
Combinatorial Optimization – Problem Set 3
Solutions

Shortest Paths

1. Given a weighted directed graph G that may have negative edges but no negative cycle,
and given a potential on G, show that a shortest ab-path can be found by changing G
in such a way that Dijkstra’s algorithm works on it.

Let w be the weight function and y a potential, so yv − yu ≤ w(uv) for any edge uv.
Then define a new weight function

w′(uv) = w(uv)− yv + yu,

so that all w′(uv) ≥ 0. Hence we can apply Dijkstra’s algorithm to G with w′, but we
need to prove that the shortest paths are the same as for the original graph. For a
path P from a to b we have

w′(P ) =
∑
uv∈P

w′(uv) =
∑
uv∈P

w(uv)− yv + yu = w(P ) + yb − ya.

This means that the weight of any ab-path is changed by the same amount, so the
shortest ab-paths are the same for w′ as for w (note that for different a′, b′, weights of
a′b′-paths are changed by different amounts than weights of ab-paths, but that doesn’t
matter).

2. Given a sequence a1, . . . , an of real numbers, we want to find a consecutive subsequence
with minimal sum, i.e. i ≤ j such that

∑j−1
k=i ak is minimal (the sum = 0 when i = j).

Show that such a sequence can be found using a quick version of Ford’s algorithm,
where edges are corrected in an order such that each one only needs to be corrected
once.
Carry this out for the sequence −1, 3,−2, 1,−1,−1, 5,−2, 3,−2.

Define a weighted directed graph with vertices a1, . . . , an, with an edge from ai to ai+1

of weight ai, and with two more vertices: r, with edges from r to every ai of weight 0;
and s, with an edge from every ai to s of weight 0.
A shortest rs-path in this graph is the same as a minimal subsequence: The path will
go from r to some ai, to some aj, to s. Then

∑j−1
k=i ak is minimal. So Ford’s algorithm

can solve the problem.
A single “pass” of Ford (correcting each edge only once) will suffice if it corrects all
the rai-edges first, then the aiai+1-edges in order, then all the ais-edges.
We won’t write it out here, but the minimal subsequence is −2, 1,−1,−1 (obviously,
you could see this right away, the idea was just to see how this works on a small
example).



3. Consider the following version of Ford’s algorithm, which is simpler than the one in
the notes: Set d(a) = 0, d(v) =∞ for v 6= a; then repeatedly pick any edge uv ∈ E(G)
such that d(v) > d(u) + w(uv), set d(v) = d(u) + w(uv); stop when there are no such
edges left.
Use the graph below, and generalizations of it, to deduce that its running time is not
polynomial.
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Let Gk be the graph similar to that above, but with k horizontal edge above and
below, with the first upper horizontal edge having weight 2k; so the one above is G3.
Then “simple Ford” might need 2k steps on Gk, if it corrects the edges in an especially
bad order. Basically, the 0-edges clearly give the shortest paths, but if the algorithm
persistently avoids these then it will take long to find the shortest path.
More precisely, first correct the vertical edge from a, giving potential 0 at its endpoint.
Then correct along the nonzero edges, giving potentials 8, 12, 14 above and below, and
finally potential 15 at b.
Now I claim that we can make b go through every potential value from 15 down to 0.
In general, this would mean 2k values, each after at least one correction step, so ≥ 2k

steps.
Let u be the upper neighbor of b, and l the lower one. Correcting lb gives b potential 14.
Then correcting u and l along their incoming 0-edges, they get potential 12. Correcting
ub gives b potential 13, then correcting lb gives b potential 12. Go on like this.
To look at it a very different way, we are writing any number ≤ 15 in binary. For
instance, 6 = 0110, so take the unique path with edges 0, 4, 2, 0 from s to b: correcting
along this path ends up with potential 6 for b. And we can do this for 15 down to 0.

This problem set originally had a suggestion that does not work, with an incorrect
proof, which we reproduce below for instructive purposes.

b
000

a
0

11111111

\begin{incorrect} Let Gk be the graph similar to that above, but with k triangles; so the one above is G4. Then “simple

Ford” might need 2k steps on Gk, if it corrects the edges in an especially bad order. Basically, the 0-edges clearly give the shortest paths,

but if the algorithm persistently does the 1-edges first, then it will take long to find the shortest path.

More precisely, we claim that Gk can take twice as many steps as Gk−1. Suppose it corrects the two 1-edges from a first, giving a’s

right-hand neighbor a potential value 2. Suppose that next it does not yet do the 0-edge, but goes on with the rest of the graph, which

is basically a Gk−1. Then it ends up with potential value of 2 on b. If only then it corrects the 0-edge from a, it changes the potential

value of a’s right-hand neighbor to 0. Then it has to go through the entire Gk−1 again, to finally end up with 0 at b.

So Gk can take twice as many steps as Gk−1, and since G1 can take 2 steps, Gk can take 2k steps in total.

Since Gk has 3k edges and 2k + 1 vertices, this means that the running time is not polynomial. \end{incorrect}



It goes wrong where it says “go through Gk−1 again”; this is sort of true, but it doesn’t
have to redo everything from scratch for Gk−1, it does already have estimates of the
distances there. So redoing this Gk−1 does not take as long as the first time.
To see that simple Ford is polynomial on these Gk, look at the sum of all the finite
potential values. At most, this is 1 + 2 + · · ·+ 2k ≤ 4k2. At each correction step this
is lowered by 1, so there can be at most 4k2 correction steps.
This actually shows that to make a family of examples on which simple Ford is not
polynomial, you’ll have to take some exponentially large weights, like the 2k in the
examples above.

4. Show that if you had a polynomial algorithm that finds a shortest path in any weighted
directed graph (allowing negative cycles), then it would give you a polynomial algorithm
to determine if any unweighted directed graph has a Hamilton cycle.

Let G be an unweighted directed graph with n vertices, for which we want to determine
if it has a Hamilton path or not (a path using all vertices; below we will relate this to
finding a Hamilton cycle).

Define a weight function by w(e) = −1 for all e. Now run the hypothetical algorithm
(unbothered by all the negative cycles) with any two vertices a, b, which returns a
shortest ab-path. If the length of this shortest path is −n + 1, then it must be a
Hamilton path; otherwise, it will have length > −n + 1, and there is no Hamilton
path. Hence we would have a polynomial algorithm for Hamilton paths.

Now suppose we have a polynomial algorithm for Hamilton paths, and we want one
for Hamilton cycles. Given G, pick any vertex u, and for any outgoing edge uv, try
the following.
Remove uv and replace it by new vertices u′, v′, with only edges uu′ and v′v. Determine
if this graph has a Hamilton path; if it does, it must start in v′ and end in u′, so putting
uv back in gives a Hamilton cycle; if this graph has no Hamilton path, then G has no
Hamilton cycle using uv.
If for no uv we find a Hamilton cycle in this way, then there is none, since it would have
to use some outgoing edge of u. Hence we have a polynomial algorithm for determining
the existence of Hamilton cycles.


