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The weak Fermat test :

» Input: N € N odd
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Carmichael numbers

An odd composite number N € N is called Carmichael number if
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If N is not Carmichael

Theorem

Let N be an odd composite number that is not Carmichael, then the weak Fermat test
asserts probably prime with probability at most 1/2.

If the weak Fermat test is repeated i times, then the probability that it asserts probably
prime in all i rounds is at most 1 /2'.
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How do Carmichael numbers look like

Theorem
Every Carmichael number N is of the form

N =pi--pi.

where the p; are distinct primes and (p; = 1) | (N = 1) fori=1,.... k. , %25,
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How do Carmichael numbers look like

Theorem
Every Carmichael number N is of the form
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The group of strong liars
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Strong liars are proper subgroup \
Led ac s a7 =44 [
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Theorem
Let N be a Carmichael number. Then L is a proper subgroup of Z,.
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The Miller-Rabin test Nts compoack =2 Probo( sk ) )
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Input: NeN, N >3 odd
Assert: Composite or probably prime

Compute g € Nand ¢ € Nwith N = g- 2! + 1 and ¢ odd )
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i return probably prime
else return composite




Analysis

Theorem

Let N € Nx3 be an odd number. If N is prime, then the M-R algorithm returns probably
prime. If N is composite, then the M-R algorithm returns probably prime with probability
< 1/2. The M-R algorithm runs in polynomial time in log N.
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