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» Solve the lattice membership problem Cl?\/{w. A— c L \ U e
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Recap: Lattices

> Alafticeisaset A = {y € R": y = Ax, x € Z"}, where A € R™*" is of full row-rank. If
A€ QMM then Aisrafional A (AY= A% e .74
» Membership problem: Given A € Q™" and v € ™, decide whether v € A(A).



The equation ax + by = ¢ C.F Gouss , Dr‘ng-.s\-\h-o«m Avinieh e
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Theorem
Let a, b and c be integers. The system

ax + by =c 2

has a solution with integers x and y if and only if gcd(a, b) | c.
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The Hermite Normal Form (HNF)
myn
A € Q™ of full row rank is said to be in Hermite normal form (HNF) if it has the form [B | 0],
where B is a nonsingular, nonnegative lower triangular matrix, in which each row has a unique
maximal entry, located on the diagonal.
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The equation ax + by = ¢
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Input: A € Z™ ful row rank

Output[H | 0] € Z™ HNF of A

H:=AU: =1
For i=1tom

Forj=i+1ton '
If H; #0 -7 O >
(g.x, y) = exggT(Hi, H)
update columns i and j of H and U with (X _H'*"’{g) 4 Skps.
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Forj=1toi—1_
Hi; = g - H;; + r (division with remainder)
update columns j and i of H and U with ( jq?)



Theorem

Theorem wxia
Each rational matrix A € ™ of full row-rank can be brought into Hermite normal form by a
finite series of elementary column operations.



Example

(325 )
The greatest common divisor of (2,3)is 1 = (—1) -2+ 1- 3.

-1 =3

Update column 1 and 2 with the matrix (' ?). obtaining (}94).
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The tfransforming matrix U becomes ( 102 0). s
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Example

Eliminating 4 yields H = (33 %



Example

-1 -4 1
Eliminating —2 yields H = (199). U = ( 1 —12)



Example

Now reducing 2 in the lower left corner yields the Hermite normal form H = (|} 99) and the

3 —4 1
unimodular matrix tfransformation matrix U = ( —13 41 —12) with A- U = H.
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Lemma

Two latttices N(A) and A(A") are equal, if and only if the B = B', where B and B’ are the lower
friangular matrices in the HNFs of A and A'.
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HNF is unique
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Towards a polynomialtime algorithm to compute the HNF
sach Homu of DS isin AR
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Let A € Q™" be of full row-rank and let A(D - I,) & A(A), then the lower tiangular matrices
in the HNFs of A and [A | D - || are the same.
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A polynomial time HNF-algorithm

1. Given: A € Z™*" of full row-rank
2. Compute D € N with A(D - I,) CA(A)
3. Compute the HNF of [A | D - || keeping the entries reduced (mod D)
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A polynomial time HNF-algorithm

1. Given: A € Z™*" of full row-rank
2. Compute D € N with A(D - I,) 2 A(A)
3. Compute the HNF of [A | D - || keeping the entries reduced (mod D)
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Exercise

Show that one can compute the unimodular transformation matrix U € Z"*" in polynomial
time as well. You may assume that Gaussian Elimination and inverse-computation can be
carried out in polynomial time.
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The geometry of numbers: Minkowski‘s theorem

Theorem
Let K C R" be a convex body which is symmetric around the origin (x € K implies —x € K). If
Vol(K) > 2", then K contains a nonzero integral vector v € Z" \ {0}.



Minkowski’s theorem: Lattice version

Theorem
Let A C R" be a lattice and let K C R" be a convex body of volume Vol(K) > 2" det(/)
that is symmetric about the origin. Then K contains a nonzero lattice point.






Short vectors

Theorem

A lattice N C R" has a nonzero lattice point of length bounded by 2 - {/ det(\) / V.
1
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Onehas Vo = 1 e, -2)

The bound of the theorem Theorem is thus roughly 4 ;’ﬁ nde‘r(a"\)]-’r".

. Using Stirling’s formula (n! =~ /27 n (%) ") one sees that this is roughly (%) n_;'z.



