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Solutions 4.
4-1: Consider the family tree of king Gvidon. Gvidon can be represented as the top-most
vertex in the tree not having a parent. Each other vertex in the tree, i.e. each descendant
of Gvidon, is a child of a single parent in the tree. Thus, we can count the number of
descendants by counting how many children each parent (including Gvidon) has. Hence,
the total number of descendants is 5 + 57 × 3 = 176.

Alternatively. The tree has one vertex of degree 5 (Gvidon), 57 nodes of degree 4 (the
descendants with 3 children) and x nodes of degree 1 (the descendants with no children).
Use the the double counting principle.
On one hand, the number of edges in the three is: 1 + 57 + x − 1 (the number of vertices
minus one). On the other hand, this number is: (1 · 5 + 57 · 4 + x · 1)/2 (the sum of vertex
degrees divided by two). Solving the equation 57 + x = (233 + x)/2 gives x = 119 so the
number of descendants is 57 + 119 = 176.
4-2: We know that lim

x→∞
(f(x)/g(x)) = 0. It clearly follows that lim

x→∞
(2f(x)/g(x)) = 0,

thus, 2f(x) = o(g(x)).
On the other hand, let f(x) := x, g(x) := x3/2. Then f(x) = o(g(x)), but xf(x) is not

o(g(x)).
4-3:

Let Γ1 be a path from u to w of length d(u, w) and Γ2 be a path from w to v of
length d(w, v). Connect Γ1 and Γ2 into a walk W = v0, v1, . . . vr with v0 = u, vd(u,w) = w,
vr = v and length r = d(u, w) + d(w, v). If W is not a simple walk then it contains a
sub-walk vj, vj+1, . . . , vk such that vj = vk. Replace vj, vj+1, . . . , vk with vj and continue
this procedure as long as the walk contains a vertex visited twice. At the end of the
procedure W becomes a u − v path denoted by Γ3 or a single vertex (iff u = v, thus
d(u, v) = 0). Each time when a sub-walk is replaced by a vertex, the number of edges in
W decreases. Thus, Γ3 has length of at most d(u, w) + d(w, v). Since d(u, v) denotes the
length of a minimum-length u − v path, we have that d(u, v) is less then or equal to the
length of Γ3. This gives the triangle inequality.
4-4: Let G be an acyclic graph (that is, one without a cycle) with n − 1 edges. We need
to show that G is connected. Suppose the contrary.

We define a connected component of G: a subset V ′ of the set of vertices with all the
edges between elements of V ′, that has the following properties: this graph is connected,
and adding any more vertices would result in a disconnected graph.

Clearly, any graph is the union of its connected components. A graph is connected if,
and only if, it has one connected components.

If G has more than one connected component, then, as easy to see, one of them, say
G1 has at least as many edges as vertices. However, a tree is a maximal acyclic graph,
and we know that any tree has one less edge than vertices. Thus, G1 is a connected graph
with too many edges: it is not a tree. Thus, G1 contains a cycle, a contradiction.
4-5: The Prüfer code is (1,6,1,4,4,6,1,1).
4-6:
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4-7:
(a) A star on n vertices has n − 1 leaves and the single vertex of degree n − 1. So all

the entries of the corresponding Prüfer code are the same. Such a Prüfer code we
call constant. Conversely, if a Prüfer code with n − 2 values is constant, then the
tree has one vertex of degree n − 1 and n − 1 leaves (we construct the tree from
the Prüfer code by starting with an edge and connecting n − 2 vertices to the same
endpoint of this edge). Thus stars exactly correspond to constant Prüfer codes.

(b) If the Prüfer code contains only two different values then the tree has exactly n − 2
leaves and 2 non-leaves. This can be proven by induction on the length of a Prüfer
code, or by using the lecture notes. The two non-leaves, must be adjacent (otherwise
any vertex on the path connecting them is of the degree at least two, so it is not a
leaf).
Thus, the graph above corresponds to what we call a double-star : a graph with two
vertices u, v connected by an edge, every other vertex is a leaf and connected to
either u or v, at least one leaf is connected to each of u and v.
Conversely, it is easy to see that double-stars have exactly 2 distinct values in their
Prüfer codes. Thus, the codes described in this question exactly correspond to
double-stars.

(c) If all n − 2 values in the Prüfer code are different, then there are only two vertices
that do not appear in it. Thus, the corresponding tree has exactly two leaves by
the lecture notes. Furthermore, observe that all non-leaf degrees are 2 so the tree
is a path.
Conversely, a path on n vertices has exactly two leaves and by the lecture notes
n − 2 distinct labels occur in its Prüfer code. The code has n − 2 values so by the
pidgin hole principle all values are distinct. Thus, these Prüfer codes correspond to
paths.


