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10. Roger’s bound on sphere packing

The course started with the following definition (in fact 2 equivalent forms) for d-dimensional
polytopes.

Definition (convex polytopes). A d-dimensional polytope is the convex hull of finitely
many affinely independent points in Rd. Equivalently, a d-dimensional polytope is the
bounded intersection of finitely many closed half-spaces.

Also, we introduced the notion of a face of a polytope in order to describe the structure
of its boundary. Remember that, in the case of a polygon P , faces were defined as the
intersection of a supporting half-plane with P . In the same way, we can define the faces of a
polytope: the intersection of a supporting hyperplane with the polytope. Note that in this
way, we obtain faces of different dimensions. We will consider the whole polytope as being
the d-dimensional face, but there also exists faces starting from dimension d−1 to dimension
0. We use the following names for different particular types of faces: the d − 1-dimensional
faces are called sides or facets; the 1-dimensional faces are called edges; the 0-dimensional
faces are called vertices.

In what follows, we introduce the notion of simplex. Before that, we remind you the
notions of affine and convex combinations. Given P1, .., Pn points, the sum

n∑
i=1

λiPi, λi ∈ R,∀1 ≤ i ≤ n,
n∑

i=1

λi = 1

is called affine combination of the given points (for some arbitrary real values of λi). The
same definition can be given if we consider vectors instead of points. Note that an affine
combination is nothing more than a linear combination in which the sum of all the coefficients
equals 1. A more particular case of affine combination is the convex combination, which
has the following extra condition, namely all the coefficients λi ≥ 0. With respect to the
definitions above, we can define the affine and convex hull of a set of given points in the
following way

aff{P1, ..., Pn} = {
n∑

i=1

λiPi, λi ∈ R,∀1 ≤ i ≤ n,
n∑

i=1

λi = 1},

conv{P1, ..., Pn} = {
n∑

i=1

λiPi, λi ∈ R≥0, ∀1 ≤ i ≤ n,
n∑

i=1

λi = 1}.

In order to make more intuitive, think that, given two points in the plane (or even in Rd),
their convex hull is the segment determined by the two points, while their affine hull is the
whole line containing the two points.

A set of points in Rd is called affinely independent, if no point is contained in the affine hull
of the others. A set of affinely independent points in Rd can have at most d+ 1 points. A set
of d+ 1 points is affinely independent, if no point is contained in the hyperplane determined
by the others; consequently, their convex hull is non-degenerate. We can now define the
notion of simplex.
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Definition (simplex). The convex hull of d+1 affinely independent points in Rd is called
a simplex.

Some examples of simplices in Rd for different values of d are given below.

d simplex in Rd

0 point
1 segment
2 triangle
3 tetrahedron

We also state the following properties of a simplex:
Properties.
(a) The set of edges of a simplex in Rd together with its vertices forms the complete graph

Kd+1, where each vertex of the graph corresponds to a vertex of the simplex and each edge
of the graph corresponds to an edge of the simplex.

(b) The convex hull of any k + 1 vertices of a simplex is a k-dimensional face.
(c) Every k-dimensional face of a simplex is a k-dimensional simplex.

A particular case of simplex is the regular simplex. This is defined as being a simplex
where all the edges are the same length (the distance between any pair of vertices is the same).
The standard realization of the regular d-dimensional simplex is obtained by embedding it
in Rd+1 as the convex hull of the standard basis vectors: ei = (0, . . . , 0, 1, 0, . . . , 0), where 1
is written in the ith coordinate. To see the advantage, consider the 2-dimensional regular
simplex (the equilateral triangle). When representing it in the plane, we can see that the
coordinates of its vertices are (0, 0), (1, 0), (1/2,

√
3/2), possibly combined with a translation.

However, when embedding it in R3, we can represent it using the following coordinates for
the vertices: (1, 0, 0), (0, 1, 0), (0, 0, 1). All the related calculations simplify using this form;
for example, the center of the triangle has coordinates (1/3, 1/3, 1/3).

Thus, the d-dimensional simplex embedded in Rd+1 is nothing more than the convex hull
of e1, ..., ed+1. We call this the natural embedding of Td into Rd+1 (we have denoted
by Td the regular d-dimensional simplex). It is easy to see the following: for every point

x = (x1, ..., xd+1) inside Td (embedded in Rd+1), the following hold:
∑d+1

i=1 xi = 1 and xi ≥
0, ∀1 ≤ i ≤ d+ 1.

We can now proceed to the proof of Roger’s bound.

Lemma 1. Assume that Bd + C (where C = {c1, ...}) is a maximal sphere packing in Rd

(maximal in the sense that we cannot put more spheres such that those that we add do not
overlap Bd + C). Let D(C1) be the Voronoi cell of c1. Then, the distance between ci and the
affine flat of any (d− k)-dimensional face of this Voronoi cell is at least√

2k

k + 1
.

Proof. The proof can be found in J.Pach, P.Agarwal, Combinatorial Geometry. �


