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1. Approximating convex bodies by polytopes

The course started with the proof of Sas’ theorem, which, as stated in the previous lecture
notes, can be found in J.Pach, P.Agarwal, Combinatorial Geometry. The following remark is
importamt: any linear transformation L : Rn → Rn changes the volume of a convex body by
a factor of |detL|.

We generalize the notion of polygons to higher dimensions. The convex hull of a set
S ⊂ Rd is the set of all the convex combinations of points in S. Alternatively, it is the
smallest convex set containing S; and this is equivalent to saying that it is the intersection of
all the convex sets containing S. A convex polytope is the convex hull of finitely many points
in Rd. Equivalently, we may define it as a bounded intersection of closed half-spaces in Rd.

Let K be a compact, convex body in Rd, and take the polytope P inscribed in K with
maximal volume (this exists by a compactness argument). Take the ratio volK/volP . The
theorem of Sas asserts that this ratio is maximal among planar convex discs for the ellipses.
Note that applying an affine transformation does not change the ratio, hence, this quantity
is affinely invariant.

The higher dimensional analogue remains true: Macbeath proved that among convex bod-
ies in Rd, the ratio is the biggest for ellipsoids.

Theorem 1. For any convex body K ⊂ Rd, and for any n ≥ d+ 1, there exists an inscribed
polytope with n vertices in K, whose volume is at least

volK

volBd
· vol pn,

where Bd is the d–dimensional unit ball and pn is the polytope inscribed in Bd with n vertices
of maximum volume.

How small is this ratio for the ellipsoids? Well, the volume in Rd behaves very peculiarly.
For example, the ball of radius 1, Bd, has volume

volBd = κd =
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This is very small! In order for a ball to have volume 1, its radius must be of order of
magnitude about

√
d. In general, we have only very weak estimates for vol pn, where pn is

as above. In the case when n is relatively small, namely, pn has much fewer vertices then a
d-dimensional cube (which is 2d), the following beautiful theorem of Elekes provides an upper
bound for the volume of pn.

Theorem 2 (Elekes). Let pn be a convex polytope with n vertices inscribed in a d-dimensional
ball Bd, where n ≥ d+ 1. Then

vol(pn) ≤ n

2d
vol(Bd).

The proof can be found in J.Pach, P.Agarwal, Combinatorial Geometry.


