
Discrete Mathematics 2018 Fall

Solutions 10.
10-1:
(a) Let a1, a2, . . . denote the set of possible values of X, with probabilities p1, p2, . . .

respectively. Recall that ∑∞i=1 pi = 1, and that E[X] = ∑∞
i=1 piai. In other words,

E[X] is a weighted average of the values ai. Clearly, if each ai is at least 1, and one
of them with a non-zero weight is larger than 5, then the weighted average is larger
than 1.

(b) Let p = Pr[X ≤ 0.8]. Thus, 1 = E[X] ≥ 0.1× 5 + (0.9− p)× 0.8 + p× 0. Solving
for p yields the claim.

10-2: Color each member of V black with probability half, and white with probability half.
For a fixed 5-element set, the probability that it is all white is 1/25, and the probability
that it is all black is also 1/25. Thus, it is monochromatic with probability 1/16. That
immediately yields that if we have only 15 sets then

Pr[at least one of them is monochromatic] ≤ 15× 1/16 < 1.

Thus, with positive probability, none of them is monochromatic.
To prove the statement for 16 sets, we compute expectation. For each set F ∈ F , let

IF be the following indicator variable: IF is 1, if F is monochromatic, and 0 otherwise.

E[number of monochromatic sets] = E
∑

F∈F
IF =

∑
F∈F

Pr[F is monochromatic] =

16× 1/16 = 1.

So, in expectation, we have one monochromatic set. How do we show that with positive
probability, we have less? We use the previous exercise. We know that the probability
that we have at least 2 monochromatic sets is positive. Thus, with positive probability,
we have strictly less than one, that is, zero.
10-3: Choose randomly V1 an n-element subset of V (there are

(
2n
n

)
such n-element

subsets, each picked with equal probability) and let V2 = V \V1. Let X denote the
number of edges of G going “across”, that is edges (a, b) with a ∈ V1 and b ∈ V2.

For each edge e = (u, v) ∈ E(G), we define the random variable Ce being 1 whenever
the edge e goes between V1 and V2 and 0 otherwise. Then X = ∑

e∈E(G) Ce. First, we
need to determine the probability Pr[Ce = 1]. There are

(
2n
n

)
possible choices of (V1, V2).

If we require that u ∈ V1 and v /∈ V1, the remaining n− 1 elements of V1 can be selected
in
(

2n−2
n−1

)
ways. The same reasoning works for the opposite case u /∈ V1, v ∈ V1. Thus

P(Ce) =
2
(

2n−2
n−1

)
(

2n
n

) = n

2n− 1 >
1
2 .
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From this we get

E[X] = E

 ∑
e∈E(G)

Ce

 > |E|/2.

Therefore, there is a choice of V1 with more than half of the edges.
10-4: (a) Let the 9 vertices be elements of {0, 1, 2} × {0, 1, 2}. We define the directed
graph in the following way: there is an edge from u = (u1, u2) to v = (v1, v2) if and only
if v1 = u1 + 1 mod 3 or (v1 = u1 and v2 = u2 + 1 mod 3). In other words, we compare
the first coordinates first. If they are not equal, then 1 beats 0, 2 beats 1 and 0 beats 2.
If the first coordinates are equal, then we compare the second coordinates applying the
same rule. It is easy to check that this directed graph has the desired property.

(b) Simply, prove by induction. At each step, add a vertex to the directed graph, and
direct all edges from the old vertices toward the new one.
10-5:

(a) xkA(x).
(b) A(xk).
(c) (1 + x + . . . + xk−1)A(xk).


