
Discrete mathematics - problem set 11

December 3, 2015.

1. Let A(x) be the generating function of a sequence (a0, a1, a2, ...). Using the power series A(x),
write the generating functions of the following sequences:

a. (0, 0, ..., 0︸ ︷︷ ︸
k

, a0, a1, ...).

b. (a0, 0, ..., 0︸ ︷︷ ︸
k−1

, a1, 0, 0, ..., 0︸ ︷︷ ︸
k−1

, a2, 0, 0, ..., 0︸ ︷︷ ︸
k−1

, ...).

c. (a0, a0, ..., a0︸ ︷︷ ︸
k

, a1, a1, a1, ..., a1︸ ︷︷ ︸
k

, a2, a2, a2, ...a2︸ ︷︷ ︸
k

, ...).

2. Prove that every power series
∑∞

n=0 anx
n with a0 6= 0 has an inverse. The inverse of a power

series A(x) =
∑∞

n=0 anx
n is the power series B(x) =

∑∞
n=0 bnx

n such that A(x) ·B(x) = 1. We
denote B(x) = 1/A(x).

3. Find the inverses of the power series
∑∞

n=0 x
n, and

∑∞
n=0(n + 1)xn.

4. Prove that the number of ordered k-tuples (p1, p2, ..., pk) of non-negative integers with p1 +p2 +
... + pk = m is equal to the coefficient of power xm in the power series( ∞∑

n=0

xn

)k

.

5. Find the generating function of the sequence (a0, a1, ...) with the following recursive definition:
a0 = 0, a1 = 1 and an+2 = 2an+1 − an.

6. Write down a recurrence formula for the sequence (a0, a1, ...) such that an is the number of ways
we can climb n stairs so that in each step we climb 1 or 3 stairs. Write down the generating
function for this sequence.

7*. Before a football match, the coach is distributing the 11 players of his team on the field. Prove
that there are at most 11 pairs of players at maximum distance (i.e. if m represents the maximum
of all the distances between two players, there can be at most 11 pairs of players at distance m).


