
Packing and covering - problem set 1

February 19, 2014.

1. Let v1, v2, . . . , vd be linearly independent vectors in Rd. We form a matrix A with column vectors
v1, v2, . . . , vd. Prove that |detA| is equal to the volume of the parallelepiped

{α1v1 + α2v2 + . . .+ αdvd : α1, . . . , αd ∈ [0, 1]}.

2. Consider the lattice Λ = Λ(v1, v2, v3, v4) defined by the following vectors: v1 = (
√

2, 0, 0, 0),
v2 = (0, 1, 0, 0), v3 = (0, 0,

√
3, 0), v4 = (0, 0, 0, 1).

(a) Is the lattice Λ well defined? Is Λ a unit lattice? Justify your answer!

(b) Find a different basis for the given lattice Λ.

(c) Determine if the following given set of vectors is a basis for the lattice Λ: u1 = (
√

2, 0,
√

3, 0), u2 =
(0, 1, 0, 1), u3 = (

√
2, 1, 0, 0), u4 = (0, 0,

√
3, 1).

3. Let P be a non-degenerate parallelepiped in Rd, whose vertices (all of them) belong to a lattice
Λ = Λ(u1, ..., ud). Prove that if P contains no other point of Λ than its vertices, then P is a
fundamental parallelepiped of Λ.

4. Let Λ be a unit lattice. Prove that if C ⊆ Rd is convex, symmetric around the origin, bounded
and satisfies vol(C) > k2d, then C contains at least 2k lattice points apart from the origin.

5. Let Λ be a lattice in the plane. Choose a positive number r so that the discs of radius r centred
at the lattice vectors are pairwise disjoint; then these discs from a lattice packing of the the disc
with radius r; the union of the discs is denoted by D. Show that this packing does have a packing
density, that is, the proportion of the plane covered by the discs is well defined by the following
method. Let P be a fundamental parallelepiped of Λ with center x, and take P ′ = 2(P − x),
which is a parallelogram centred at the origin. We define the density of D by

lim
µ→∞

Area(µP ′ ∩ D)

Area(µP ′)

Show that this limit exists.

6. The following statement was proved in the class: If Λ is a unit lattice in R2, then there are two

points of Λ, whose distance apart is at most
√

2/
√

3. Following the same method, discuss the

case when Λ is a unit lattice in R3: what can you say about the minimum distance between two
(non-identical) lattice vectors?

7. * Consider the 20×10 chess board from which we remove two opposite corners. Is it possible to
cover the remaining part with 1× 2 tiles? The tiles should completely cover the board (except
the two corners), should not overlap and should not exceed the margins of the remaining figure.
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