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Polynomials

Let R be aring. A polynomial over R is an expression of the form

f(x) =ao+arx+--4anx", a, #0.

-

» g are in R are called coefficients

> x is the indeterminate

» nis the degree.




Multvariate polynomials

» Monomial: x* —xﬁ”-- xM = (ar,....0n) € NJ

» Polynomial: f Z a,x™ only finitely many o # 0 € @[m A

a ey

» Total degree: D(f) = mox |||
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Schwartz-Zippel Theorem

Theorem (Schwariz-Zippel Theorem)

LetK be afield and Q(xi, ..., xn) € K[x1.. .., xn] be a multivariate polynomial of total
degree d. Fix a finite setS C K,andletn,...,r, be chosen independently and uniformly at
random from S. Then
PlQ(r,....rn) =0 Q(x1,...,x:) 0] < d/|S|.
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Schwartz-Zippel Theorem RC%ova)e 2% Ko & X2 « 2 XsXe

27_ (X)) = 2- Ko
Theorem (Schwariz-Zippel Theorem)

Let K be afield and Q(xi, ..., Xn) € K[x1 .. .., Xn| be a multivariate polynomial of total

degree d. Fix a finite sefS C K, and let r1, ..., I, be chosen independently and uniformly at
random from S. Then ~ *'~+=r%
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Polynomial multiplication 2‘% e FIXL | T oo frdd.

> f(x) = a0+ aix + ---—i—crnx”.g(x) =byo+bix+- -+ bx"  dy(fig) e
> (£ 0)() = S0 i b
» Number of field-operations: rlMpL:kaL'om_b @Cwl) Adda{l«\)«s & (Cn?)

Another representation:

» fis represented uniquely by (X, f(x0)). . . -, (Xn, f(xn))
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Fast polynomial multiplication: The idea
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Fast polynomial multiplication: The idea
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Discrete and fast Fourier transform

» |n the following R denotes a commutative ring with 1.

vt
» Recall that an element 0 # r € R is a zero divisor if there existsemmtaer element
0+#s€ Rsuchthatr-s=Q
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n-th root of unity

Definition
letn€ N>jandw € R.

) wis an n-th root of unity if W™ = 1.
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i) w is a primitive n-th root of unity if Ww" = l.nisaunitin R, W™ — 1is not a zero divisor for,

for any prime t € P dividing nand w # 1foralk = 1,...,n— 1.
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Example

2mi/8

1. w=¢e € C is a primitive 8-th root of unity.

2. Zg does not have a primitive square root of unity. (Why?) be Wrae. 2 )5 it e '7[;



The matrix V,,

& Tx)z Qo+ @axr- +Qu. ™

Let w be a primitive n-th root of unity. The matrix V,, is defined as

1 w
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The discrete Fourier fransform

Definition
Let w be a primitive n-th root of unity. The mapping

DFl,: R" — R°
a — V,a’

which evaluates a polynomial f = gy + « - - + a,,_1x"~ ! of degree at most n — 1 at the powers
of w is called the Discrete Fourier Transform.



S R - A+ BX F YT
Algorithm a3k ;fe(xl) } X-X, (x’) fo f:)) ~ 2y 2R

LCx) = 1#2x43¥% Laxe vy

Input: f(x) = [c,..., ar—1] and primitive n-th root of unity w where niis a power of 2
Output: DFT,(a) = [yo, ..., ¥n—1]
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Split f into even and odd part: f(x) = fo(x?) + x - f,(x°) oYy
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Running time in terms of ring-operations

Ta) = 2. TCniz) + 00w

- O( N Gz cn1)

DFT pms cn Hovme O(u Loy ).
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Preparations for the inverse of the DFT

Emvase . exlmd W lo
Lemma —_—

- L e~ d

1. w! — 1 is not a zero divisor of R,

Letf.n € N>, such that 1 < { < nand letw € R be a primitive n-th root of unity, then
2. Y e wd=0.
0<j<n
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Preparations for the inverse of the DFT

Lemma

Letl,n € N>y such that 1 < ¢ < nand letw € R be a primitive n-th root of unity, then é
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Preparations for the inverse of the DFT

Lemma

Letw € R be a primitive n-th root of unity, k € Z and d = n/ gcd(n, k). Then w* is a primitive
d-th root of unity.
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The matrix V-

Lemma
Letw € R be a primitive n-th root of unity. Then
VeVy—1=n-1,

where | is the n X n identity matrix.
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Theorem

Letw € R be a primitive n-th root of unity. Foreachy = (ygT ey Va1 )T, there exists exactly
one polynomial f = ag + ... + @n—1x"" with f(w') = y;, fori = 0, ..., n — 1. This polynomial
is given by 7
a= lﬁ Vv, y.
3
Remark

Nofice that 1/.'1 € R. We insured this in our Definition 29. In fact this is the only place where the
requirement n € R* maﬂers.“n
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Modular DFT

L& /Ny
In the following we consider the Ring Zy for M = 2t + 1.
Lemma
Addition and subtraction in Zy can be done with O(L) bit-operations.
e
Lemma . =2

LetK = 2¥ divide L, then AR &
ol w:Q;_/KEzM \K’:Q

is a primitive 2K-th root of unity.
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Exercise

Leta € Zp . where M = 2L + 1 and let j, 1 <j < L be anatural number. Show that the
product a - 2 can be computed with O(L) bit-operations. Hint: This is not just shifting fo the left
but a litfle bit more
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Running time D

Theorem L=<
LetM = 2" + 1 and K = 2 divide L and let w = 2/, The mappings DFT,, and (DFT,,)~" can
be computed with O(K Llog K) bit-operations.
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Running time

Corollary

Let f(x) and g(x) be two polynomials in Zy, M = 2- + 1, of degree at most 2K — 1, where
K = 2¥ divides L. Then their product (f - g)(x) can be computed with O(K Llog K + K M(L))

o ——
bit-operations, where M(s) is the bit-complexity of s-bit integer mulfiplication.
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Exercise

You are fo multiply two n-degree polynomials f(x) and g(x) in Z[x]. For this you want to use
the modular DFT approach. Thus you want to translate the problem into a suitable problem of
polynomial multiplication in ZM[X] using the following scheme. The polynomials f and g are
mapped into ZM[X] via the canonical homomorphism. In there they are multiplied using the
modular FFT. From this product, the original product f- g € Z[x] is to be reconstructed.

1. Let a be an upper bound on the absolute values of the coefficients of f and g.
Determine an M € N such that the reconstruction of the product f - g € ZM[X] is
unigue. Derive a lower bound on M. (These bounds should not be far apart! | don’t want
anybody fo write 1 and oc herel)

2. Derive an upper bound on the bit-complexity of this modular approach in terms of nand
size(a). (Give your best for that tool)



Exercise

Consider the polynomials f(x) = 5x> + 3x* — 4x + 3 and g(x) = 2x®> — 5x* + 7x — 2in Zy;.

1.

Compute f - g the naive way.

2. Show that w = 2 is a primitive 8th root of unity and compute the inverse w™' = 27,
3.
4

. Trace Algorithm ?? on input w, f and w, g and compute with the result

Compute the matrices V,, and V,-1 and their product.

(vo,-...,y7) = DFT(f) - DFT,(g).
Trace Algorithm ?? on input w ™', y an compare your result with 1.
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