
Graph Theory: Problem set 8

April 17, 2011

1. Prove or disprove: For every n-vertex graph G, χ(G) ≤ n−α(G)+1, where α(G) denotes
the size of the largest independent set.

Color the largest independent set with one color, then color the remaining n − α(G)
vertices with unique colors.

2. An interval graph is a graph whose vertices are represented by intervals on the x-axis,
and two vertices are adjacent if and only if the corresponding intervals intersect. If G is
an interval graph, prove that χ(G) = ω(G).

Set ω(G) = k. Order the segments S1, S2, .. from ”left to right” according to their left
endpoints. We will then color the segments using a greedy algorithm, that is, we color
the segments in order, assigning interval Si the smallest-indexed color not already used
on its neighbors that came before it. Suppose interval Si receives color j. Since Si does
not receive a smaller color, the left endpoint a of Si belongs also to intervals that already
have colors 1 through j − 1. These intervals all share a point a, so we have a j-clique
consisting of Si and neighbors of Si with colors 1 through j − 1. Hence j ≤ k, which
implies χ(G) ≤ k = ω(G). Since χ(G) ≥ ω(G) always holds, we have χ(G) = ω(G).

3. ∗ Given a set of lines in the plane with no three meeting at a point, form a graph G
whose vertices are the intersections of the lines, with two vertices adjacent if they appear
consecutively on one of the lines. Prove that χ(G) ≤ 3.

Apply the Szekeres-Wilf theorem and argue that every subgraph has a vertex of degree
2 (the left or right most vertex will do).

4. Let us define the Cartesian product of the two graphs G1 = (V1, E1) and G2 = (V2, E2)
as the graph G = G1 ×G2 = (V1 × V2, {(u1, u2)(v1, v2)| u1v1 ∈ E1 or u2v2 ∈ E2}). Prove
that χ(G1)χ(G2) ≥ χ(G).

Let c1 and c2 denote the colorings of G1 and G2 witnessing χ(G1) and χ(G2), resp. The
coloring c of G1 ×G2 witnessing that χ(G1)χ(G2) ≥ χ(G) can be constructed as follows.
c((u, v)) = (c1(u), c2(v)).

5. Prove the following: Let G be a graph with χ(G) > k, and let X,Y be a partition of
V (G). If G[X] and G[Y ] are k-colorable, then the edge cut [X, Y ] (i.e. the number of
edges between X and Y ) has at least k edges.
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Let X1, .., Xk and Y1, ..., Yk be the partition of X and Y formed by the color classes in
proper k-colorings of G[X] and G[Y ]. If there is no edge between Xi and Yj, then Xi∪Yj

is an independent set in G. We show that if the number of edges between X and Y is
less than k, then we can combine color classes from G[X] and G[Y ] in pairs to form a
proper k-coloring of G (hence a contradiction).

Form a bipartite graph H with vertices X1, ..., Xk and Y1, ..., Yk, putting XiYj ∈ E(H) if
in G there is no edge between Xi and Yj. Since there are less than k edges between X and
Y , then H has more than k(k − 1) edges. Since m vertices can cover at most km edges
in a subgraph of Kk,k, E(H) cannot be covered by k− 1 vertices. By the Konig-Egervary
Theorem, H therefore has a perfect matching M .

In G, we give color i to all of Xi and all of Yj to which it is matched by M . Doing this
for all i produces a proper k-coloring of G and hence we have a contradiction.
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