J. von zur Gathen and J. Gerhard

&_(so()\- aﬁ: 0.c\, Flow Sct-arj\ms Qe




Python

» Python to the level of need in this course is redlly easy and can be learned on the fly

» A very nice introduction is here: http://cscircles.cemc.uwaterloo.ca/



Analysis of Algorithms



Algorithms: The good, the bad . . .

Recall the definition of Fibonacci numbers
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The bad

T (n)
def fibl(n):
if n == : / \
return 0 Tilo10nen) b Aln-2)

~—>elif n ==1:

return 1 /// // \\
else:

return fibl (n-1)+fibl(n-2) ?&4
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def fibZ2(n):

L = [0,1]
i=1 1Y gj
while i < n: I'\/\_Vi This &'Q‘&DVL Qo s

A.append (A[1-1]+A[1]) .

i =p§+1 o Dites few t)  Mwmby of oasSiC
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Analysis
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Comparison of running times

> Algorithm 1: fi(n) = r?
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O-notation

Definition
Let f,g: N — R>q. We say f = O(g) if there exists a constant ¢ > 0 and a number N, € N
such that PN US 220wl
f(n) < c-g(n)foraln> No. -y
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O-notation

Definition
Letf,g: N — R>o.
> Wesay f = Q(g) if g = O(f).
» Wesayf = ©O(g)iff=0(g)and f = Q(g). <= L ond a Jecc Somm ngpk‘*&
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Basic Arithmetic



Natural numbers

N={0,12....Z={...,—2,-1,0,1,2,...}.

A natural number is represented by a list of bits

(ah—1,GQn-2s...,00), witha, € {0,1},i=0,...,n—1.

Represented number A= Rt
. - Z o0
Y — Z a2 10 = 110>

x has n bits and q; is the i-th bit.

An integer x € Z can be represented by its abs. value and a bit that determines the sign of

the integer.
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Addition
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Algorithm

def add(u, v):
b:[]G—'o(Slol'h
3 =20
carry = 0
while 7 < len(u) or j < len(v) or carry:
if j < len(u):
carry += u[]]
if j < len(v):
carry 4= v[i]
b += [carry % 2]
carry /= 2
g +=1
return b



Analysis

Theorem
Two n-bit numbers can be added in time O(n).
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Subtraction

Exercise
Write a python function Subtract (L1, L2) that returns the representation of L1 — L2 if

L1 > [2and —Tif L1 < L2,
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Multiplication :
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Multiplication

function multiply (x, V)

if v = 0: return O &wamﬁ KN CKV})

z = multiply(x, [v/2]) )

if y is even: j:ﬂPu+ Nomins Heet
return 2z

else:

return x + 2z Quakeon: L
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Python implementation

def Multiply(Ll,LZ): #condition L2 does not represent 0
if Leadingl (LZ) == -1:
return [0]
else:
=list (LZ)
= H.pop (0)
Multiply (L1, H)
Z.insert (0, 0)
if b ==
return Z
else:
return Add(Z,L1)
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Analysis

Theorem
Two n-bit integers can be multiplied in time O(n?).



Karatsuba: Main idea

» gand b two n-bit natural numbers,

n =2 forsome I € Ng. # of B of Ciput ~vumbas s povv el 2.
n=2=2
a_': < a-l“-h-" l O‘DB
n/2 n/2 niz /2 ks
» Divideea=a1 2"+ ag.b=by -2+ ~ D
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» Compute recursively, ss =\(a1 + @) - (by - by)
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Karatsuba: The algorithm

function Multiply (a,b) —T’CVO P B-FT_CVUZ) roCwy

Input: Two n-bitintegers a, b € Ny
Qutput : Their product a- b
ifn=1returna-b
else Thoe exol o constenk
ai, ap leftmost [n/2], rightmost |n/2| bits of a ol M
by, by leftmost [n/2], ightmost |n/2] bits of b
s1 =Multiply(a, b) TG £ B TOw)E Cm
s = Multiply(ao, bo) Wi W %\,
ss = Multiply(ay + ao, by + bp)

return s - 2"+ (ss — 81 — %) N2 g,
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Theorem >
The Karatsuba algorithm runs in time O(n'°%?). Jsecaune l"f)z 3 <

Theorem (Master theorem)
If T(n) = a - T([n/b]) + O(n<) for some constantsa > 0 b > 1 and d > 0, then

o(n?), v  ifd>logya ¢ @/t 24
O(n%logn), ifd=log,a Ay, & -

ifd <logpa 27



oo T T Amem wdogy n s pewee§

Tewd ¢ @ Tlwe) * & nt Cu sows comln’C . Q;’“} b .
o\ = (\o%““) ‘}\

— W

i~

o | et w2 )X C (—‘(‘;5‘13—\ Cwm

A
Q-Im EQ-TCV‘/@}*—L%}YL} +C-(—E34J¥ C- W
o_%-—r(—‘ﬁa,’)Jf az-c%‘;&% a-fx(&)i + Cw

2
= &BTC%§4[%\ t "o']?’ + 4 ] c. “J_

A L 2N}
s Gz ome ke S<f ctmen

o — -{/’J‘v\
bshw N o F b"" < A ) o
C- 0{. —j_ (3_— ¢ 14> ‘vomdad Lu- ‘—-r Z
= n oA Sx o
© o Tm= olnd)

Lco
of ‘:?7\'.Tmzo(wl'c/bﬂ*"ﬁ"“) =O(n"’5"")\f( 2o c) =0 O(V\J‘}aa‘bh)

i~

f












