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1 2-connectedness

In this lecture we look at graphs that are “more connected” than other connected graphs.
Recall that if G is a graph and x ∈ V (G), then G− v is the graph with vertex set V (G)\{x}
and edge set E(G)\{e : x ∈ e}.

Definition. A graph G is 2-connected if |V (G)| > 2 and for every x ∈ V (G) the graph G−x
is connected.

A vertex v ∈ V (G) such that G − v is disconnected is called a cut-vertex ; a graph with
at least three vertices is thus 2-connected if it has no cut-vertices. If G is 2-connected, then
δ(G) ≥ 2, since if a vertex has degree 1 (in a connected graph with more than two vertices),
then its neighbor is a cut-vertex.

Cycles Cn are 2-connected, as are complete graphs Kn for n > 2. Trees are not 2-
connected: Removing a vertex that is not a leaf disconnects the graph, since otherwise there
would be a path connecting its neighbors, which would give a cycle in the tree.

One can similarly define a cut-edge to be an edge e ∈ E(G) such that G−e is disconnected,
and a graph to be 2-edge-connected if it has no cut-edges. However, in this lecture we will
focus on vertex connectivity.

Our first theorem gives a constructive characterization of 2-connected graphs. This is
useful for visualizing such graphs, and can be used in induction proofs.

Definition. An ear decomposition of a graph G consists of a cycle C and a sequence of paths
P1, . . . , Pk such that G can be constructed by starting with C and consecutively attaching the
paths Pi by their endpoints.

Theorem 1.1. A graph G is 2-connected if and only if it has an ear decomposition.

Proof. Suppose G has an ear decomposition. The cycle that the decomposition starts with
is 2-connected. For any 2-connected graph H, attaching a path P by its endpoints gives a
2-connected graph: If we remove an internal vertex from P , each of the other vertices of P
is connected to one of its endpoints, and thus to all of H; if we remove a vertex x from H
(which may be an endpoint of P ), then H − x is still connected, and P is still connected to
H via at least one of its endpoints. It follows that a graph that has an ear decomposition is
2-connected.

Assume that G is 2-connected. Then it is not a tree, so it has a cycle. We will show that
we can build an ear decomposition starting with any cycle C.

Let H be any 2-connected subgraph of G with V (H) 6= V (G). Let x be a vertex in
V (G)\V (H). Since G is connected, there is a path from x to any vertex in H, and this path
contains a vertex y 6∈ V (H) that is adjacent to a vertex z ∈ V (H). Since G is 2-connected,
G − z is connected, so there is a path in G − z from y to a vertex in H. Take the part of
that path that goes from y to the first vertex of the path that is in H (which is not z). This
subpath, combined with yz, is an “ear” that we can attach to H.

Therefore, starting with any cycle C, we can find such an ear and attach it, which gives a
larger 2-connected subgraph, and we can continue like this until there are no vertices left. At
that point any remaining edge is an ear, so we can add the remaining edges one-by-one.
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2 Whitney’s Theorem

Recall that a graph is connected if there is a path between any two vertices. Thus it would
have made sense to define “2-connected” as any two vertices being connected by two paths.
This would have been less convenient than the definition based on removal that we gave
above. Nevertheless, the next theorem shows that the result would basically be the same, if
we require that the two paths share no vertices besides their endpoints. We call two paths
internally disjoint if they share no vertices other than (possibly) their endpoints.

Theorem 2.1 (Whitney). Let G be a graph with |V (G)| ≥ 3. Then G is 2-connected if and
only if for any distinct x, y ∈ V (G) there are two internally disjoint paths from x to y in G.

Proof. First we show that if every two vertices x, y ∈ V (G) are connected by two internally
disjoint paths, then G−z is connected for any z ∈ V (G), so G is 2-connected. Fix z ∈ V (G),
and consider any two other vertices x, y ∈ V (G). There are two internally disjoint paths from
x to y, so z lies on at most one of these, and removing z breaks at most one of the paths.
Hence in G−z there is still a path between x and y. Since this holds for any x, y ∈ V (G−z),
G− z is connected.

Now assume that G is 2-connected and let x, y ∈ V (G). We use induction on the distance
d(x, y) to prove that there are two internally disjoint paths from x to y. When d(x, y) = 1,
the edge xy is one path. The fact that G− x and G− y are connected implies that G− xy
is connected, so there is a path from x to y that does not contain xy, and this is our second
path.

Let d(x, y) = k > 1. Then there is a path from x to y of length k. Let z be the last vertex
before y on this path, so we have d(x, z) = k − 1. By induction, there are two internally
disjoint paths P1, P2 from x to z. Since G − z is connected, there is a path Q from x to y
in G that does not contain z. If Q does not intersect P1 or P2, then we have two internally
disjoint paths from x to y: Q, and P1 followed by zy. Suppose that Q intersects P1 or P2

(possible more than once, and possibly both). Create one path by starting from y, following
Q until it first intersects P1 or P2, and then following that path to x; note that this path
avoids z. Create another path by combining the other one of P1 and P2 with zy. This gives
two internally disjoint paths from x to y.

Corollary 2.2. A graph G is 2-connected if and only if for every two vertices x, y ∈ V (G)
there is a cycle in G that contains x and y.

Note that in a 2-connected graph we cannot guarantee that any three vertices lie on a
cycle. Take for instance K2,3, which is 2-connected. The three vertices on the larger side are
not on any cycle, because a cycle in a bipartite graph has the same number of vertices from
both sides.

In the next lecture we will generalize 2-connectedness to k-connectedness, and we will see
generalizations of Theorem 2.1 and Corollary 2.2.

3 3-connectedness and Brooks’s Theorem

Definition. A graph G is 3-connected if |V (G)| > 3 and for all x, y ∈ V (G) the graph
G− x− y is connected.

In this section we will use the notion of 3-connectedness to prove an important theorem
on vertex coloring. Our proof does not actually use any theorems about 3-connectedness,
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but the property is exactly what we need to distinguish between the two main cases in the
proof. This is why we postponed this theorem to the current lecture.

Recall that for any graph G we have χ(G) ≤ ∆(G) + 1. We already saw a proof that
when equality holds, G must be a regular graph. Brooks’s Theorem refines that statement.

Theorem 3.1 (Brooks). Let G be a connected graph. If χ(G) = ∆(G) + 1, then G is a
complete graph or an odd cycle.

Proof. Set ∆ = ∆(G). In Lecture 5 we saw that if χ(G) = ∆ + 1, then G must be ∆-regular.
The proof worked as follows: If G has a vertex x of degree less than ∆, then we can order
the vertices using a spanning tree, in such a way that every vertex has a neighbor that comes
later in the order, except for x, which comes last; the greedy algorithm is then able to color
all vertices with ∆ colors. We will use that idea again.

First note that if ∆ = 0, 1, the statement is trivial, and if ∆ = 2 then it is easy to see
that G must be an odd cycle. So we can assume that ∆ ≥ 3. We will distinguish between
the case where G is 3-connected and the case where G is not 3-connected.

Suppose that G is 3-connected. We can assume that there are two vertices x1, x2 ∈
V (G) such that d(x1, x2) = 2, since otherwise G is complete and we are done. Thus x1 and
x2 are not adjacent, but there is a vertex xn that is adjacent to both. Since G is 3-connected,
G−x1−x2 is connected. We build a tree in G with xn as root, by repeatedly adding vertices
xn−1, . . . , x3 from G − x1 − x2, with each xi having at least one edge to one of the previous
vertices.

Now we apply the greedy algorithm with the vertex order x1, x2, . . . , xn to color G with
at most ∆ colors. Since x1 and x2 are not adjacent, they get the same color. Since each
of the vertices x3, . . . , xn−1 has ∆ neighbors, at least one of which is uncolored when the
algorithm reaches the vertex, each of these vertices can be colored with one of the ∆ colors.
Finally, when the algorithm reaches xn, all its ∆ neighbors are colored, but x1 and x2 are
neighbors of xn with the same color, so there is a color left to color xn with. This shows that
χ(G) ≤ ∆(G) if G is 3-connected and not complete.

Now suppose that G is not 3-connected. In this case there are x, y ∈ V (G) such
that G − x − y is not connected. We can take subgraphs G1 and G2 such that V (G1) ∩
V (G2) = {x, y}, E(G1) ∪ E(G2) = E(G), and there are no edges between V (G1)\{x, y} and
V (G2)\{x, y}. Specifically, let G1 be one component of G− x− y combined with x, y and all
the edges with both endpoints in this set; let G2 be the union of the remaining components,
combined with x, y and all edges with both endpoints in this set.

Since x and y must have edges in both G1 and G2, these graphs are not regular, so can
be ∆-colored. If both can be colored with x, y having the same color, or both can be colored
with x, y having different colors, then we can combine the two colorings into a ∆-coloring of
G. In particular, if x and y are adjacent, then both colorings give x and y different colors,
so can be combined. Thus we can assume that x and y are not adjacent.

The remaining possibility is that every ∆-coloring of G1 gives x, y the same color, and
every ∆-coloring of G2 gives x, y different colors (or vice versa). If a ∆-coloring of G1 is forced
to give x, y the same color, then it must be because dG1(x) = ∆ − 1 and dG1(y) = ∆ − 1.
Indeed, if one of these degrees were lower, then we would have an alternative color for one of
the two vertices. But then dG2(x) = 1 and dG2(y) = 1, so since ∆ ≥ 3 and x and y are not
adjacent, it is not possible that a ∆-coloring of G2 is forced to give x, y different colors. This
is because only one color is blocked at each of x and y, and at least two colors are available
at each, so there is one color that can be given to both. This is a contradiction that finishes
the proof.
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