
Combinatorial Optimization – Problem Set 10 – Solutions

You can hand in one of the following problems at the start of Tuesday’s problem session. Please explain

your solution carefully. Don’t forget to put your name.

Approximation Algorithms

1. Show that for Vertex Cover the greedy approach (repeatedly add a vertex until you
have a vertex cover) does not give a k-approximation for any k.
Show by an example that the Cover-from-Matching algorithm for Vertex Cover is
not a k-approximation algorithm for any k < 2.

For the first part, consider star-graphs Sn, which consist of 1 vertex of degree n − 1
and n− 1 vertices of degree 1, all connected to the first one.
On such a graph, if the greedy approach does not take the high-degree vertex, It might
end up with the cover consisting of all the degree-1 vertices. But the minimum cover
consists of just the high-degree vertex.
So on Sn the greedy algorithm would have an approximation factor of |C|/|C∗| = n−1,
so it cannot be a k-approximation algorithm for any k.

For the second part, take the graph consisting of n disjoint edges. The minimum vertex
cover has n vertices, one from each edge, but the Cover-from-Matching algorithm would
take all of the 2n vertices. So its approximation factor on these examples is 2n/n = 2.

2. Give an example where the Steiner Tree approximation algorithm does not give a
minimum Steiner Tree.
Show that it is not a k-approximation algorithm for any k < 2.

In the following example, the minimum Steiner has 3 edges, using only the top-middle
vertex. But the algorithm could end up with a 4-edge Steiner tree, for instance using
the bottom-left and bottom-right vertices.
Basically, the tree always consists of 2 shortest paths of two edges, but in the minimum
case these overlap in one edge. The algorithm does not see this distinction.

But this example is not quite great, because the algorithm could still find the minimum
one. Here is an example for which the algorithm is guaranteed to fail. It is weighted,
but one could make it unweighted by replacing an edge of weight w by a path of w
edges.
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The minimum Steiner tree has weight 15, but the algorithm will give one of weight 16.



This example we can generalize to get ones with approximation factor arbitrarily close
to 2, like this:
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Let k be the number of vertices in such a graph. Then the minimum Steiner Tree has
weight (k− 1)(m + 1), while the algorithm will find one of weight (k− 2) · 2m. So the
approximation factor for k vertices will be

(k − 2) · 2m
(k − 1)(m + 1)

= 2 · m

m + 1
· k − 2

k − 1
,

which is < 2 but can be made arbitrarily close to 2 for k and m large enough.

3. The Metric Steiner Tree problem is the special case of Steiner Tree where the
graph is complete and the weights d are ≥ 0 and satisfy the triangle inequality

d(u,w) ≤ d(u, v) + d(v, w).

Show that any algorithm that simply returns a minimum spanning tree of the special
set S is a 2-approximation algorithm for Metric Steiner Tree.

Given a Steiner Tree T ∗, we show that there is a spanning tree T of weight d(T ) ≤
2d(T ∗).
We double the edges of T ∗ and let E be an Euler tour through this graph, so d(E) =
2d(T ∗). Let S = {s1, . . . , sm}, in the order in which the si appear in E. Let T be the
path s1s2 · · · sm.
If we write Qi for the subpath of E between si and si+1, then we crucially have
d(sisi+1) ≤ d(Qi) by (repeated applications of) the triangle inequality. So

w(T ) ≤
∑

d(sisi+1) ≤
∑

Qi ≤ d(E).

Remark: Note that the Steiner Tree algorithm works by constructing a metric graph on
S from the non-metric graph it is given, by taking the complete graph on S with weights
the distances between them. Since these distances satisfy the triangle inequality, this
simple Metric Steiner Tree algorithm can be applied, and the result can be converted
back into a tree in the original graph.



4. Show that Set Cover reduces to Directed Steiner Tree (which is like Steiner
Tree, but the graph is directed, and the tree should be directed).

Given a Set Cover instance X,S, c, we construct a directed graph like in the picture
below. We take a vertex for each set Sj and also for each element xi. Then we put an
edge of weight 0 from Sj to xi if xi ∈ Sj. We also put an extra vertex z with edges of
weight 1 to each Sj. The set S for the Steiner tree consists of z and all xi.
Now one can check that a minimum Steiner Tree for S corresponds exactly to a mini-
mum set cover.
Note that this implies that there is no k-approximation algorithm for Directed
Steiner Tree for any k. The same construction does not work with undirected
Steiner Tree, because then one could ’cheat’ by including an Sj without its weight-
1 edge to z.
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