
Graph Theory: Problem set 6

April 12, 2010

By a proper coloring of a graph we understand a coloring, which does not color two
vertices joined by an edge with the same color. If G = (V,E) is a graph Gc is its complement
i.e. Gc = (V,

(
V
2

)
\ E).

1. Try to exhibit a graph with no triangle and the chromatic number at least 4.

2. Show that if a graph G has a proper coloring in which each color class has at least two
vertices, then there is a proper coloring of G using χ(G) colors with the same property.

3. Prove that χ(Gc) = ω(Gc) (ω(G) is size of the biggest clique in G) for bipartite graphs
(hint: use König’s Theorem).

4. Let G = (V,E) denote a simple graph having at least one edge. Show that one can non-
trivially partition V into two parts V1 and V2 (i.e. V1, V2 6= ∅, V1∪V2 = V and V1∩V2 = ∅)
such that χ(G[V1]) + χ(G[V2]) = χ(G), where we denote by G[V1] and G[V2] the induced
subgraph of G on V1 and V2, respectively.

5. As in the previous exercise show that one can partition V into two parts V1 and V2 such
that χ(G[V1])+χ(G[V2]) > χ(G), if G is not a complete graph. (hint : look at a maximal
clique in G)

6. ∗ Let c : V → {1, 2, . . . , l} be a coloring of the graph G = (V,E). By a rainbow path with
respect to c we understand a path P in G of length l, such that no two vertices on P
have the same color. Prove that any odd cycle besides C7 (the cycle of length 7) admits
a proper coloring by 3 colors such that for each vertex v, there exists a rainbow path vP ,
i.e. a path starting at v.
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