
Combinatorial Optimization 2012/13 – Practice Exam – Solutions

1. Use Dijkstra’s algorithm to find a shortest path from a to b in the following graph.
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The shortest path has edge weights 3-1-1-1-3, total weight 9.

2. Use the approximation algorithm from class to find a 2-approximation to the minimum-
weight Steiner tree in the following graph (the circled vertices are the ones that should
be connected by the tree).
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The distance graph on the four special vertices has two MSTs, each of weight 3+4+3
= 10. One of them gives a Steiner tree of weight 10, the other gives one of weight 9.
The one with weight 9 is in fact optimal (but the other one is still a correct answer to
this question!).

3. Given a graph G with a matching M , define the auxiliary graph DM , show how to use
a shortest path in this graph to find an augmenting path or a flower, and prove that
this works.

The auxiliary graph DM is the directed graph defined by V (DM) = V (G) and

E(DM) = {ab : ∃v ∈ V (G) with av ∈ E(G), vb ∈M}.

If S = V (G)\(∪M), the set of unmatched vertices, then we should look for a shortest
path P from S to N(S). This gives a walk Q in G. Let s ∈ S be the first vertex,
t ∈ N(S) the last vertex, and u ∈ S a neighbor of t.
If Q is a path, and u 6= s, then Q extended by tu is an augmenting path, since it is
alternating and starts and ends in an unmatched vertex. If Q is a path but u = s,
then extending Q with tu = ts gives a blossom, so a flower (with the stem being one
vertex).
So assume Q is not a path and write it as v0v1 · · · vk. Choose i < j with vi = vj and j
as small as possible, so v0v1 · · · vj−1 is a path.
The three edges vi−1vi, vivi+1 and vj−1vj = vj−1vi all touch vi, so only one of them
can be a matching edge, and either vi−1vi or vivi+1 must be one, because the path is
alternating. So vj−1vi is not a matching edge, and vjvj+1 = vivj+1 is a matching edge



(possibly equal to vivi−1 or vivi+1), and j is odd.
If vivi+1 were the matching edge touching vi, then we must have vj+1 = vi+1, which
means v0v1 · · · vivj+1 · · · vk is a shorter SN(S)-path v0v2 · · · vi−1vj+1 · · · vk in DM , con-
tradiction.
So vi−1vi is the matching edge touching vi, which implies that i is even, which means
that v0v1 · · · vj−1vi is an M -flower.

Remarks: Your solution can be shorter (and clearer) if you use some pictures, like I did in class.

You don’t have to do it exactly like in the notes, as long as your way works. For instance, you could

find a path from an s ∈ S to a t ∈ N(S)\N(s), which will eliminate the second case (where u = s).

4. Prove that there is no k-approximation algorithm for the Travelling Salesman
Problem for any k ∈ R, unless P = NP.

We show that, given a k-approximation algorithm for TSP, we get a polynomial algo-
rithm for the decision problem Hamilton Cycle. Since we proved that problem to
be NP-complete, this would mean P = NP .
Let G be an instance of Hamilton Cycle, i.e. a graph for which we want to de-
termine if it contains a Hamilton cycle. We define a new complete graph G′ with
V (G′) = V (G), and weights w that are 1 for edges that are also in G, and kn other-
wise.
We claim that G has a Hamilton cycle if and only if the k-approximation algorithm
applied to G′ finds a Hamilton cycle of weight ≤ kn. If G has no Hamilton cycle,
then every Hamilton cycle in G′ has weight > kn, since it must use one of the edges
of weight kn. If G does have a Hamilton cycle, then it gives a Hamilton cycle T ∗ of
weight n in G′, which must be minimum. Then the k-approximation algorithm will
return a Hamilton cycle of weight ≤ k · w(T ∗) = kn.

5. Show that First Fit is a 2-approximation algorithm for Bin Packing. (Recall that
First Fit puts each item in the first bin that it fits into, but it does not sort the items.)

The crucial observation is that there can be at most one bin that is less than half full
(ignoring empty bins). Indeed, if there were two, then any item in the second bin could
also have been put into the first bin, because the item must have size < 1/2 and the
first bin has remaining space ≥ 1/2.
Suppose First Fit uses k bins, and the minimal number is k∗. If S is the total size of
the items, then we have the trivial bound k∗ ≥ S. By the observation above, First Fit
gives k − 1 bins that are ≥ 1/2 full, and one more bin, which we’ll say is ε full, for
some ε > 0. So

k − 1

2
+ ε ≤ S ≤ k∗.

By itself this inequality does not give k ≤ 2k∗, but we also know that k∗ is an integer.
If k is even, say k = 2m, then we have

m− 1

2
≤ 2m− 1

2
+ ε ≤ k∗,

which implies m ≤ k∗ since m and k∗ are integers, so also k = 2m ≤ 2k∗.
On the other hand, if k is odd, k = 2m+ 1, then we have

m+ ε =
(2m+ 1)− 1

2
+ ε ≤ k∗,

which implies m+1 ≤ k∗ since m and k∗ are integers, so k = 2m+1 ≤ 2(m+1) ≤ 2k∗.



6. Give a polynomial algorithm for finding the shortest cycle in an undirected graph with
positive weights, or prove that this is NP-hard. Same question for the longest cycle.

Shortest cycle: For each edge uv, do the following: Remove it and find a shortest
path Puv from v to u in the remaining graph. Then compare w(uv) + w(Puv) for all
these uv, and pick the smallest. That uv together with Puv gives a cycle which must
be the shortest.
To find such a shortest path, replace each undirected edge by two opposite directed
edges, and then use Dijkstra’s algorithm, which is possible because the weights are
positive (this is similar to in a homework problem).
The algorithm is polynomial because Dijkstra is, and we’re using that at most |V (G)|2
times.
Remark: This is highly inefficient, but polynomial time is all we’re asking for here. If you want to

know, a better way would be to use an “all-pairs shortest path algorithm” (which we didn’t cover,

but isn’t hard), which finds a shortest path between every pair more quickly than just doing it pair-

by-pair.

The question says “the shortest cycle”, but it should probably say “a shortest cycle”.

Longest cycle: This is NP-hard, by reduction from Hamilton Cycle.
Let G be an unweighted undirected graph for which we want to decide if it has a
Hamilton cycle. Give all edges weight 1 and find a longest cycle C. Then if C has
|V (G)| edges, the graph has a Hamilton cycle (namely C), and if it has < |V (G)| edges,
the graph does not.



7. Let G be an undirected graph without isolated vertices. An edge cover is a subset of the
edges such that each vertex is an endpoint of one of these edges.

(a) Give a polynomial algorithm for finding the minimum cardinality edge cover.

(b) Suppose the edges have positive weights. Give a polynomial algorithm for finding
the minimum weight edge cover.
(Hint: Find a matching in a graph constructed from two copies of G.)

(a): Here’s the algorithm: Find a maximum cardinality matching M , and for every
vertex not covered by M , add one of the edge that covers it.
Call this set of edges C. Any of the edges added after M covers exactly one vertex not
covered by M , since otherwise it could have been added to M . So

|C| = |M |+ |V (G)\V (M)| = |M |+ |V (G)| − 2|M | = |V (G)| − |M |.

We claim that C is a minimum edge cover. It is clearly an edge cover. Suppose C ′ is a
minimum edge cover. Let M ′ be the maximum matching contained in C ′. Then each
other edge of C ′ covers exactly one additional vertex (if it covered 2, it could be added
to M , and if it covered 0 then C ′ would not be minimum), so just like for C and M we
have |C ′| = |V (G)| − |M ′|. But this means that |C ′| ≥ |C|, since otherwise we would
have |M ′| > |M |, contradicting the maximality of M . So C is minimum.

(b): Take G and a copy G′. Give all the edges inside G′ weight 0. Add an edge
between any vertex v ∈ V (G) and its copy v′ ∈ V (G′), and give this edge the weight
min{w(e) : e ∈ δG(v)}, i.e. the minimum weight of an edge touching v in G.
Now find a minimum weight perfect matching M in this graph; it exists because the
edges vv′ form a perfect matching. From this matching, construct an edge cover C as
follows: Take each edge of M that lies in G, and for each edge vv′ ∈M , take the edge
in δ(v) with weight w(vv′).
This is clearly an edge cover; we’ll show that it is minimum. Suppose there is another
edge cover C̃ of G with w(C̃) < w(C). We claim that from it we could construct a

perfect matching N in the two-copy graph with w(N) ≤ w(C̃) < w(C) = w(M), a
contradiction.
Take a maximum cardinality matching M̃ inside C̃, and for every vertex v of G not
covered by M̃ , take the edge vv′. Also, for every edge m in M̃ , add its copy of weight 0
in G′. Then this is a perfect matching N of weight w(N) ≤ w(C̃), since every edge of

M̃ is also in C̃, and for every edge vv′ with v 6∈ V (M̃), C̃ must have an edge e covering
it, and w(vv′) ≤ w(e) by definition. Note that this does not double-count any such e,

because like above it only covers one vertex not covered by M̃ , otherwise it could be
added to M̃ . Since the remaining edges of N have weight 0, this gives w(N) ≤ w(C̃).

Remark: This was clearly intended to be the harder question of this (practice) exam.

Technically, if you can answer (b) then you can skip (a), since the weighted algorithm also works in

the unweighted case. This is much slower, but again we’re just asking for a polynomial algorithm.


