
Graph Theory: Problem set 13

May 31, 2010

1. Let G denote the complete graph on n > 2 vertices. We color each edge of G with either
blue or red. Prove that G contains a Hamiltonian cycle C, which is either monochromatic,
or consisting of two monochromatic paths, i.e. C = uP1vP2u, such that uP1v is the blue
path and vP2u is the red path.

2. Prove that there exists a natural number n0 > 0 such that no matter how we partition
the set {1, 2, . . . n}, where n > n0, into two parts (let’s call them red and blue), there
will be one part containing three numbers x, y and z, such that x + y = z (hint: define
the complete graph on the vertex set {1, 2, . . . n}, and two-color the edges according to the
part to which the difference j − i, where ij, s.t. j > i, is an edge, belongs).

Does the claim remain still true if we require x and y to be different ?

3. Let p be a prime number. We construct the projective plane PG(2, p) as follows. Let
Zp = {0, 1, . . . p−1}. A point is represented by a set of triples {(λa, λb, λc)| λ ∈ Zp 6= 0},
(a, b, c) ∈ Zp 6= (0, 0, 0). A line is a set of points whose all triples satisfy ax+ by+ cz ≡ 0
mod p, for fixed (a, b, c) ∈ Zp 6= (0, 0, 0).

(a) Verify the axioms of projective planes for the construction.

(b) Let G = (V,E) denote a graph whose set of vertices corresponds to the points of
PG(2, p). Two vertices (a, b, c) and (a′, b′, c′) of G are joined by an edge iff
aa′ +bb′ +cc′ ≡ 0 mod p. Show that G is a graph not containing K2,2 as a subgraph,
with Ω(|V |3/2) edges.

4. Give the best upper and lower bound you can on the value of R(3, 4).
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