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Karatsuba: Main idea DA
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» a and b two n-bit natural numbers, “’q’ o ba oo,
[;z/:z)_f}or some [ € Ny. t T
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> Divide: a =a; -2 +ag, b=by - 22+ by O-lo= (Ga e 2 x@albot loba)
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> Compute recursively: sy = ay - by, s2 = ao - bo, 53 = (a1 + ao) - (b1*bo)
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» Return 51-2"+ (53 — 51 —52) - 2-'1/2 + 5



Karatsuba: The algorithm Ten) 8 ko meguaived W
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function Multiply (a.b)
Input: Two n-bit integers a. b € Ny Tn) sk Fres Re peowsion
Output: Their producta- b y Some constel
ifn=1returna-b oy N4~ T £ 3Tl )+ C-n
else

a1, ao leftmost [n/2], rightmost [n/2] bits of a l oy Kwe

by, by leftmost [n/2], rightmost | n/2] bits of b

s = Multiply(a,.b;) —Tom)

5y = Multiply(ag,bg) i) aar@o oat oo (‘a,t-t-u\,')(\p,‘ tby)
s3 = Multiply(a; + aop, b1 + boy) ‘ﬁv be  tov. _:_1!-
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returns; - 2"+ (s3—-s1-52)-2"2+ 5 o he2.ay 3 Gy,



Analysis

Theorem
The Karatsuba algorithm runs in time O(n'°2%). 2
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Division with remainder

Theorem

Fora.b e N, b # 0, there exists q.r € N with

)a=q-b+r e = o- 26
) 1=1% v =

i) 0<r<b.
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Algorithm
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d %
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function divide(a,b) # b>= 1
if a = 0: return (q,r)=(0}0) o e laa 2 € odde
OO ~wan, ﬁ {;‘l: — " 7 ¢
(q,r) = divide([a/2{,b) Ty N o
q=2q, r=2r =y CF o 3 evan,
if a is odd:
r=r+l o
if r>=b: ACIC R
r = r-‘s
q = q+1 4_’% (G AN NS

return (q,r)
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Algorithm
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function divide(a,b) # b>=1 LP: dE S pe oddh
—— Zl zZ 2
if a = 0: return (q,r)=(0,0) \arzl a ¢F o 5 exan.
2
(g,r) = divide([a/2],b)
q=2q, r=2r Z\: q oy
if a is odd: L=
r=r+l
. a o A
if r>=b: 0. s odd . L—G:_g: ‘Z‘ Z
r=r-\n
q =g+l &4 - bLav
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return (q,r)
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Algorithm

function divide(a,b) # b>= 1

if a =0: returr{ (g,r)=(0,0) XOCkB
ot4)

(q,r) = divide(la/2},b)

q=2q, r=2r7

if a is odd: ———  vwebw ol \DC\‘SD? x  novwone ‘DN) QRQLW%O\M_L
r=r+l
if r>=b:
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return (q,r) ofa=eol



Analysis

Theorem
Leta,b € N, b > 1. The algorithm divide runs in time O(size(q) - size(b)) on Input a, b.
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The greatest common divisor

» a,b € Ny not both equal to zero.
» ged(a,b)=maxid € N:d |a, d|b). sed(16,42 ) =4
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a=q-b+r, 0<r<b,
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The Euclidean algorithm

function gcd(a,b)

Input: a,beNywitha>banda >0
Output: ged(a, b)

T
ifb=0return a oChu () 3L )} =9 Coeece] )
else 7

Compute ¢, r e Nwitha=¢g-b+r,0<r <b.
return gcd(b, r)
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Analysis: Lower bound
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Analysis: Lower bound T s et
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Analysis: Upper bound
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The extended Euclidean Algorithm

function exgcd(a,b)

Input: a,beNywitha>banda >0
Output: (gcd(a, b), x,y) with

ifb=0return (a,1,0)

else
Compute g.r e Nwitha=gq-b+r,0<r <b.
(d.x'.y") = exgcd(b,r)

return



Analysis

Theorem
The extended Euclidean algorithm runs in time O(size(a) - size(b))



Computing in Zy

» NeN,aeZ: [a]l ={xe€Z: N|(a-x)}
» Zy = ({la): a€ Z}),®,0)



