Plan for today

» Lattice basis reduction
» Gaussian algorithm
» The LLL algorithm
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Recall

Theorem
A lattice N C R" has a nonzero lattice point of length bounded by 2 - {/ det(\) / V.
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2D

Definition
by, by € 72 is reduced if enclosed angle ¢ satisfies

60° < ¢ < 120°.
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Reduced basis

Definition
Let f : N — N be a function and B € Z"*" be a Iattice basis. B is f-reduced or simply
reduced if the orthogonality defect of B is bounded by f(n).
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Gram-Schmidt orthogonalization

Given: by, ..., b, computes b}, ..., b} such that
D The vectors.b;, . .., b, span the same subspace as b}, ....b; foreachk = 1,....n.

il The vectors b}, . .., b}, are pairwise orthogondl,
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Gram-Schmidt orthogonalization

Given: by, ..., b, computes b}, ..., b} such that
D The vectors by, . .., b, span the same subspace as b}, ....b; foreachk = 1,....n.
il The vectors b}, ..., b}, are pairwise orthogonal. .
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Lower bound on SV/(A) A
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Let B = B* - R be the GSO of B. The length of a shortest column i= of B* is a lower bound on
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Normalization

> Let ry be the j+th entry of the i-th row of R.

v

Subtracting |r;| times the ith column of R from the jth column, the new entry r; at
position j will satisfy —1/2 < r; < 1/2

» Entries in a row below the i-th row of R remain unchanged.

v

Thus working our way from the last o the first row, we obtain a basis B = B* - R’ with
—1/2<<1/2, for1 <i<j<n. (10)

This procedure is called a normalization step.
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Analysis: Number of Swaps

The potential of a lattice basis B is defined as
¢(B) = ||6}[122|b3 2=V |3 222 . . . || b} | % (12
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Potential is an integer o 1o (c; *)

Let B; be the matrix consisting of the first i columns of B. Then we have L " )(-\
det(B] - B) = ||b7|- - - ||b}|? € N (_P (0] hbda)
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Bounding the number of iterations L,: 7 b
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Theorem
The LLL-algorithm terminates in O(n?(log nt s) iterations, where s is the largest binary encoding
length of a coefficient of B € Z¥¥¥+
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b} approximates SV

Theorem
LetB € Z"*" be LLL-reduced. Then

|br[|? = [|b7 || < 2" 'sV(A(B)).
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Proof

» Upon termination: ,u,JH\j 1/4
» Since also ||bf" + 141, b]]|* > 3/4||b]|* and since
161 + 16712 = ||B +1||2 + i)l B71* we have

167 11% > 1/2]67|* (16)
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